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Lecture 1 Course Overview

Problem Solving

1. Identify a problem: How to get to the Emory Student Center?
2. Formally define the problem and solve the problem using computers
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BN E T AN T LR IEE AR, H“Input — ? — Desired Results” % &
K
o Input: RAIEHMEEL, WA, LELE;
e Desired Results: B #r, th#r%|iA Student Center;
o 7 MABMEMNHE - —XERFHHEFEEAWIH S, “Modeling (Z
) TR R A R R N\ Rk R AR
o “Computer”: HAIFAHFRELR L EFZHEA,; KAV E LA EIATEA?”, B
TEEENEREM AT ENEERNIYA; e, ER RN TEES,

3. Implement a (specific) program for the problem
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A& kT “Program” — — 5t Z Bk LI A LR, BFElmA, A
HENAE, Ehmd. XEANELIZERHFE.
4. The heart of the matter



a. BRI MHALH N5 K How to represent/ organize data (Data Structures)
b. EHRITEAXNWEESER, LT ENGFEHEH E How to develop a

logical procedure like a “recipe” (Algorithms)

Topics

1. Advanced Collections - binary search trees, balanced search trees, hash tables,
priority queues (heaps)

2. Advanced sorting algorithms - heap sort, counting sort, bucket sort, radix sort
(LSD)

3. Text processing - pattern matching, compression, tries

4. Dynamic programming - edit distance, longest common subsequence, knapsack
problem

5. Greedy algorithms - coin-change problem, Huffman codes

6. Directed graphs - cycle detection, topological sort, strongly connected
components, shortest paths (Dijkstra, Bellman-Ford, Floyd-Warshal), minimal
spanning tree

7. Network flow - max-flow/min-cut, bipartite matching



Lecture 2 Basics

Problem and Instance

1. R E #L: “How to get to the Emory Student Center?” [5] fL T~ 45 45 #, b1t A
WLTC i BB R
a. & RA B Origin: 713 2 WA H & (MSC 4 & 45L& );
b. 2R & Constraints: Flan &7 X (FAT. FHF), BHEY., = EFEL
P55 B 4 s
c. E#r#H Desired output: ZAEW A 24?7 ZHAE? RAKE? B K
WA
PE A F o E AR E S MAE, ITENFED i A\ fda b 2 T sk A
2. B AR AL “Give me a path from MSC to Emory Student Center on foot.” 7 X —
T, R A Y 1] AR Y AR — A B AR SE ] instance, X BB T
a. BA#EgA & (MSC, Math & Science Center);
b. #A#H B+ (Emory Student Center);
c. AN EEH (onfoot),
3. Problem 5 Instance # & X
a. A problem (in Computer Science): — kK EHFWHEZFHiL, Lo, Wl
HEX, ENEeRErR,
i. Specifies an input
ii. Computes a desired output (depending on the input)
iii. Does not specify a method to go from input to output
b. An Instance of a Problem: A specific case of the problem. % “ }\ MSC %
Emory Student Center” 3t = & 42 % 12 & & oy — A~ 2 71

Algorithm

1. Algorithm #9 % X : An algorithm is any well-defined computational procedure that
takes some value, or set of values, as input and produces some value, or set of
values, as output. An algorithm is thus a sequence of computational steps that
transform the input into the output.

a. B iR — Y4 E N E X H computational steps, T ¥ input £ i A IRk 14
# A output.
b. Bk =—FW#H, AR, AFNEL, ARTERENMES
2. Algorithm #y = A % 5kK: An algorithm must be
a. Specific: The number and types of inputs/outputs must be clearly defined.
b. Unambiguous: Each instruction is precisely defined and executable. The
sequence of instructions is unambiguous and well-ordered.

3



c. Finite: The notation of an algorithm must have a finite length.
3. Human language and pseudocode

a. Problem: f THE B4 n, 5 1+2+3+4+...+n.

b. Algorithm (natural language)

i. Initialize a variable to store the sum: Start by setting a variable, say
sum, to 0. This will hold the running total of the sum as we go
through each number.

ii. Iterate through the numbers from 1 to n:
o Begin a loop where you will process each integer from 1 to n.
o On each iteration, take the current number and add it to sum.
iii. Return the result: Once you have processed all the numbers from 1
to n, return the value of sum.
c. Algorithm (pseudocode)

Algorithm SumTo (n)
Input: n (the number of natural numbers to sum)
Output: sum (the sum of the first n natural numbers)
sum « O
For i from 1 to n do
sum < sum + 1
Return sum
End Algorithm

d. Why Pseudocode?
i. Pseudocode is a high-level, human-readable description of an

algorithm.
o TANTEHAESE (B¥FEE) WEEESF (wPython, C. Java)
Z Ja]

o THAMEZEZHBIR, WMAEAKNIEEZET,
ii. Key Characteristics of Pseudocode:
o Simplified Syntax: A &L EAET W T AEF R T #H, B4
WEXEGREES.
o Language-Independent: W R# 1 & THEMFEREES. F
W H A2 5 IR B E R EMEE (Java, Python,
C++ %),
o Clarity and Precision: B AW KRG T2 EXES, ELAFHF
RGBT, WLEEE A ER A R EE,
4. How to Evaluate Algorithms?
a. Properties of an algorithm: #f #y algorithm 2 effective. efficient. Jf H

reliable.,



i. Generality — & | £

ii. Determinism —— % & &

iii. Termination —— #1E# (FHARE)
iv. Correctness —— IE# %

v. Efficiency — & &

b. Generality: An algorithm solves a whole class of problems, not just a
specific instance. A general algorithm can be applied to a wide variety of
inputs or problem types, and it’s designed to handle different scenarios
without needing to be rewritten or specifically tailored each time. & & i %
TRERL, THFESFREEF,

i. Sorting algorithms: & {17 LL# J¥ any specific type of data (integers.
strings. custom data types %), TWHE AL M4, HiEWEE
(B + 8 #HAE,

ii. Generality = &M + [ &% (HxRER, BEFELS LN
(-89

c. Determinism: An algorithm is deterministic if it always produces the same
output for the same input, with the underlying machine always passing
through the same sequence of states. I [E] # By Hr A\, &= 7= 4 48 [F] #9 i
FHE AR SR,

d. Termination: An algorithm is called terminating, if it always comes to an
end after a finite number of steps. & & S0 AEH IR 20 A 2 5%, & N A REAR

i. Examples of non-terminating algorithms: 2L4 /7. B R 4% . #1—
MRFERE 7.

ii. Stochastic Termination: A non-terminating algorithm is said to
stochastically terminate if the probability of termination converges
toone. FLHEEAER EFARIE—E2E R, EABE LR,
CILTERRER. i HBETEAFEL 6. B L, RATRAEZ
HMPTE 6 (FHEF/DNBR); EXLFLE, HNRERS, #HH6
WBEE T T 1; FrLliX & —4 Stochastic Termination Hi%. ¥ /L
F—RaETkR, REHRNEEMMEE LK.

e. Correctness

i. Partial correctness: An algorithm is partially correct, if any returned
result is correct, i.e., corresponds to the intended result. o B E EIR
ETER, MLLERELHN, EEETRAZAER (BIF—"L
1b). Flam—AHELETREMEF, EEELET, il E .



o Note that an algorithm does not return any result if it does not
terminate.
o Partially correct algorithms may not terminate, but if they
terminate, they return the correct result.
ii. Total correctness: An algorithm is (totally) correct if it is partially
correct and terminates. #4 IE## £ + 4 b = 7T 2 E#

f. Efficiency: Efficiency refers to the speed at which an algorithm executes and
its resource consumption (time and space). The same task can be
accomplished using different algorithms, but the difference in speed can be
enormous.

i A EHFILEEHEF. ¥ a8 E % 4 Bubble Sort. Quick Sort.
Merge Sort F——E 1 ERMAFE, HZTEREEZRE KA,
. ME = “ERIEEHENERT, FRDH TR RESF

Data Structures

1. Data Structures #yE X: A data structure is a way to store and organize data in
order to facilitate access and modifications. #.%( & %, data structure XX =2
“EREENM AT, ME—AFEITAHAARENRS, LEFEGHREXD . F
A, B ECEHTE R
a. Functional View: Container objects with operations
b. Data Structures .4 ¥ ¥ 41z B.: structure information ( F4AH$HE) Ho
actual data (payload), ¥4, —4 node Bt H #5444, wfFmk T HERIE
EE
2. Data Structures #7142
a. Primitive Data Structures: & ZatH1##E XA, i int. char. float %,
W HmAEEE ARt
b. Non-Primitive Data Structures: iX % £ @ Primitive Data Structures 1 & ¢
BREN, Xa WK
i. Linear Structures: HEZ I FH 7|, BN THER L EEI IR
n—AN e gk,
o Direct Access: 8 (Array). % %% (Multidimensional).
it5% (Record)
o Sequential Access: £ % (Linked List). #& (Stack). FA 7|

(Queue)
ii. Non-Linear Structures: X #E TZZ B~ 2 H EWEA ML X Z, MEE
VEVESS



o Hierarchical: #f (Tree). ¥ (Heap). F##t (Trie)
o Unordered: £4 (Set). B (Graph). % # % (Hash Table)
3. Dynamic Data Structures: —# # runtime &4 & 2 1 % A /N R B 2048 A 41 77
o CHEBAKEEM (WERADWHA) B,
a. Motivation
i. Array #9K/Z 7% declaration /51 %2 B = #y, (B4 M &K A1H T4
HEHRFEENAD——WWAF NS D EBEZTT TN
ii. HEEMAEAEITATF grow/shrink, DT 4 A BE b 398 & L
iii. EAEIL: KNEE@EZT E. LT “TRKE” WRELEH (%
RTAHE,
b. Examples: Lists, Trees, Graphs
c. Advantages
i. Nodes are dynamically (at run-time) generated and connected.
ii. Structures can grow/shrink.
iii. Maximum size of a structure only limited by available memory.
Doesn’t have to be specified in advance.

Linked List

1. Linked List 2 & % 44
class Node<E> {
E value;
Node<E> next = null;

}
Linked List # # Node &4 # 1~ # 4

a. value (f value): HFhE%iE,

b. next (f54%f reference): 5 T —4~% &,

[value | next] - [value | next] - null

Linked List i if reference £ 4~ i FE R — & “H#”7,
2. Linked List #& \ # £
HEAFAN2E nl 25 h1(1) - n2(2) - null
Node nl
Node n2

new Node (1) ;
new Node (2) ;

n2.next = nl.next; // n2 ##% nl WT— 1 FA (48K null)
nl.next = n2; // nl ##HE n2

HAN3E nl E@E, FHnl EA#EE 201 (1) - n3(3) - n2(2) - null]
‘Node n3 = new Node (3); ‘




n3.next = nl.next;

nl.next = n3;

// n3 By next FMH n2
// nl By next K ANIEME n3

3. Linked List il 4 4

SES

o

null

Ty

1

o—Pp 2

null

nl.next = nl.next.next;

it nl E&EHE N3, HEn3H T % 2 (Bln2), &REXL:
h1(1) - n2(2) - null

Java {# i 47 % B 4 #.%]| Garbage Collection: n3 B #H E A £ 51 . R4 2 B

Bl n3 & H A F.
4. Linked List 9% 7= |7 &

1

AT EHTIA (cycle) S8 FEEE WIEMN. XA ERA T LA E&A:
a. LEHMEHRNKE: BABERVRT I (flan 2—-3—>4—>2---), @it
TIRTEF
b. TEKABEN AR B LXK EZI W null ¥ 8, EXEHEFT,

BB B AE 1 null.

. REZEHAWHFTREA “RR” THHA, BF LEANZEHRT L&

El

o— P 2 *——p 3 P

<
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5. ArrayList vs. LinkedList in Java

a. ArrayList Recall: ArrayList & — & T 21 S 2 H LW Java 2B LEEH, 4
B, Yo EsIY A GEEEE), WX FHRENR
ML 8] Fr R7EH) A /N %, £ ArrayList B @ 7 3K 89 & — 4 objects, 111

TERKEHL S

N al =]

Al A=

BHEAHAELRA (primitive types, it int. double).
b. ArrayList vs. LinkedList in Java

i. ArrayList
o J&JEM Al dynamic array 7% 7T % ;



o UHARFHE, & BT A (BEFEEEHE);

o WHEETHERMRHE (OQ) BFED, B4+ 83 A Sl i 2
(EAHEBFTE),

ii. LinkedList

o J&EF doubly linked list;

o BATEEE: SHWTRWE; 48 M previous; 15[ next;

o WHABMKY EEBRFTE (RFECKIEE), EHEFETE
B8 (AUR)FE D,

Stacks

1. Stacks E a4
a. %/ E M LIFO (LastIn, FirstOut, E# ). EERREHKIE LN TE
RAWERE. #EEET, REHNETRELEZ.

interface Stack<E> {
void push (E ele); // add an element on the top
E pop(); // return and remove top element
boolean isEmpty () ;
}

b. ZMAFAE: REETr e “RRIN” (top) MITLE . #E —H 3 F4E &K
2. Stack using Array
a. JHl—A #H F4k Stack F VT E, A top 484K YT Stack T,
b. £E¥%4:
i. push(): EHTERNEKEF (top++).
ii. pop(): B H top THE (top-).
iii. isEmpty(): % top ==0 B % %,
iv. isFull(): % top == stack.length Bt & R H o
c. R VIR E R
d. $ti: ZEET, #HTUAEF LKL,
3. Stack using List
a. J Linked List 3 5Z 3, Stack %544,



b. Stack TS fr 4 & B K &
TEH:
i. push(): #FE AT &, LEEELELH,
ii. pop(): HIRET AR EEE,
iii. isEmpty(): %k &4 null B &R =,
d R TFERREE, ANTHEZN.
e. Bhp: WHEAMAE, CAESLANF.

Queues

1. Queues Al %44

a. %\ B FIFO (First-In-First-Out) %£# %4, ZEHNNIH TE R %

interface Queue<E> {
void add(E ele); // MNEKRBIRMTE
E remove () ; /] NFFkBkTE

boolean isEmpty(); // ¥|MZ2&H A=
}

b. *ZFH:
i. A (add): REEEMRTIN KE (end) #HAT;
ii. %k (remove): REEAAZIH FFk (front) #AT,
2. Queue using List: 1l Linked List S£H A 71
a. FWA4E4: first (k) Folast (B);
b. add(E v):
i #FE—ATE ele;
ii. &G A= — first = ele;
iii. &N — last.next = ele;
iv. x5 E# last = ele,
c. remove():
i. M first BUE
ii. 3 first = first.next;
iii. # first ==null, PAZ| ¥ =,
d T"FEEERE, KETHAELM,

Trees

1. Trees #1 % X

10



a. RF: wRE Listt “ENMTRAREI AT —ATR” RN “BA
RAVUE®EANBHT R, KAIHFET Treec XENHFTETRT — 4
Binary Tree, &~ m A &£ F - “45H F— T & (nextl, next2)” &7

Ao

class TreeNode<E> {
E value;
TreeNode<E> nextl;
TreeNode<E> next2;

Binary Tree

b. Children: The (immediately) next nodes are also called children.

class TreeNode<E> {
E value;
TreeNode<E> childl;
TreeNode<E> child2;
}

2. Tree: Terminology

a. Terminology
i. children (F% &): Hw ¥ S0 H 5%
ii. parents (X &): HE[H & E’ﬂﬁ%ﬁﬁ%
iii. root (MR E): "8—RARXH HHH .
iv. leaf / leaf node ("t &): & F17 % B A

11



v. innernode (W T £): TR HHT A,

vi. edge (#): W A-EEMET R F@EREL.

vii. Path (B$42): —% B HBAREMNT 2.
viii. Lengthof Path (BZKE): BE LAWK E.

ix. Degree of Node (T &M E): — /AN iy T m A4

X. Arity of Tree (#EVE): BERMF T AEHRAE, WX arity=2 —

w Z X # (binary tree)
xi. Height of Tree (#&): AR &2 FE T ANEEKE
b. Examples

i. Node 18: inner node, children of 37, parent of 11 and 23, sibling of
42,

ii. Path(37—18—23): 2
iii. Degree(42): 2
iv. Degree(38): 1
v. Degree(17): 0
vi. Arity(EM): 2
vii. Height(#&): 3
3. Properties of Trees
a. Trees are cycle-free. (&M TR LHEB/BIHAEE, TN —NFEEITET
FXEHEEHT.)
b. A tree with n nodes has exactly n —1edges. (H A &m— 4 #HHF &, RF
—£uUECEER LD
4. Relation between Height and #Nodes: *f binary tree &%, R &E &£ h, A4
a. mEA2M -1
b. EVAh + 14T K
c. &% A2"— 14" inner nodes
d. &% F 2" leaf nodes
5. Tree Traversal

a. Depth-First Traversal
i. Preorder / Prefix: £V E T E A%, BHHEALE TR, F: &
— kK =%, Pl F: * + 57 - 3 1,

12



ii. Inorder / Infix: BV F A FF &, BHHETARS, wEHEELET
T, F: A-R—>F. BlF: 5+ 7 %3 -1,
iii. Postorder / Postfix: %£17 7] ¥ ¥ &, EiHlETELAS, F: &
- =M. BlF: 57 +31 - %
b. Breadth-First Traversal: #% “E%&” ki lE W& (NLEET. AEEAE),
BE—EE ‘O ERK, FlF: x + -5 7 3 1,

13



Lecture 3: Efficiency & Complexity

Efficiency of Algorithms and Complexity
1. Efficiency of Algorithms: H =M X = FRERAN L D, PHAEN T ER X QHF

a. Run-time (number of operations)
b. Memory usage
c. Number of accesses to a secondary storage (e.g., hard disk, cloud)
d. Communication cost (e.g., network)
SEFT I REL & 2
a. CPU clock rate (Number of operations the CPU can execute per second)
b. Length of the input
c. Implementation of operations (programming language dependent)
2. Complexity: The complexity of an algorithm is a function T(n) that describes the
resource cost depending on input n. # % 5 £ # 2 #f # & 4% & asymptotic
behavior, Bl n — oo BTHyIEK# %

3. Complexity Example: sumTo

int sumTo (int n) {

int sum = 0; // 1 operation

for (int 1 = 1; i <= n; i++) { // n iterations
sum += 1i; // n addition operations

}

return sum; // 1 operation

a. intsum =0;
i BIERA: BME
i, FATREK: 1
iii. #{F4t£: Constant
b. for (inti=1;i<=n;i++)
i BIERA: ATt —K + B (n+]) K+ BEFE n Kk
ii. HATKEK: 2n+2
iii. 1 {F#(£: Linear
C. sum +=1i;
i BERAE: ik + KA
ii. FATREC N
iii. 1 {F#(£: Linear
d. return sum;

i #IFRA: RE

14



ii. $#ATREC T
iii. #1F#2: Constant
#1143 2 T(n) =3n+3 — O(n).

4. Asymptotic Efficiency of Algorithms: £ 2[R R &, FATR AEH = AT 89 E 1F
% (EAEE]) B A —ANEZHE Tn), e T sumToT(n) =cn+c,o XEXTFE
HHICy, Cp oy o e EERMNAOHAREE, MAEEKES ., HAAEERA
B, FHILFUAGEF EBRIHRRATE 2K ST EL L, b

T(n) = csn® + cgn? + ¢
LndE AR, T(n) = csn’®e HRBRATHEXNEERT() = 0(n®).

5. Complexity of an Algorithm and Complexity of a Problem

a. Algorithm Complexity: # & — A~ B AR5 3£ 1247 B F 0y B 8] 220 3R oy O\ AL
EnERKHEAR,

i. Bubble Sort — 0(n?)
ii. Merge Sort = O(n log n)

b. Problem Complexity: # s XA [A f oy frm Hak o, mfh (RB) EREE
Z07 wptai, KNAFERNMEE, ME2F: “FRATRTEERN
FE? 7

i “HFEA (Sorting)” AHMEEERZ Q(nlogn). XERE: L
WA 2R (REZETHRERR), RELT K Omnlog
n) £k,

Asymptotic Complexity: O-Notation

1. O-Notation: & AR RI4E 2By, #ATR XL Asymptotic Complexity. A 4mfT R
FERBNTNG, ET(M) = csn® + cgn? + ¢, 7?7 A1 H O-Notation 0(n?). I
gt

T,(n) =2n3+7n% +n
T;(n) =n®+n?2+n+50
CNEREHFENTUAE, EEKEHE—HF (XFEK), FUHEOMN).

2. O-Notation By & X £ T

a. ZAwgEEH T 5/KH I

b. HAEEHEBMANMEE KN “ LR

c. RUEFEMEHHNERKEEZFZAN,
3. Limit Definition of O-Notation

{ T,(n) = 3n? + 5n?

_(r. 1 i L
0(g(n)) ={f:N->R IrlLLH.}og(n)<°o}

15



oo oo

e.

g(n) is an asymptotic upper bound for f(n). f() W x & H-T, & E &

RT3 N TR

f(n) grows at most as fast as g(n). f(n) 2 AT @ KFHT(n).
f(n)isin O(g(n)).

f(n) € 0(g(n)).

ZRAfFMWBKEEL 2g)FEAZ

4. Example: Complexity of sumTo(n)

-
=

=y

int

sumTo (int n) {

int sum = 0; // 1 operation

for (int 1 = 1; i <= n; i++) { // n iterations
sum += 1i; // n addition operations

}

return sum; // 1 operation

a.

b.

C.

Total number of operations
fm)=1+A+1+1)n+1=3n+2
Using the limit definition of O-notation g(n) = n
o f() - 3n+2
m —— = lim
n—oo g(n) n—oo
Since 3 < o: f(n) € 0(g(n)) = 0(n).

=3 <00

5. O-Notation: Properties

a.

b.

C.

Constants: If f(x) = a € R is a constant function, then f € 0(1).
i. 3e€0(1)
ii. 100000 € 0(1)
iii. 0(V42)=0(1) =0(m)
Scalar Multiplication: Let f € O(g) and a € R, thena - f € 0(g).
i. 1000n € O(n)
ii. 23n5 € 0(23n%) = 0(n%)
iii. 2n+a e 2m2e € O(2M)
Addition: Let f; € 0(g,) and f, € 0(g,), then f; + f, € O(max(g4, g2))-
i. 2n°+25n%+8n? +42n+ 8 € 0(n°)
ii. log(n) +n€om)

d. Multiplication: Let f; € 0(g,) and f, € 0(g,), then f; - f, € 0(g1 * g2)-

i. (logn+7n+n?)-vne O(nZ\/ﬁ) = 0(n?%)

6. Orders of Common Functions
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IIE&IIIEMMMHIIllﬂﬂmlllﬂﬂﬂﬂﬂﬂlﬂﬂﬂl

o) constant A single operation
O(logn) logarithmic Binary search 4 7 11
o) linear sequential search 10 100 1000
O(n-logkn) log-linear sorting of an array 40 700 11000
quasi-linear

0(n?) quadratic matrix addition 100 10000 1000000

o(n® cubic matrix multiplication 1000 1000000 1000000000

0(n*) polynomial

o2 exponential combinations 1024  103%° 10301

o(n!) factorial permutations 107 1058 il

o(n™) superexponential  n-Queens problem 1010 10200 103000
7. Relationship between Classes of Complexity: £+ E X Z [y @& KX 2w T

0(1) c 0(log n) c 0(n) < O(nlog n) c 0(n?) c 0(n3®)
a. ZWAEKZAWIF: Va < b:0(n*) c 0(n?), #laro(n) c 0(n?).
b. FEEHEHWEMZ AL KEER: 0(n®) c 0(b"™), Flimon3)mzT/T
02",
c. MEEBHLEMLAXAHEKFERE: Va=1:0(og n) c 0(n?), Flw
O0(log n)/NT0(n).

Big Theta: ©-Notation and Big-Omega: Q-Notation

1. Limit Definition of ®-Notation

@(g(n))—{f N->R"|0< llmfg ;<oo}
2. Limit Definition of Q-Notation
f(n)
Q ={f:N>R"|0< lim
(9m) = 1{f: I <_mgmf
3. Big-O. Big-Q. Big-0 # A& i X 7|
ikl B X Mtk | HFEXFR B & 5 2
PR OGEKT | oL, o F—%, REWE
J li 00 . _
09 | &y gy | HF2A% | M < 18— BT
‘F% (iﬁz: S 0 1 (n) Z:’J/Pi9 R%th?
Ug®) | 40 gy | 22 EAMK |0 < lim I sk — b B 47
BR GEKR | 2145 R f(n) =
O9) | syt | imal | Mg < A R

4. Big-O. Big-Q. Big-0 £fl: xf Tf(n) = n®+ 2n* + 100
a. Big-O: RE FR T ARAT. f(n) € 0(n®),0(n*),002™). H Hix LK%
FREAEE,

17



b. Big-Q: RE TR E/IHAT. f(n) € Q(n), Q(n?),Q(nd), HHXLEHLE
EESAEE.
c. Big-0: &0 “RIEF” HKEE—F. f(n) € O(n®). A Bm = I,

Formal Definition of O-Notation

1. Formal Definition of O-Notation
0(g(x)) ={f:3c > 0,3x, > 0,Vx = x,, |f ()| < clg()}
a. YxATFTENMAEx,Z 5, FOWEK T2 c- gk,
b. 3n+2€0(m): AN %Un>18, 3n+2<5n,
c. n2+3n+4€0m?):HAHAn?+3n+4<2n?4T n=4.
2. Example of Formal Definition of O-Notation

int sumTo (int n) {
int sum = 0;
for(int 1 = 1; 1 <= n; 1++)
sum += 1i;
return sum;

}

BRBEIH 1 NMEME, B n R, FTUf(M) =3n+2, RIOTFRFH cfng, &
f(m)<c-n. Blc=4,n,=3804, FItf(n)eomn). w#H: On) H T &"%E—
B, thte ¢ =200047 LA, O(n?)4 technically m 3L, {2 O(n) Z& LW 57
3. £% & O %% Two Variables: & Bt H &K B H M r 548, anf(n,m)=n-
m, EXHYT A
0(f(n,m)) ={g:N—->R*|3c>0,n, >0,my > 0,Vn =nym = mg,g(nm)

<c-f(nm)}
Y nfo mA A AR, gn,m) WEKEE LT f(n,m)EHE,

Big-O #H T

1. % T single-level loop, # update expression 7 fm ik 58 %, B[R 24 E 4
O(n); # update expression # e & st Rk, HAT[E &% & % O(logn).
2. T nested loops, & P3G IR H T SN EE T .
a. SNEBIAR A mrfepEizE, WEBABEAEXAMEMREEZE, HitHE

G2 E H On?),
b. [BI4] SFEEFRPATRGRZE, WEBAPATIEIZE, HETEELE N
o).
c. SEBAPATHRIZE, WEREAPATREZE, HETEEF&E A
O(nlogn).
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d. SFERAPATREMERIEZHE, WEBIEAHPATRIENERIEZHE, L
% 2 % O((logn)?).

e. BEMEZ, EALHEBAT, REEANHARZXEFTHEBTE/NEE
RE | ZAENRA ELNEREANATRBTINERR, BAEREIE
K (Flwmi=2), MANEEAREmEERK (Flwj++) B, NFSN

. ATHREER, EARERTRBIEER, NEEE N B EZHREZRUSER

8] & 4 B B A] 4% B BRI A B B A E

. ERAAETENUFHATH (RIERE), W E A EZ 4 Z A FHRAME.

O(n) > O((logn)) > O(logn)

19



Lecture 4: Hashing
Motivation

1. Can we directly access the address of a key?
a. Direct Address Table: {8 1% &M key #fE EHAE 4 W 3t dk, A EHFAE
7 O(L) B 18] 52 B o fFlan s & TD=3612313, 3t B # % & 4k 3612313 Bl
BAE, EERK, TFERR. TFEHTF.
b. BRFEAIE: £ Java F, int KA Z 32/ (4FT) WAEMFTELH, I
B B R N-2312(230, gt R AL 2112 B +2112. wRERMNEHENT
e BB 9B — 1> slot, ANFE E WA F 2 2732 * 4 bytes = 234 bytes =
16 GB. gt £, N T e #HF O E# T, 5% 16GB 8K
o MALF, RINBEHERANFTEFHIAERK. FlwFE£ID AR 7
#, BRE—THA¥E, 15 228 1/400. X645 16GB & 8] 2 7 3 iR
2. Hashing: Idea
a. Idea: ®(T 1B EH#EA “Key =Memory Address”, T &M — &% h(k),
A “4% 8”7 (domain, U) BT E|—AN/NEy “M = 5] ” (codomain,
.

3612313 > 3612313 3612313 Slot 0

N
Slot 1
5 Slot 2

Slot m-2
Slot m-1

h:U->T

Domain (U) Codomain (T)
b. #roksk: TR B A B — Mg, XHE %A A E collision”,
Hash Function

1. Definition of Hash Function: Maps keys to (slots in) the hash table.
a. BE—NMEK, %BAERE KK )ﬁﬁu%?fﬁﬁkﬁ"ﬂﬁ/\ifﬁ (slot / bucket),
AR AR mAE, AT REEA n . % mKn, F collisions
R NI -3 A-C
b. Loading Factor: @ = n/m. EREZFHEMEFHFERL DA TH, ath K,
MERL, HEHME.
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c. % #9 Hash Function &% 2 4 &1
i, BHEHR:hU->{01,...m—1}. EHF TN RS ZF RIER
Zd. BERKiFES (surjective) ——BIREF|F AT A 18,
ii. WEEZ hEK)LAEGHE O AFH, TMNE M RAEREEZTE
X
iii. HRH: ENEBRFWERNLREFH L HAE0E m-1 28, TR
FUBEAHSG. FELFRE, 2B FaE.
iv., MAMEST M TN N BT B AE T (BAERD) M E. thnF A
ID 100001 ## 100002 7~ £z 1% #f ¥ AE AR AR B9 1€ . & 76 A R BT IE Rk &
ZEBEHEX T (FlinF S EE),
d. & EEWPF: BUE R4
h(k) = k mod m
AEBRUERKm, BAKENEST, flw
i m=11
ii. k=25—>25mod11=3
iii. k=18 —> 18 mod 11 =7
EXAEFANELY key MBI — PN 0~10 2 BWEST, BUEEEE. ITH R
(O1)), EHGHERBT mWtHFE, FmBE LY (Livm Z2HWFEM
key # A &L, BEW RARA
e. Hash Function for String Values: 24 7] Ll HE B #, EFF & T EHTF,
Bk BT H mod m. AT UASLR SR8 F4F & 4 O integer, AT B ID
Ho BAER: BRBELTRX NN “FHFH” B “BH” BBA,

len(STR)
h(STR)=< z ord(STR[i]))modm

i=1
i. ord(c) R FFH c EFHFXRFHFT (FlIma—1,b—>2, -, 2726,

ii. BEFHEFENFHNTFTRM,

iii. Fxt&kKkmIE, BIES,

iv. LFHE "TAN" 4 ord(]) = 10, ord(A) = 1, ord(N) = 14

h("JAN") = (10 + 1 + 14)mod17 = 25mod17 = 8

Fr L 'TAN" # Bk 4t 2] 18 = 8.

v. XM EEEELEE, TEEN: TR FHF: "JAN" o
'"NAJ" Hy%-FEHEE (H%T 25mod17) ;55 7~ £atE: TEFH
5 ] /64T 2 AH ] Hy Ao

2. Birthday Paradox and Probability of Collisions
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a. Birthday Paradox: £ —/NA m =365 AHytit R 2, wREAKLE n A,
HERABREZEDARANANEHMEE?
i RNEHEPEIA—AHEEALH) =1-PXAMEREH),
ii. RAMEEEHNRER
365 X 364 X 363 X - X (365 — 1 + 1)
365™

P(noshared) =
i, T2
P(at least one shared birthday)
365 %364 x--x(365—n+1)

365"
iv. WHEREFER
A#n E0H X F £ HBIBEE
10 0.11695
20 0.41144
30 0.50730
40 0.70632
50 0.89123
60 0.97037

RE2BAN, AEHEIL50% OHEREHAREE! 44750 A &,

JUFRT LR (97%) VA —NEHER. XEHERKER: 3651
RERY “HE7, 234 RV, EREL 6%, EHEMEELET —

*

b. Probability of Collisions: if we have n keys and m buckets

b mm-Dm-2)m=-3)..(n-n+t1) ﬁm—k
- n 1l m
k=0
n—-1
k n(n-1)
:1—1_[<1——)z1—e_ 2m
m

k=0
XRETEAREFRN— A FFEENEL: YnEpa, SERELE
FriEAEE R, B n /AT m, 0o RN F RN G 4 Zugpy b

Handling Collisions

1. Chaining: 4 % M (keys) # %% 2| F —/ME (slot) B, HATT% EATRAL
B, MERaZEEmE Mk (ist), EXLRAELE L,
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= —

| 3269371 3459074 | »

—+— 3013563 [ «

| 3255156 | *

a. Chaining #y % A & &
i AuZ—71E 01,2,
i, FAERRE & et
iii. w3 (index3) FEEEE WA THR: 3269371 — 3459074, i
B X A key 9B A EARE] (HBEATE] 3D,
iv. HEEz: wHRREEME—HAME: EMERLLS—AE (GUNE
£), REMKEMBHTE,
b. Chaining #-FHERXRME: 67 m 2% FRWER. n EFHENTEE,
| Loading Factor: @ = n/m=ZF¥H G M€ LW TR K E. WFHERE #
EH

X INO» BlWIN = |O

O(1+a)
YaBhet (0 <0.7), EHANEFEL O(1). it # Chaining &4 215 f
#, EREARENGEY, U KA FELE KT,
2. Open Addressing' All elements are stored directly in the hash table itself. # 4] i&
B, S slot BARTH, BAEHF—ANTTH. A “HHER” WEH,
a. {74 fif #: When a collision occurs, the search for another ‘open” slot
happens within the same table.
i 1TH h(3459074)=3, #RE3 AWK S/, A THAEL #£5, &
6. LB E| B, ERXATTE A E
i, =i “ERERT—AZM” B9 probing.
b. Loading Factor [R #|: One consequence is that the load factor can never

exceed 1.
n
a=—<1
m

3. Linear Probing: A simple probing function simply checks (iteratively) the next
slot in the hash table until an open slot is found. 4 i & & £ 8f, TFF4Ex. T
BK, e -1 HEREE, HEKAT ML
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a. #FEFL (k) = (k) +i)modm, EFi=0,1,234..55~%—KFMNE
g, FRET—ME, DbEE, BHI KL,
b. ZH
Keys: 13,7,5,25,8,18,17,27,3,11,9,30,24,31,21,19,...

18 mod 11 = 7%

(T Tmlm] [s[ [7[s[w] ]

T2 8 9 10
A 18 HEHE, h(18)=7, (E#& 7 E& %W 7 & . FrLARKARN: Slot 8 —
# 8 & fl; Slot9 — = {r—42 18 # % Slot 9.
c. LM A E A —— Clustering: Large groups of consecutive occupied
slots (clusters) become more likely to grow even larger.
i BT I — Bk S & R e DR AT, BT e SRR e A R A X B XA
B, REZME “&” #tk, FRUXRKRMERK, H A Primary
Clustering
i R A
o BRI MRMK;
o HANMRETIE;
o AN MEFAAA
4. Polynomial Probing: % &1~ 4# k#4714 L & home address % h(k). %% &4
i, RINTREEERERED, TAZ LI EHHRNUCE
h(k,j) = (h(k) + cj + c2j*> +--) mod m
HHj=012. . 2FLAEN; o0 REREE mELFRNAN,
a. Linear Probing =2 & Hy f
h(k,j) = (h(k) + c;j) mod m
Y ¢, =18, B2 &K ATH @ ¥ W Linear Probing, %R ¢; =3, A AHRKE
A &= 3 A&, & A& “# KN4 3 8 Linear Probing” .
b. Quadratic Probing: # %,i% 42/ #J clustering.
a=0,c=1 L L]
=
h(k,j) = (h(k) + c1j + cj*) mod m
RERAHARE ¢, =0,c, =1, wEHE
h(k,j) = (h(k) + j*) mod m
T FF stk T F#F5: hk) + 1% h(k) + 22, h(k) + 32, ...
c. Polynomial Probing # [ # 5 /& [R
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i. All keys having the same home slot will follow the same probing
sequence. | trh(k) = (k) mod 11, #2445, 16. 27. 38. 49,
60 H 2L EAEME S, MBEEHRMNGITF 0T L, TREXLHE
Z B AR SMEETH. X" H Secondary Clustering.

ii. Potentially long probing sequences.

iii. Polynomial probing doesn’t avoid clustering. Clusters just aren’t
consecutive in the hash table (but they are still there).

5. Double Hashing: 7% R fl —/-%-& B P RK T E, 128 FAhy(k)Fhy (k).

a.

b.

C.

Double Hashing # ] /2 5: Double Hashing A # 4“h, (k) f2h, (k), H &

i. hy(k): % home slot;

ii. hy(k): & Z step size.
WHAEW, BREEEkKS T, HE Ao @A,

h(k,i) = (hy(k) + i - hy(k)) mod m

o

i = F LR

ii. B MgkAA B ST KA, (k).
PSR ESC R HA e AR E “Ham”, B

P( (k) = b)) =

MENMBNRNERLFEE T -, XERENENMERAE LR —
NE, Nz EmENBELTATE, AWM/LFTe8 e T S ERf =
RN clustering .
Double Hashing [R | % #: 1k hy (k) = 1+ (k mod (m")) & #m'i# & Hlm —
1, RIEFKBELET E m-1 [,

d. SEFRZE P B ¥chy (k) = k mod m, hy(k) = 1 + (k mod (m")).

i. B« A1E — 4 Hashing Table 3£ m =11 {1, KA1E#H A 27,
38,49,59 X A A% fE. F A1 H Double Hashing
h,(k) = k mod 11, h,(k) = 1 + (k mod 10)
#il A Kz h(k, i) = (hy(k) + i - hy(k)) mod 11,
ii. #A\ 27:h(27) =27 mod 11 = 5,h,(27) =1 + (27 mod 10) = 8
h(27,0) =(54+0-8)mod11 =5
5% —~ HANE|E 5,
iii. %\ 38: hy(38) =38mod 11 =5,h,(38) =1+ (38 mod 10) =9
h(380)=(54+0-9) mod11 =5
5 H b — F ZREN
h(381) =(5+1-9)mod 11 =3
13 = — HANE 3,
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6. Open Addressing: Deletion
a. TaEEME (FE) #: wRREEL - MEENT (empty), A LHER
HRERAX B, 2RUAFEMRAEZTLRT, FRERLAK. i
keyl — #H#E4& 3
key2 — W&, A& 3 HINEIHE 4
WwRME T keyl FEE 3 FE, MEKXK key2 HaLLA: “HE3IXT,
key2 H# R N FE.”
b. ZE #4710 Tombstone: L/ Mk —Mg: TEAWEERANZ; MEFITA
tombstone., &EZ: X EERFTHE, #MrT, EAllETHER, LEH

SAE RN

7. Chaining vs. Open Addressing

%E

Chaining

Open Addressing

Memory Overhead

FAE (LA E U 8 45 A
CIE A B A2 R — 4k
®), Frila s HBUNAF

FE T EBEREAED TR
2, REEY, VLN
#.

Performance with

BB BRI TR R

il == A5 Al ol N C -

T REIE, R A AT
ES

Load Factor RE, RER&FEAREH BT R 7 27 R
Ao K)o
Deletion MR 2. AabxP e | MkhRER, ZA

tombstone (ZE#FriT), &
M| &8 R FEMF 7

Cache Performance

EAERT R ENFT L

TREEEZNRAF, &
FatReE, WEER.

Use Cases EAETEHEAHE., #R | E6ANFAR. HTEHE
&, EHB/ETRT K | BROETHAGEHNT =,
:0R7/5=a
Rehashing

1. Rehashing: %% & AiFH, G#—AEAWH K, AJE recompute FrH B8 7T

F e A A &

a. "7 &M G BT T Load Factor: @ = n/m. % Load Factor A& (H
B 0.7 38 0.8): WX (collision) &L FHm; FHEXK/HENE &

M O@1) EAE Omn).

b. Rehashing #y £ 2 H 09 & B D w & | REFHEAFELE O1) B E.

2. Rehashing # i [5] & 2 & 447
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a. Rehashing 2 —4> &M & H#EF 0(1)+0n)+0(n) =0(n), FEELF
B HRENH M — —Rehashing ZER R &AW, —BX 4%, B2 EGhEAN L
B 734 i AT 48 2 O(1). X 3 A2 BT 1B HY amortized O(1) B 8] £ 2+ & .
i. Stepl GQE#Hk: 42— FH. EAWNSHFERTH, XN FRIE
B 24 E & O1), HARE—KELE.
ii. Step2®GIHKXFHIAETR: ELHXRFHAn M TEHE: XA
F £ On).
iii. Step3 LENTEFEAIH &K X EN T E EH T H hash EHHENF
Fo BRB{NTFHEZOQ), BEEEAnATE, Ll BWAFEAT
% E A H O(n),
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Lecture 5: Text Processing - I
String Matching Problem

1. String Matching Problem 7% X: “String Matching” #t & ¥ 2| — M X
(pattern) X A& (text) FHIWLE.
a. ZPF|:Ctrl +F (3 Mac t# Command +F) 3t & String Matching
b. #HF R
i. The textis given as an array T[1:n] of length n.
ii. The pattern is array P[1: m] of length m < n.
W # it & Ak B Bl —/NE IR 7 %4 & alphabet, iCfEZ, Hw:{a,b,c, ..., 2}
5 #{0,1} (£ ##|ILE F),

Text T ’a b|c|a|b|a|a|b|c|a|b|a|c‘
Pattern P E“HH n=13
m=4
String Matching #91£4-2: ET FHREMATE, EEARALE P T4H

3-8
2. Shift: 40 % Pattern P#f1 Text THI = — ¥ -4 77, Hi#H R
T[s+1:s+m] = P[1:m]
ML XANFHE s A A —A valid shift. w2 ICE, %2 invalid shift. o
¥, XX AZ T=abcabaaabc (KEn=10); XA ZP=abaa (KZm
=4),
a. Shifts =0
T:labcabaaabc]
P:[abaal]
i SRy R A F A, X NEE
o a=alF#
o b=b E#
o cH#athi?
ii. XA shift £ invalid.
b. Shifts =1
T:albcabaaabc]
P: [abaa]l
i WEFHLE bcab, AR
o aZ*b#iR
ii. X4 shift £ invalid.
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C.

Shift s = 2
T:ab[cabaaabc]
P: [abaa]
i, ¥F#HLEZcaba, XAEE
o aF#ciiR
ii. & shift £ invalid.

3. Notation and Terminology

a.

Z*: the set of all finite-length strings formed using characters from the
alphabet X. b #n * = {¢,a, b, ab, ba, aaa, abab, ... }, R EZ LT 0N FHFH
BH . KEARNT/7E, #HETI
Empty stringe: KEANOWFHEMZTE, CHETI. T8N R
=, BFAFHEx HEeMTLR

XE = X = X.
The length of a string x is denoted |x|. th % |abc| = 3,

d. Concatenation: HA~F/F & x f1 y B[ LB e — ¥ 7445, #rEicfE

xy. Pt x="ab", y="cd". xy ="abcd". ¥ #EHKEZ
lxyl = Ix[ + yl.
Prefix: R —NFHEw R F—ANFHEx W E—Ha, ®HAH “wEx
o prefix”, iCfE:wEx, #IF EEX, WRFEXNFHEyY, FiHx=
wy, A 2w & x By prefix. th#m x="abcca". w="ab", EHHN “abcca” =
“ab” + “cca”, FrLL “ab” & “abcca” WY prefix.
Suffix: " R —PMFHEWEZF —NFHEXxWHRE—HS, B “wEx
B suffix”, 1C1E:w I x. HFLEN, WRFEENFFEyY, FFx =
yw, A2 w & x 8 prsuffixefix, H.4m x ="abcca". w ="cca", F¥
“abcca” = “ab” + “cca”, PPl “cca” & “abcca” HY suffix.
Proper Prefix/Suffix: 1~ &% F #F # & & 19 prefix/suffix. 4 s="abcca"
i. FT# Prefix: a, ab, abc, abcc, abeca
ii. FTA Suffix: a, ca, cca, bcca, abeca
iii. Proper Prefix: a, ab, abc, abcc
iv. Proper Suffix: a, ca, cca, bcca

Naive String-Matching Algorithm

1. Naive String-Matching Algorithm it 2

a.
b.
C.

M #1X E: T = abcde (n = 5); P = abf (m = 3)
HFMLENMn-—m+1=3

Step1: [ % —kx5]1

T = [abcde]
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P = [abf]
i. H.3% 1: T[0]=a #= P[0]=a IF #
ii. F3 2: T[1]=b % P[1]=b IF #
iii. t# 3: T[2]=c f P[2]=f — JuAtr BifEE Rk tbiR, T2 BB P E
WHFH (HAEEHEXRFITER)
d. Step2: X EAHH—MLE, BAFHLIEFAHLER, [F kX5 ]
T = a[bcd]e
P = [abf]
i. 3 1: T[0]=b #u P[0]=a — M B sr BF {2 1k Ak b3
e. Step3 MXEAH—MLE, BAFWREZEFAHELE, [F=khX5F]
T = ablcde]
P = [abf]
i. 3 1: T[0]=c #1 P[0]=a — M A 31 B {2 1F A0k 3
f. FEAEREUPHERE—NFRHELETHER, FLEZEFL, bl
* L,
2. Naive String-Matching Algorithm 14 X 25

Naive-String-Matcher (T, P, n, m)

1. for s =0 ton - m

2 match = true

3 for 3 = 1 tom

4. if P[3] '= T[] + s]

5. match = false

6 break

7 if match == true

8 print “Pattern occurs with shift s”

3. Naive String-Matching Algorithm B 8] & 2% &

a. RAEEELE:0(n—m+1)Xm)

b. &I IEN: O(nm)

c HHBREGBRNFTFNE —NFHRLK: O(n)

Boyer-Moore-Horspool Algorithm

1. Bad-Character Rule # 4 # T
a. Notation
i. Text: T
ii. Pattern: P
iii. SEHEALEET FHMLE shift:s
iv. YREBEKXFHERT]:]
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v. EABKE: m
b. Mismatch: fE RAIAEE LMK L LI T[s +j] # P[j] i+, R&ET
mismatch, f#% Bad Character Rule, iXBf Bad Character £T[s + j]
i. % Bad Character X P #F HH L (LEH D :

shift =j —L.
ii. %% Bad Character ~7£ P #:
shift =j + 1.

BNENER A EI AR FHAENLE,
c. #FMEMAHE
L RN LA RTEA x EER P PR BA R SR, RS N
NEBELE INME, NLEELERNEZZm— L,
ii. AEAAE
A[Tls + 1] = (m = )
o A|T[s +j]]: # = # % Bad Character ¥ & & EH JE & ;
o (m—j): BMNAEURINAFHEERKRENEE;
o ME —~ REANTEXNFEREEIGZ D,
iii. RNEAKFH: % a £ Bad Character, RN/,
Ala] = (m—J)
HTAlal=m—1, ®&Em—-1l—-(m—j)=j—1
2. Bad-Character Rule | ¥
a. 9% E: T = ABCDEF (n = 6); P = ACE(m = 3)
b. Step1: [F—K*f5F s=0]
T = [ABC]|DEF
P = [ACE]
i. CvsE — mismatch, #F & x=C
ii. CEPFHRAMER]=2
iii. shift=j-1=3-2=1
c. Step2: [&F =kt s=11]
T = A[BCD]EF
P = [ACE]
i. DvsE — mismatch, F#& x=D
ii. DFEP #
iii. shift=j+1=3+1=4
3. Boyer-Moore-Horspool Algorithm
a. BMH & &40 4 H I mismatch B, A2 1AFH, ML REAFHE
BAFWALERIEERS D,
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b. Boyer-Moore-Horspool Algorithm it 12

1.

l.

1ii.

iv.

Vi.

Vii.

|5 % &: T = ABCDEF (n = 6); P = ACE(m = 3)

Step 1: # % Bad Character Table, BMH Z£x # =, P B8 m-1 ¥
FHATIAE, MEAN: Ax] = AEmHERL, FHXERKRNES
(TEFERE—NFRH); WRFHELEEXF, Ax] =m.

FIF LB Alx]
AFEINER 1 3-1=2
CHEEMAEDN 2 3-2=1
E 3 3

H A F A P 3

Step 2: L o[- B
Step 2.1: [% — kx5 s =01
T = [ABC]|DEF
P = [ACE]
o CvsE — mismatch, fF#& x=C
o AlC]=1
o Shift=1
Step 2.2: [% =kt s =11
T = A[BCD]EF
P = [ACE]
o DvsE — mismatch, #F % x=D
o A[D]=3
o Shift=3
Step 2.3: [ % =K 5F s = 4]
T = ABCD[EF]
P = [ACE]
o BEHAF (n=6)
o HZEXILH
Step 3: mA LR WHKE ZELE,

. Boyer-Moore-Horspool Algorithm 14 X %5

BMH-Matcher (T, P, n, m)

1. A = badCharProcessing(P)

2. s =0

3. while s < n - m do

4. J =m

5. while 3 > 0 and T[s + J] == P[]j] do
6. 3 =3 -1

7.
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8. return s
9. s = s + max(l, A[T[s + j]1] + j - m)
10. return -1

badCharProcessing (P, m)

1 Y = the set of all alphabets
2 M= |3]

3 A = a new array of size M

4. for i =1 to M do

5. Afi] = m

6 for 1 = 1 to m do

7 A[P[1]] = m - 1

8 return A

S

5. Boyer-Moore-Horspool Algorithm Bt [8] & 2~
a. Average Case: 0(n).
b. Worst Case: 0(nm).
i XAKEAn, EXEKEHN m,
. EREENEFELT, HETRFEEHTAL X mRFH LK

Knuth-Morris-Pratt (KMP) Algorithm

1. Prefix Function: *f T — &K & P[1..m], Prefix Function £ — /MK E X m H#X
Hom
nlql = Pl:qli s KaI  K E (proper prefix) = /5 % (suffix)
BeaEi wlqlRkor: EEXER q /l\ B, BB X;EF BA) B K N FE B
WK,
a. £fl:P=ababaca, &MNE+En[1..7],
i Plll=a— BAEWME. RAEEE —n[1] =0
ii. P[2]=ab—a%&a/fa% b TH% —nr[2]=0
iii. P[3]=aba— /% a,ab/J/5% a,ba— Z KL Z a—n[3] =1
iv. DUk ®E
b. Prefix Function # & 3 n[q] & F&EAT: “WwRIEWEE AN FHEAKT, T
KNBEEFA BB REAGE,”
2. Knuth-Morris-Pratt (KMP) Algorithm
a. F|#MIXE:T = abacaabaccabacabaabb;P = abacab
b. Step 1: it & Prefix Function

Q 1 2 3 4 5 6
P[q] a b a C a b
m[q] 0 0 1 0 1 2

33




. Step 2: LB
. Step 2.1

T =labacaalbaccabacabaabb
P =[abacab]
i. Comparison 1-5: match
ii. Comparison 6: T[6] # P[6] mismatch
o #MEWR[5] =1, RiE
Shift= ELEFH4 - T EAMEKE
EENFEZHLHP, 5-1=4 ML E,

. Step 2.2 (Shift 1)

T =abaclaabacclabacabaabb
P = [abacab]
i. a=a, i&E it A\ Comparison /4
ii. Comparison 7: T[6] # P[2] mismatch
o HMZEWn[1] =0, HHKNFEEZP, 1-0=1MrE.
Step 2.3 (Shift 2)
T =abacalabaccalbacabaabb
P = [abacab]
i. Comparison 8-11: match
ii. Comparison 12: T[10] # P[5] mismatch
o #HM1E#n[4] =0, HLKMNFEHZIP, 4-0=4MrE.

. Step 2.4 (Shift 3)

T =abacaabac|cabacalbaabb
P = [abacab]
i. Comparison 13: T[10] # P[1] mismatch

o BMLFEW, HARFCERETHE, EEEH1IMME

. Step 2.5 (Shift 4)

T =abacaabacclabacablaabb
P = [abacab]
i. Comparison 14-19: match, %X, LA (q=m=6) — HWHIT
B B SR AR AL,

. Knuth-Morris-Pratt (KMP) Algorithm 14 X %5

KMP-Matcher (T, P, n, m)

1.

g w N

I ComputePrefixFunction (P, m)

q=20 // number of characters matched

for i = 1 to n do // scan the text from left to right
while g > 0 and P[g + 1] # T[i] do

qg = nl[gl // next character does not match
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6. if P[g + 1] == T[i] then

7. q=9 + 1 // next character matches

8. if == m then // is all of P matched?

9. print "Pattern occurs with shift", 1 - m
10. qg = nlql] // look for the next match

ComputePrefixFunction (P, m)

1 let [l : m] be a new array

2 a[l] =0

3 k=0

4 for g = 2 to m do

5. while k > 0 and P[k + 1] # P[g] do

6 k = ol[k]

7 if P[k + 1] == P[g] then

8. k =k + 1 // next character matches
9. nlg] = k

10. return m

4. Knuth-Morris-Pratt (KMP) Algorithm &t [8] & % &
a. A EF B ComputePrefixFunction: 0(m).
b. 1 & B KMP-Matcher: 0(n).
c. REtEEZRE:O(n+m).

Summary

1. String Matching Problem: The problem of finding all valid shifts with which a
given pattern P occurs in a given text T.

2. MAZ#E

Algorithm Preprocessing Time Matching Time
Naive 0 0((n—m+ Dm)
Boyer-Moore-Horspool | O(m + |Z]) 0((n—m+ Dm)
Knuth-Morris-Pratt 0o(m) 0(n)
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Lecture 6: Text Processing - 11

Problem of Pattern Matching Methods

1. i #9 Pattern Matching & i &9 & IR
a. Naive. BMH 71 KMP #:& & 2K ILHE: 470 F — X Af—EX &, &
ERZEAZEHFAR, CIHRFH. BE, IXARKTEGRZ H
(P 10 7R R), BREFEHEAN AR L F I # KA
b. [FAEE AR+ £REW R XAZE W (Wt — AR 45—
), ERNENMHTIENE R, Wt a1 4 (autocomplete) =
HE R E (spell check), 1% /& AM?
2. RIE M Trie B9 FHAL
a. Trie 20 BB Z
i RAREMRE TR EENEER,
ii. FEMARETTHEEZRE -2,
iii. ., A, MBEHNELAEREFREKER X, O@m).
b. hn T 5L ) B AK 5] AL P
i. T Bz% 4 (autocomplete), FATH K 2 A7l b
R, BREEMATTR.
ii. X THEE (spell check), AT LAk & 2| 51 448 41 0y & %

1] o
iii. ¥THEEW (AFFANNEW), Trie WA ETFHRBRFRaE “ H
ji”o
Trie
1. Trie B9 = X

a. Trie: A tree-based data structure for storing strings in order to support fast
pattern matching.
i. Trie & — 0 # ¥ 44 25 44 ;
i. EATHE-AFTHE (Flawids 2 e 7)),
il BT E R A A T 55 I bk a9 AR X T BE Av w294
b. XRHERHEE:
i. Pattern matching: L an#|Bf A2 HE L HFET 6 F.
search("bear") — True.
ii. Prefix matching: W & & Fr A LA BT R I LBy 217 fAl:
startsWith("be") — ["bear", "bell", "best", "bench", ...].
c. Trie B AR X 5 &M FHAE
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i. 1%

o S=—HFHEEE (Hiv("bear", "bell", "bid"}).
o X =alphabet (tt#r{a, b,c, ..., z}),
ii. £ SHEA-—NFHEZLZ - NFRENHE (BNLFEX,
ttm “be” F1 “bear”).
iii. Trie ##3& #LM: A standard trie for S is an ordered tree T.
d. Properties of T
i. Each node of T, except the root, is labeled with a character of X.
ii. The ordering of the children of an internal node of T is determined
by a canonical ordering of the alphabet X.
iii. The concatenation of all the characters on the path from the root to
a leaf node is a string in the set.
iv. Every internal node of T has at most |Z| children.
v. The number of the strings = the number of the external nodes.
vi. The height of T is equal to the length of the longest string in S.
2. Trie: Example

a. T E A R
i. EFF & (internal node) : W T &, T+ EWFHER.
ii. 7% A (externalnode) : 4ME T & (M FF &), kRr—NZE
FA 1]
b. WELEH
i MEFEANEZENG T AAUFHD L R UFH s k.
XERAAERE AL “D” 3k, BEALL “s” k. AEEANS
ARG RIT
o b—>e—a—r
o b—-e—-1—1

o b—i—d
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b-u—-1—1
b—-u—y
s—~e—~>1—1
s~>t—~o—~>c—k
s>t—o—p
BAERZEBRNZLHNEIEE S
{bear, bell, bid, bull, buy, sell, stock, stop}
c. Heightof :Trie WEmESH&KFHEKEMAF
h(T) = rg}gglsil
thtnxd T E @A, xKBEFEE "stock" (&5 MFE),
d. Number of Nodes of T: # 5 & L 7 B T & (internal nodes) #1757 ¥
& (external nodes) % &,
3. Trie: Insertion
a. BRANTELEFH & bell # \ 2| =H Trie F:
i AR S48 Trie —F#HRZEW, RA—AIRTE (AFEAF
o
ii. AEE-AFF D
o WEEFHEFHERFTHWERIMLE: index="D'-"a'=1
o HEMRF AW children[l] & ¥ =,
EEWN > HE-ANTEARED,
iii. AEEZNFIHF e
o HA'D FE;
o & 'eWET]: index="e'-'a' =4;
o children[4] # = — QIZH ¥ & 'e's
iv. LEF=ANFRHT:
o HEA'e FHE;
o AIETFE,
v. REFEANAFHT (KRG
o HEIE—ITTF¥A;
o L% & isEndOfWord = true, %7~ "bell" &\ 5% Ak o
b. A% A% {bear, bell}: ZLERKAIE A "bell" # Trie b, FiE A "bear”
i "b": WEEAELEHE'D - EEEA;
ii. "e": D WAEATELEF e — HEIEA;
iii. #TREE "a":
o e WATEAR'T CkE "bell");

I 6 0 0 o o

i, &
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o 'a' X EH — FAE'a T
s f£'a TEIE T T
v. B0 T O EIE G R,
c. EA:Trie MEMIEAET AEAKNE. WiLFEHE M ENE AN TEL
o = e
4. Trie: Searching

a. Trie FEEFMH T UTHIEAEAS
{bear, bell, bid, bull, buy, sell, stock, stop}

FANTEEHK "bear" £ EFF .

i AR EIT .

o YHWFH: D

o #&# children[b'-'a'], %2 b ¥ & @
ii. #EAD FE

o T—IFH: ‘e

o ## children['e'-'a'], # % e % & @
iii. ¥ ‘e A

o T—AFH:

o & children[a'-'a'], #%|'a % & @
iv. #t'a' A

o T—IFH: T

o #&# children[r' -'a'], %% v % & 4
v. BlIE Y A

o HEIZY EH isEndOfWord #71C ;

o #FICH true — #17 "bear" # L F 1E o

b. XK EANTEHK "be",

i AREE - d
ii. 'b—'e'™
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iii, BAAEEFTHSE "be", {2 e # isEndOfWord = false X

5. Trie: Deletion

a. R key T FHE: EHRE, THEMEME. Flan: Trie KF "bids", A

F .
b. R key & " — ¥ 4
i, BAEAEARTRAEINE;
i &R AT E 21 ?E% A
iii. APH T L MMl E A RAA,

iv. Ht:T={dog}; delete("dog") —~ % Trie &%,
C. ﬁu% key %ﬁfﬁilﬂé’ﬂﬁﬁéﬁﬁiﬁﬁﬂﬂﬂ%m, /\ E /ﬁ “i’ﬂéﬂ:}f{” j‘j"lﬂ

i. T = {bell, belly}

ii. delete("bell") ~ RE A&, REUHE “bell” By RIFIT.

d. ﬁﬂﬁﬂtkeyﬁﬁﬁﬂ \%Huéﬁ
i B
ﬁ.ﬁﬁ%ﬁﬂ%;%Aﬁw,

i
ili. A&E—ANT aEEM, EHBED—MIAZH 2168 E N R,
iv. i T = {bear, bell}; delete("bell") — il & 5 # "1 ¥ &, EfR

% “be” R
6. Trie Construction from Text

s e e b e a r s e | | s t o
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
c k s e e b u | | b u vy
20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39
s t o ¢ k b i d s t o c k b i
40 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59
d s t o c k h e a r t h e b e
60 61 62 63 64 65 66 67 68 69 70 71 72 73 74 75 76 77 78 79
(| s t o p

80 81 82 83 84 85 86 87 88

a. Step1: &5l

b. Step 2: # %1% fl 17 (Stop Words), &AIxLEE —LZHEXHWE

(4o a, the, of, in %),

.37

C. Step3 17 Trie: % F (40 6,47,58,0,24) %Z’Wﬁ'@ﬂﬁ;ﬁ‘Xj&q’éﬁi B

BAE., XA Trie SR ER &k “HFH7H”, vXLILEXKT:

i BNMEHEERCFHMLE;
i, A DAbR iR E AR R 9E W IR R B L E

iii. AR RBIEE R, WG, XAREKF| (Text Indexing) .

7. Complexity of Standard Trie
a. Insertion: O(m), where m is the length of string s.
b. Searching: O(m), where m is the length of string s.
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c. Deletion: O(m- |2|), where m is the length of string s and Z is the set of
alphabets.

d. Construction of the entire trie for set S: O(n- |2|), where n is the total
length of the strings of S.

e. Space complexity: O(n- |2|), where n is the total length of the strings of S.

Variants of Trie

1. Left-child right-sibling binary tree

AN $

/B CDE F G|

NANT X

N

/\ L1 e

P Q

MER S XA A
o YH A4 (Left Child) M@ ECHE —NZTF;
o UM Hig4 (RightSibling) fH M T—MLFH .,

2. Compressed Trie

R — 5 BRE J:Ec/l\%/ HMAF—NMTFTE (MEATEALSX, MR —ES
P2 R B — T R
3. Patricia Tree: ¥ E"ﬂ’ JE 45 09 = 3 4| Trie
o BNFHEMBHER —HFFH;
o Trie & — BRI FHHW—A bit (02 1);
o WRBELEAASX (HRA-ANTHE), BREELSE;
o BANTEFME—A “skipnumber”, FRBKIELT £ DfL,
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structurey

integer

intervaly

ode) Skip number

n
o SJd

Decimal and binary ASCII codes of the symbols

76543210

1056 01101001
1 108 01100100
n 110 01100110
r 114 01110010

76543210

32 00100000
97 01100001
9 01100011
101 01100101
g 103 01100111

76543210
116 01110100
u 117 01110101

i

u
a

t

[+
e

v 118 01110110

115 01110011

s

Strings of X as sequences of bits

32 33 34 35

16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

8 9 101112131415

01234567

10010110 01110110 00000100
10010110 01110110 00101110
10010110 01110110 00101110
11001110 00101110 01001110

structure; 11001110 00101110 01001110

iny

10100110 0110 ---

integer,
intervaly
string,,

10100110 0100 ---

10010110 0111 ---

1100 :--

10101110
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Lecture 7: Algorithmic Paradigms
Divide & Conquer

1. Divide & Conquer % A< 4
a. A28 BB B K B R A — B LA BN N (5] R — 2 U A R ax 28N
1] R — B 10 2 52 20 6 T R AR R F L
i AKFEFEAEM, NIAEZLE,
. ®EFE K, BITH)TLEEEELEE,
i, FEALEH—H, TUREER—1F k.
b. =A% % Divide / Conquer / Combine
i. Divide: {5 M 7 & TAAEE/N, RABEEWTFA. Lnxn
MNTERWHEAR Y &, £Es RN KADn/2 9 THA.
ii. Conquer: # JFHfF 5 T [5 &, R T HACE/DE A EHL (Flh
AF—ANTE), EE “B7,
iii. Combine: 1€ F |7 & 07 #% &t R E R AR . . TAF JFEUHE 6 I &
— M FHA.
2. Divide & Conquer: Example
a. Example 1: MergeSort
i. Divide: #£K & n WA 4 R A A/N K n/2 WIEA
ii. Conquer: #FHFHENMFHE. EFHAANEL, HEXCLE
HEFF AFEHEMTE),
iii. Combine: £ H NHEF 709 FEAR “LUHT#H” FA6HR—NE
WA FFHA.
b. H o6 H AR F T
i. Binary Search (=4 &) :H R E MM RF (3 R X[ BF ),
ii. Quicksort (REHF) : £ —A> pivot, LKA KL LRI 4, 4
Ja & AHE T A E# 4

Exhaustive Search

1. Exhaustive Search #] & X 5 % &
a. & :Exhaustive Search & — ¥ R 55 Ao & B 8 7 &6 A% Sk 8 AR 0 77 %, DA
HE| R IR T FEM. GEFA A E AR — %)
b. KK
i. Complete search: &R F 7, ©— &7 LK E|,
ii. Brute-force approach: 1~ & A E B EA N E 3% 77, R Z{ATA A

B —— iR,
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iii. Unoptimized: ~ % # . Tk, sE2EERTHHEHE
iv. Computationally expensive: & % &5 % £ 4 &, : O(n!).
o@R". OK™ — Zrvd¥ig, RiEMTHAAER/NKFI,
2. Password Cracking 7~ f: #n R i E#4E 4, SURH LK, REEH AR 2T AT
A H IR — 8 . X B2 w S HY Brute Force (7B A,

Backtracking

1. Backtracking Wy#Z.&: & % 1 1 ¥ 4 ## partial solution, — B X I B ik 2%
8, oL BPHAH undo FE IR E AR

J solution
start not a solution

-l solution

end

a. Solving through “trial and error”: “iX44 %" MR A, RER— A&
B, AREGHETA; WETAT, NWEHE,
b. Iterative extension of partial solutions: #i{ “ZFF§ EH o M” 7 A
& T, i
i. Sudoku: &% HE H F
ii. N-Queens Problem: Z4T# £ J5
iii. Graph Coloring: Z /%7 & F &
c. If a partial solution cannot be extended, undo and try alternatives: 21 & %
B E AT Ry R R A6 R R
i. Undo: % £ —F &£
ii. Try alternatives: #& 7 — % ¥ 12 4k 52 2110
2. N-Queens Problem
a. FIAE:— I MNXNWHHEE, HENANE2E (Queens), EREEH
MNERETREAKE.
B
] N
o B
will B
W ™
T
N
N N =
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i EERKER—. F-Fl. DREAR LT E T
i HERRT —AAREHNAT (BMEERTER—F. 7. fnt
A&,

b. N-Queens Problem — Exhaustive Search

9] O [O

i FEERE ﬁ“gﬂ%”%%ﬁﬁ&
FMERE: MEREHENI T
L F A E R R R— T
FoMER: HERMKBTEE A

N

N

P‘r“.@-’!\-’t—‘
N

%éméﬁﬁé EER &
ii. —EH LA REER?
ﬁﬁﬁWA%%,%MﬁﬁNﬁﬁﬁﬁié,ﬁé#%
(W)
N
4N =gene i, (OF)=44x10° WS LAEE, BAREE
HEFET
c. N-Queens Problem — Backtracking Example

i. Step 1: The 1st queen’s position. Put the 1st queen on the first cell.
Mark threatened cells.

ii. Step 2: The 2nd queen’s position. Put the 2nd queen on the first free
cell. Mark threatened cells.
The 3rd queen’s position. Third row completely threatened. No
solution possible.
Backtracking needed.
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1ii.

iv.

Vi.

Step 3: The 2nd queen’s position. Put the 2nd queen on the next free
cell. Mark threatened cells.

Step 4: The 3rd queen’s position. Put the 3rd queen on the first free
cell. Mark threatened cells

The 4th queen’s position. The 4th row completely threatened. No
solution possible.

Backtracking needed.

Step 5: Further backtracking

Step 6: The 1st queen’s position. The 1st queen on the next cell.
Mark threatened cells.
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vii. Step 7: Continue.

© © O,

3. Advantages and Disadvantages of Backtracking
a. Advantages

i WFEEFR
1. FELEHA 7 ZERT
2. HficE “HaMEET e A ELL, FRHEE
3. X" FH pruning
4. AREHSRLEARELTREAINS X, BRI FERRS
ii. fRIEAER A7
1. AT SREEATRRNERE (CRTHE “TA K W
B
2. REREE, ©—EaEE
3. BFFE—HTE, EHEERHA
iii. ALz E%E Bl E A Constraint Satisfaction Problems, 4 #
%4 (Sudoku)
N 25
K% (Graph Coloring)
A . HE A AR
5. HUEHE. MRE. HREEL RN A
b. Disadvantages
i B EREERNENATERIEF K
1. EB#HRSTREER, EERABEATERRRE
2. MARHEREZTAEERZ

Ll s
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3. ZHEMEARNTEFERKIELEEL
ii. ZEELES (#F)FFHA&K)

1. EHA &R AL
2. REF&LENRE S
3. H#NHPFEMERREFAHRA
4. BERMME, HHB=ERA

Greedy Algorithms

1. Optimal Solutions
a. Optimal/Best
i. Optimal: The optimal solution is the one that provides the most
favorable outcome according to an objective function.
1. Optimal = ™ # = X 8y, HAT 5 # objective function.
2. Optimal = 7 iE AR RATEY, Bl BaE, &/ kAR,
3. wHEY, LA IHKFRIE, TEEUAW.

ii. Best: The best solution is often more subjective or context-

dependent.
1. Best J 17— & £#% & X _L# Optimal, & &F 63 LHK
P

2. flam: BATHEAK - RBEEXLMNUE; KREAR ~ TrEX
wm i, REEK “HHF7,
b. Search Space: A set of all possible solutions that can be evaluated to find
the optimal solution.

i BRZEBRAE TR REMANE S,
i, FRBERERMAME, FHOTEERZTE FHRE D RITH.
i, ARLEHM, ERZEAERELF AT S ¥, Hw TSP [ #:

1. 10 M 7F: 9! = 362,880

2. 20 M 19! & 1.216 x 1017

3. RHHNL K, CTRFEXLAAMBENERZE, XM H
combinatorial explosion.

c. Local Optimal vs. Global Optimal
i. Optimal solutions are not always practical.

1. Computational Complexity: x TR % @ & (41 TSP), K&

AAEHE K, T4 Optimal Wit H & ZHHHHE K.
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2. Real-World Constraints: J.5 8 1 # & . T W& i &
. T EEHE, #15 Optimal £E 6 FFE, EIHLF L
B

3. High Computational Cost for Large Problems: BF £ g 5 H %&
hAE, P A A SRR AL B A B ISR

4. Sensitivity to Parameters: & & {8 4[5 72 &, 5 06 4 2 e A&
EFGR, TRREMASEH R AXT, RABETETE
TR

Global optimal

A NAUYAS

ii. Global Optimal: The best solution over the entire search space.
1. 2Rawtt = MEzRsNExE (K W,
2. RA—A (BB HD.
3. MEFRX LA RHEME,
iii. Local Optimal: Best within a limited neighborhood, but not
necessarily the best overall.
1. BHEm@EEE “PNEESE” ERFem, BB =EELR
— R ERM.
2. R &I AE B LT RE T = A m B AR — B
2. Greedy Algorithms
a. %0 B Tteratively make the locally best decision. R B &, % &Kk
R, THEW, THE2REER.
i F—FHEERHRM;
ii. A E3k (irreversible choices);
iii. +4-R#E (#%Z Onlogn) 2 O(n));
iv. EXRZ AT RILK 2| 2 5 KA
b. 0/1Knapsack Problem: # —4¥ 8, & T UEKWEE. RAEERS
1
i. &M1& o0q,0,0s..,0,
ii. ENMIEEEEW, W, Ws, ..., W,
iti. M@ F N MEv,, vy, V3, e, Uy
KNWETE, EAELIHEAEWWIRT, LiRxdt®
2

AHRT “&
rERA”. HE0/1E%RE, FIMMEELE (D), T&

(0.
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3. 0/1 Knapsack Problem using Greedy Algorithms Example (& A& E: W =10)

7 1 2 3 4 5 6 7
Weight 4 4 3 1 6 2 1
Value 5 7 3 2 10 1 2
Ratio=v/w | 1.25 1.75 1 2 1.67 0.5 2

o

Greedy Algorithms: & — % I\ T4 i , X ratio & A H & &5 T oA
a. %—R##F Ratio MAK A 4407 (HMEEFE—N, XLEE 4

Greedy 1st 2nd 3rd 4th
Object 4
h(=W) 1

Cumulative value | 2

b. % — ki #: Ratio R AW E 7

Greedy 1st 2nd 3rd 4th
Object 4 7
h(s=W) 1 2
Cumulative value | 2 4

c. %= k% Ratio X AME?2

Greedy 1st 2nd 3rd 4th
Object 4 7 2

h(s=W) 1 2 6

Cumulative value | 2 4 11

d. FWk#&EH: Ratio mAKES, EREEAFTANEER, 6>4, FHILEH
Ratio % — A# 1.

Greedy 1st 2nd 3rd 4th
Object 4 7 2 1

h(s=W) 1 2 6 10
Cumulative value | 2 4 11 16

Text Compression

1. Text Compression [7]
a. FUEN: B — A4 100000 NFHH XM, BAZAHEIREDS,
o Fl E D B bit = F e ?

a b C d e f

Frequency | 45,000 13,000 12,000 16,000 9,000 5,000

b. &% 77 % B % K E % Fixed-Length Codeword
i RXWRE AT, FEUEI I TREDFE
[log,(n)] bits.
ii. FF:EAXAF 6 NFHadlf, FTLE E[log,(n)] = [log,(6)] =
[2.58496 .| = 3 &N T4,

| a_|b

C | d E I
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Frequency | 45,000 | 13,000 | 12,000 |16,000 |9,000 5,000
Fixed- 000 001 010 011 100 101
Length
Codeword
c. [FALFT#: XK E 100,000 F4F X & F4F 3 bits = 300,000 bits. {17 LA
Eé@é}’ﬂiﬁ%%?

2. " &K E % Variable-Length Codeword 5 1 % 75 Prefix-Free Code
a. Variable-Length Codeword: % & A~ f 4 Bl — M1~ Bl K E oy — vk 4 &

a b C d e f

Frequency | 45,000 13,000 12,000 16,000 9,000 5,000
Fixed- 000 001 010 011 100 101
Length
Codeword
Variable- |0 101 100 111 1101 1100
Length
Codeword

KR

o AT almANEEO;

o f. e B, FrULAT &K #1100, 1101;

o WEFHMABBM: “MET ~ REE",
b. % E P face & L2

i. Fixed-Length Codeword

£(101) + a(000) + c(010) + e(101) » 101000010101
ii. Variable-Length Codeword

£(1100) + a(0) + ¢(100) + e(1101) = 110001001101
c. Prefix-Free Code (#17 # % Variable-Length Codeword & A & X
i. [f#: Variable-Length Codeword 1~ & & & K &, M & IR/E A%mE
K27 A 47 9F 2 4 110001001101, R /& 2 %03 £ 1100 0100 1101
7 & 11 00010011 012
ii. Preﬁx-Free Code: B A EM—A-F HH R & 7 —/~F F %8 0w
B, WAEXNRERGRBAET2 7 £
ii. Variable-Length Codeword ﬁn ﬂ f# 45?2 J Prefix-Free Code #LN|,
MEB A, RELRE - TBRE5id.
1. *f 100011001101 ﬁ%/@:
a. 100 — ¢
b. 0—a
c. 1100 — f
d. 1101 — e
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2. #&%|: café

3. Prefix-free Code: Binary Tree (% % % %% 4 Huffman Tree)
a. Example of Huffman Tree

ii.
1ii.

iv.

V.

FA TR RAK—IFH (a,b,cd e

B ATT RNBTARET VAR (RHTREME)
o IR —HFIEA O

FHG LR —HFIEA 1

MR ABIEANFHETH “0/1 BR” EZTFHNRY,

£ b, & Huffman Tree £~ £ Optimal #7.

vi. Prefix-free Code % A % &t JE 4, #8712 Full Binary Tree: &

Vii.

b. AftaE&

M TR RS AANET
X A & — Optimal Prefix-free Code

Prefix-free Code?
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i EHEXFEME, BTEFH (abcodef) #AMFLE, AHHET
REEMTH, BREAEA—NFRORE2EF N FRREDH
IR
ii. e
1. a=000
2. b=001
3. EFAHMAARZAR “NRAH 007, Eb# a1y RIR
K, BHBGZR ARG T ENTE
c. BREBHEEIAZNK
B() = ) freq(c)- dr(c)
cec
i B HENTR AT ARRUCWRLKE (BIRBEE) £
A0 A& 4 S w2 R B9 bit #0E
XHFE b= ) RE xREKE
HENTFH
i, WHH, REMK (REE), TERE, IRENT 2% KEHE
2R ELENT RHREEE
d. #w{7#i#% Optimal Prefix-free Code (Huffman Code: Algorithm) : & & 1E
BRI R N FA T 2.
i RR:AFRAZINLAT T
£ C3 B3 £ N
ii. Step 1: {EME G/ PNHF TL6 I, KA 59 65,

mm--&

ili. Step2: 46 HF T E@R/NHFHA, B4 12 M1 13,
& i | &
iv. Step 3: Im‘ﬂ;nsz £ 14 #4116, Frblix e Jt.

o e o

v. Step 4: JLE &/ E 25 F1 30,
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Lecture 8: Graph Algorithms
Introduction to Graphs and Networks

1. Definitions: Graph
a. Graph: Set of objects (Nodes / Vertices) and relationships between objects
(Edges).
i. & Vertex / Node: [AF x5
ii. # Edge / Link: X %z [6#y* # & #
b. L SE o by I 2

Objects Relationships
Cities Flight connection
WWWw-pages Hyperlinks
Social networks Friendship

c. Graph # /™ # %% % X: A Graph G is a pair G = (V, E) where
i. Visa setof vertices. Il & % &

ii. Eisasetofedges:E SV xV.# %4
Edge

d. Network & Graph 8 % — v .
i. Vertices #.74 nodes; edges .7 links.
ii. Spatial Network BT EAEHEE alocation in geo-space,
AR SE 2 8] P Hy % HE, 40 Road Network £ # #£ 3 i Spatial
Network:
1. Nodes are road intersection.

2. Edges are roads between intersections.
e. Directed vs Undirected Graphs
i. Directed Graph: (v, v,) # (v,,v;1) and edges are represented by —.
oN 7 n O—@

S

\ N >

( ;/ (4\\ ‘\3/ ;\4/;
4 P
(&Y ‘.\‘
o/ ©,

Directed graph  Undirected graph
ii. Undirected Graphs: (v,,v;) = (v,, v;) and edges are represented by
iii. Undirected graphs are a special case of directed graphs. So, any
undirected graphs can be represented by a directed graph, not vice-
versa.

55




1. - 5T {u, v} HERARE? L85 K& RS
A (u,v) F (v, u)e
f. Subgraph and Adjacency
i. Subgraph: A subgraph of a graph G = (V,E) isa graph ¢' = (V',E")
having V' € Vand E' € E.
1. TEARIIAFH TR, R ANRE &S T R,
2. TETRIIAFWL, R AREW L FEH AL,
ii. Adjacency
1. Undirected graph: R & (v,,v,) € E, A4 H A vertices %t
adjacency. B # % undirected graph #, (v,,v;) =
(v1,v,), EHWARERHZEZCA], #F#3t= adjacency.,
2. Directed graph: Vertice v, # #% % adjacency to v,, %
(v1,v,) € E. X 2321 from — to, 77 [ % adjacency * %
LRI, WRFEL A—B, A4
a. A adjacency to B.
b. B NOT adjacency to A.
g. Degree
i. Undirected graph: % * vertice incident (Z#) £ /b &, EME
MES D, Plin—ATR&ET 3 4, degree =3,

ii. Directed graph
QD
@@
02

A directed graph with vertices labeled (indegree, outdegree)
1. Indegree: H % b & H M 1k (351D ZIMK. EH A~
X, B—>X, #F~ indegree(X) =2,
2. Outdegree: H # VP FH WA NZIR A E L. & X—~C, X~
D, | outdegree(X) = 2.
2. Definitions: Path
a. Path of Length n: A Path of length n from vertex v, to vertex v, is a
sequence of vertices (wy, wy, ..., W,) having
Wy =V,W, =V,w; EV,0<T <0, (w;,wj,q) EE
BgE = REABERWNTRFH, MRS F U ER.
BREKE=BEZE82aWNUNEE. WREEZ (Wo, Wy, ..., W), AAEAE
BRKERAEN, BAEREHE nf
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c. Example: A path from v; to v,.
(V1, V4, V3, Vs, Vs, Vg, V7, Vg, V2)
d. Simple Path: A Simple Path has no repeating vertices. & % % 1% & 1~ 2.1F &
B kE. FAFEEE DT R HRIEE,

TTIATTL LTS =

JSEni#Ej

V3

i EE®Y, wRAFLREE, BETHRLRK.
ii. AT RIEFEA (migEEE) AEX, RAI#E % R # & Simple
Path, A
1. EEFFAT AR EANBEE
2. #EIEIH
3. RILERZHAIR
e. Simple Path %74 (Cycle) : A Cycle is a simple path where the first and
last vertices are the same. Example cycle: (vs, vg, v, V).

USLST,\W,Wit1) €L

e,
SLjEni#j

3. Graph Connectivity
a. Undirected Graph Connectivity
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i. AR Connected: 72 7o ] B %, @R & £ A v, 2| v; 7 path, NI#&
v; and v; are connected
FAAET T W, FFURERAET L, —FHeEEE K,
ii. Connected Graph: %R & £ & Fy Tl m Z B # 7 E 842, AT =
Kl & connected. .3t A B FHEM — AT R, HELLESNE AL
T EA T
b. Directed Graph Connectivity
i. Weakly Connected: ¥ & & fiH & [\ 2 A T L5, 72607 mE
% connected., (EIELEM E 2@y, RAE77F a6 IERIEE E
e R A D)
ii. Strongly Connected: 4 1 E #, #w R iF .
1. A v 2 v
2. FElB A vt e 2| v,
AR 2 v; 48 v & strongly connected.
iii. Strongly Connected Graph: —/M [4 B & if & & 7 AT & 41
strongly connected, JI|Z-F;Z strongly connected graph.
c. Labelled Graph: Vertices and edges often have additional information —

labelled graphs.
(4) 7( ;/'52 4)="—5
<~ N ‘- . v
1 VAN Graph G L/ 36 A W6 Graph G,
8 /3 T f ! r S4 A3 9 >
=X - N I N ICR
<1> 5 2)——3) == -~ =)

3
i ERZEMME S, TaAMATRZHMEW “R7 1 &7,
. eMlE®waMmENE, hwiEE. A, HE. RE. 228%;
iii. REEFHAFXLENE, FNTFAEL N labelled graph.
1. Distance or travel-time: £ 328 M4 2, # % % &KW A A
Z |8) 0 B2 B ST 2 ) AT B HY BT [E]
2. Cost: F % H 102 ERIAT 5 MR A cost, 22 3 32 Hir o #Y
Graph Representation
1. Adjacency Matrix
a. Adjacency Matrix 8y & 3 B1xH —ANE G = (V,E), £+ |V I=n, RAIT
DUBl— /s x ni B TE A AR P W TR & 2 Bl . Adjacency
Matrix A B 7T & & XA

0 otherwise
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AR R AR v, 8l v Z BF — i, N A[L=1, &NAH 0.
b. Adjacency Matrix Example
1 2 3 4 5

I 10|10 1[0
211101 ]1]1
(1 (%) 31011101 1
= 6 -
/ N 6 ~, y
1/ 3 A GraphG,(4 | 1 |1 | 1]0 |1
,/\’\/ i.’\%'\ _
\\_1/// 2 '\: ) 9 \34 J J 0 1 1 1 0

c. Undirect Graph # Adjacency Matrix £ xf #&: B A L EE#H (0 j) 5
(P& — 43, FrilsE i RARE S,
Ali,j] = Al ]
Storage of the upper triangle matrix only.
2. Cost Matrix

a. Cost Matrix iy 7 X : 40 R B & 4 2 #7 — A~ label &K cost, FA1H —-
B A RFXERYN, XA 5 labelled adjacency matrix = cost
matrix.

i WRWATRAZEEFL, EEEERoRT;
ii. XA% HA Al 1] =0,
b. Cost Matrix Example

1 10|2|»w|wx|x
2l | 0]9]6 3
-I/ :;’g 3 |40 xo|6
SN 4 ™6 Graph G,
RENT I Py I8 =] o=
~ . -l 5\ 9 - _;"\;
= 2T \O o A2 S|lo|low|lxw| 7|0

i. A[12]=2%m:1— 283 FE, RItH 2.
ii. A[13]=co%kr:1—>3%EFH, LHEAEI L,
iii. A[23]=9 %7 MN2—>3 KN Z9.
iv. A[41]1=1%7:4—138F%E, RHNHE 1,
3. Adjacency List or Sparse Matrix Representation
a. Adjacency Matrix 9 &t [¢:

i ZEEREAR SEEEFTE - nxn WERXFHLNEE,
WHZEZREZOVI?). R VAEBART A (FlnEZEF,
HRXFE), EERERER, TEBRFE,

ii. KZHNAFHEREFES Sparse: AL FHERE T & “HN 7 i
BERAEY R, MERWMENB DRE RA3~4 58, XBEAE
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Adjacency Matrix ¥ A £ B M EHZ 0 (KL%, wRAEZ Cost
Matrix),

b. Adjacency List (AL)

1.

l.

1ii.

Adjacency List By & X: AL 2 — M4 (K/NK |V]), AL[] F1#
Fia 5% & i HEWY &, T Labelled Graph (# cost), ALJi]
i 89 & (NodelD, Weight) *f, #|#m

AL[i] = [(neighborl, costl), (neighbor2, cost2),...]
Z 17| 1: Labelled Graph #J Adjacency List

/4/< ? /D
AN > Graph G
|" *‘( 4 6 iraph G,
(D—=(2) 7y—2
/) <

—/\;
A

4

Adjacency List:

[
[(22)], (A1HX%, F—%1—>21, cost=2)

[(3,9),(4,6),(5,3)], <M2$ﬁ HZ4#: 2—-3,2—>4,2—>5)

[24),(56)], (A3 HA&, AHE: 3—~2,3—>5)

[(11),(2, )<M4a1@4~2>

[(47)] (A 5—4)

]

% 15| 2: Unlabelled Graph # Adjacency List

AL[1]=1[2,4] (FE1EHFFTA2MFT AL
AL[2]=1[1,3,5] (782K =4<88i)

AL[3]=[2] (&3 RA—4iD)
AL[4] = H]C%E4Rﬁ %
%‘&

)
AL[5]=[2] (F )

Shortest Paths - Dijkstra’s Algorithm

1. Traversal Algorithms in Graph

a. BFSin

1.

1.

Tree

27 (depth) Z BT FTA W &;
B AREAT, wRFELEERE, FTLLBFS 2@ 3| & A7 A 87 F

E

L5

iii. 1~ 5% E10 3k visited, F A —AF &K m H 237 5 — K
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iv. # & & &M root 745 .
b. BFSin Graph
i FE R
ii. BEETERAR, KENTRASEREEE;
iii. It BFS 2 UiC % visited nodes, &N & &+ LIREH, 3#F
BT RS K
iv. BRAUREFERET R (AABERAEE—RT 2D,
c. DFSin Tree
i WEHE— Mo X—EAZ K, F backtracking;
ii. BEHREER, LR AELZEE, DFSEHFHIFMH;
iii. % & visited (AT REETTH 200
d. DFSin Graph
i HHARENHET EwE—F R,
ii. DFS 27U EF visited nodes DA # % & & 77 |5 Ao TR # )3
iii. #® A UMEMT LI e, WA EEE root.
2. Shortest-Path Search
a. Shortest Path iy % X : The shortest path between two nodes is the path that
has the minimum total length among all possible paths.
b. Single-Source Shortest Path Problem £ J& & & # 4% |3 £
i. Input: Given a (directed) graph G = (V, E), having edges labelled
with non-negative real-valued costs.
ii. Output: For a vertex find the shortest path to all other vertices in
G TRKE—KKRE, TERIAFABE,
iii. The length of a path is the sum of costs of all its edges.
c. Example of Single-Source Shortest Path Problem

i. Input: — M AE G=(V,E), —“I* source= A,
ii. Output: A —~B (HfEHEE: A—~B; K2
iii. Output: A - C (mAHE: A~ C; KD
iv. Output: A > D (ZEH®Z: A—B—D; K#:3)
3. Dijkstra’s Algorithm Example (FA{1H 4 M&: A,B,C, D, A—B:2; A~ C
5 B—>C:1; B—D:4; C—D:1)
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. 4741k A: 00; B: oo; C:00; D: oo,
. Step1: A=0 2# A8, EAGE (RINAZeREFHINEE), o,
RATE4 A~ B:2; A—C:5, HIB:2;C:52 %18 Aoyl &g 5
(FMFEEEHAEEERT).

A: 0; ;D:oo
Shortest Path Tree: ME FK (1B Bf C § AW T .
A
——58(2)
—C(5)

. Step 2: HATHEHE & ER/DWEEFEAFTNHNIES. HBHZEN 2.
HNE W B—~C:1; B—>D:4, CHEH A3, FHHA3<5; DEEHFN 6.
Ft, C:3;D:6=2&ATH ARy ENRAEHEE .,

A:0;B:2
Shortest Path Tree: Wi H Zf, EARMNEHT C, FFILLCERT BHZ
T. GHERDHEHT, ADHEEBHEZT.
A
L——B(2)

F——C@)

—D (o)

. Step3: RALHE B E RPN EENFTHHNES. HL CHE N 3,
HA1E 4 C—D:1. DWEH N 4, H KN 4<6. Hit, D:4ZFKA(TE vt g
M AP

A:0;B:2 C:3
Shortest Path Tree: Wit A &, HARMEH T D, FUDEZ AT CH
ZT o
A
—B(2)
—C(3)
——D @)

. Step4d: RANAHECE RPN EENFHHINES. AL D#HEN 4,
¢
A:0;B:2;C:3;D: 4
Shortest Path Tree:
i. B|BWERZE: A—B
ii. 3|CH#EHZE: A>~B—~C
iii. 2| D%H%Z: A-—B—~C—D
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4. Dijkstra’s Algorithm: Discussion
a. Advantage
i. Correct: Dijkstra fRIEREKEI MR R E A T RV KR, B
A BT A WAL AR AR Sl (1% & Dijkstra #9 2 AR #1D.
ii. Efficient: &/ g R 2 “#F 4" —k (finalize — 4. (EERFHE
T, FEEFP—NMEEAARTAT AR LENT . BEZAEE:
O((IV] + |EDlog|V])
iii. Easy to implement: H#& AWM (T H/NEH T 2); #@F A F
R BN T + 4P HE
iv. Computes all shortest paths from the source: Dijkstra 2 A 5k )\ &
RETE T RORAER. wREALBEN A -~ XM EART
e T RAER T UE “BAAT RES (finalized)” 42711
b, ST 7 A
b. Disadvantage
i. BEFAFE (A AFERE) Dikstra BT “B# %7, RE
THMEERANE, T2 EABTT HE R,
5. Bi-directional Dijkstra t. % 4t Dijkstra % & %

a. M Dijkstra T2 ANR AT R € AR R (F€) 545 (4
&) HA, myEY R, HARAERNXBAE,
i MREMEGERYT &)

ii. Uy #FEAHRERN05
iii. ¥ F@MHAHEHH—F
iv. A B F %
b. 1% % Dijkstra
i WERE—XT ®ERAE T
ii. #¥ERERA, XEA
iii. AZXETEEEFE A
c. EUEL®: W Dijkstra E5%, BACEZERD THEEREHE,
A*-Search

1. A*Search Purpose: Finds shortest path to a specific target node.
2. A*Search #Z/0: A* 2L ¥ B “ERTHAW AR BT &, wEHEEHEILH
PR A, RATE A

fm) =g®) + h(n)
H
a.

gn): A& R n W EEZRM (5 Dijkstra 48 F)
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h(n): A n 2| EARR “ it K4 (heuristic)
3. A*Search Example

ymAtoD

30

K IAAEREAW A DHRAEHR,
a. Step1: Ai7lE C, BN 11<16,
i. f(B)=gB)+hB)=4+12=16
ii. {(C)=g(C)+h(C)=6+5=11
b. Step 2: 77 7] Do
4. Heuristic
a. Admissibility: Heuristic 1~ &t & & 2| EAr i Z Z KA. B h(n) < A n %|
goal B H I RIGHH .
h(n) < EELxEIEH (n, goal)
b. Consistency / Monotonicity:
h(n) < cost(n,n’) + h(n")
MnEEAE n HEEHAF, W heuristic hit®y “AXERNER” T4 €
5.
c. Computational Efficiency: 5 & R &b/, T4 &K1t & heuristic # A
Floyd-Warshall’s Algorithm
1. Floyd-Warshall iy % A& # &
a. B REETFHERAMRZ AW RAELE, B MAAHARRESRE

% 3% All-Pairs Shortest Paths, APSP,
b. ERAGHE: A THERE (ERBATF AR, BRI,

c. BOEAR
i MEEHEiI~jH—FERZ, RETURAT I FHTEL EF
1—>k—>j ¥
MR ERNZRAGE AT REN “FRATR” kKT LR TN

Fi%ﬁﬁ% 1=
i. Ak dO[i][j] = c[il[j]
o MR, MEBEEMEd L “EELWRELERE"
o FHi—j A, N dfi][j]=MN&E
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2.

o Fi—j ik, N do[i][j] =
e HTZEIETdo[i][i]=0
ii. *EEFHAKN: FE—AFHETEK
di [1][j] = min (dy_1 [][/], dic—1 [E1[k] + die—1 [KIHD
FERTEKENFTHTEAFE R, ZREEEEIZjHNBES
BEE. WRi—-k—jEH, REH.

dk—l [l,]l
die—1[i, kK]~ dj_1 [k, j]
iii. *88477:

o FHmABEEM
e EE—/k, thwrk=A/B/C/D
o Hmk=A, HITE “F—1T+F7” ARX R (REE
4x 4%, BNEINMRX ) SNMEHETEL “Hig i
vs FAE” B wREMEEA, 5A W mZ A&
Floyd-Warshall Algorithm: Example

@7%4/]\)\% A/B/C/D1 %*Xﬁ@ﬂﬁu,[(

b

|

|

OonNwp»
!

@ »>U0Nnw

o g ® o W

|

a. Stepl: 5 AN ERHEM dO (Hgh 2 kLEFIE). 1T, FURFHEZ A, B,
C,D (T=RF1, Fl=%4) :

d©® =

© N8 8

0 5 2
oo 0 8
o o 0
4 6 o0
i. MAL#HEO (BTIEAED)

ii. HAEH TR AK
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iii. KHEAHE o

b. Step2: AR 1k=A (FH: B35 AR FHE, BELEE i~ E8)

JAIB|C|D
AfO5]|2]ee
B ool 0|8 |ee
Cloofoo|0]7
D!4/6[=|0
FHAk=A, FURINES—TEF. ki, RIEIMXXE (BEH
BB ).
[ATB[C[D
AfO5]|2]|ee
B)=10[8 [=
Clooloo |07
D!/4]6 (|0

A EENRFEHRL, BF “Fomlfvs BE” BHE; wREE
B, B P w2 A,

¢ 54+0=0>0

e 5 4+00=0=0w

e 5+4=9>6

e 2+00=0>8

o 2+00=0>0

e 2+4=6<o00 (EE, WHEEER, HULERNER 6 F#H)

e 00+ 00 =00 =00

e w+4+oo=00>7

©0+4=0>0

&filk%ﬂ?ﬁz+4—6<oo B et F 6 B Hoo,,

k=A
0 5 2 o
o 0 8 o
oo o 0 7
4 6 6 0

. Step3: £ 2k=B (FF: £ BXAFHE &, #EHGLXLi—~) T

k=A
0512 oo
o1 018 o0,
To fo0 0 7
41616 0,

7,

HH k=B, FUKMNES -THF=
H )
ZIANER, RINXAEAEAREEANI R, HREEFETE.

Morr, FATH IR R (EEE
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acocooNn W

Mo oo 8 oul &
o8 8

i

d. Stepd: #A& 3k =C ([ fi: £t C 3 g, HEILEL i~ FhE)

ro
_H_,
Eﬁ

T T
18:80

|
f8:om>r
i L
l-I--.
o,N18 8
=12 °

4 0,
FAk=C, FIUBRINEZ=ZATE =7, JktﬂnL, HNH INXX A (BEE
H IR )
BNAAAHLREE AN XA
e 24+7=9<0
e 84+7=15<
b A 9 1 15 4 7l B oo,

k=C
0 5 2 9
oo 0 8 15
o oo 0 7
4 6 6 0
e. Step5: ¥R 4k=D (FA: ZHEDERANAFEE, gERLFEL I~ )

k=C
0 5 2,9
© 0 8115
© o 0 LZ,
4 6 610

ﬁ%%ﬁh
KMNAAA LR EEAH XA
e 4+15=19<
e 4+7=11<
e 6+7=13<
B 19 A0 11 Fv 13 4 Bl B #f oo,

k=D
0 5 2 9
19 0 8 15
11 13 0 7
4 6 6 0

f. Step 6: £ #1 Predecessor Matrix
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i. 4£E 4 JE 4 Predecessor Matrix (Predecessor Matrix M| 4 % 11

“R 5

WA LKA NHILR)

>

B

A

® >0

O|wm|>

O|@|

C

0O|w|>» 0

D

D

D

D

i, PIHzZaE—PHEBERE, RAFAEHFLENE, €
Predecessor Matrix [B] # i & 84 7 & B3 77 & 4 a2 8y o (8] 7

el

Predecessor

Matrix

P> Soon >

©N88

0
©
©
4

)
)6

g. Step 7: Shortest Path Construction

Initialization:

Origin - Destination
A->B
B>A
A>D
D>C

A|B|C|D
A[O0|[5]2]ee
B|oo| 0|8 e
Cleofee| 0|7
D[{4[6|]|0

wr® oo™

o8 8

o W

)
)

D

0
0
©
4

Initialization:

WO oocoon D

>

Backtracking using predecessor matrix
p(4,B)=A
p(B,A) =D
p(A4,D)=C

p(B,D)=C

p(4,0) =

A

3. Floyd-Warshall Algorithm: Discussion

a.
b.

C.

Time Complexity: O(|V|3), V 2 & # ¥ &84
Space Complexity: O(|V|?), V & &+ ¥ A%
Advantages
i. ZIAFEFEE AFE_ERERER, 1°F

oNR{v©
v

oo
wllw) >
w >
N eoNeNe]
\/

Predecessor Matrix

AlB|C|D
Al-|A[A]|A - A A C
B|/B|-|B|B D - B C
cjclc|-|c b D - C
p[p[p|p]- D D A -
Shortest path
(A, B)
p(B,C) =B (8,C,D,A)
(A, C, D)
(DIAIC)
BB EM

ii. —RIBAT R KW B A mOxT B9 S A B 42 XA T Dijkstra (R gE K £ IR

%), Floyd-Warshall 7 5k {£
R A (EAREH 731D : Dijkstra 1~ b AL 32 7AX
. Disadvantages

i TEaEEAHNE.

1ii.
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A& & REBE,



ii. MERRAEETGER, WREABRA—ITRL, BA AW
KA ¥, A Floyd-Warshall X187
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Lecture 9: Graph Algorithms (Part 2)

Topological Sorting

1. 4 /7 Total Order 71/ ¥ Partial Order
a. Example: —#ZFEMH, WL LM, HLLHEHM? LT RKK:
i. %% Underpants H % Pants
ii. 45% Pants F % Belt
iii. %% Shirt #1T Tie
iv. %47 Tie B ZF Jacket
v. 4% Socks B % Shoes
XBE—A e AEHEER AN ZTLKRF: “AXRHEBZ
I Tﬁﬁﬁﬁﬂ%‘ﬁ]ﬁﬁk N b
= {Underpants, Pants, Belt, Shirt, Tie, Socks, Shoes, Jacket, Watch}
Ei‘zA%AL KATE X —A % % “<”: B & Underpants < Pants, & &t
EYF AR AT EH T, KM, Socks <Shoes %%, X, —
BBRARBEEAM EH—AMXER <,
b. Total Order: A7 7T % #F &8 th 2K o
i. Reflexivity: #/-7m & B T A& RILH Vx,x < x
ii. Transitivity:x <y,y<z=>x<z
iii. Antisymmetry: n R x <yHy<x, ARG EZx=y (ANMTEAE
WA e B AR AR
iv. Totality (X%) : ERE x,y, B2 x<y, ELy<x. =2
W, ERFHEAEARLRELES.
v. Example: ## L0y <: 3<5:H5<3 BF — " &kL; HWEAW
% WEEEERMIA, BRA - EWE,
c. Partial Order: X Z 3k Reflexivity. Transitivity 2 Antisymmetry, 7123k
“HT R AFRREEL 7,
i. Example: Z & 8| T 3 2 # A Partial Order
1. Socks < Shoes
2. Pants < Belt
3. Shirt < Tie < Jacket
ii. {E b4 Socks 7 Shirt R AZ A 49K ([ LLSE F 4 F W7 DL F 4
); Watch F1 K £ B W #0% F 29K o
iii. BTl A Lt & 7 B (Socks vs Shoes); A L83t 2 ¥ H 2k 8y
(Shirt vs Socks ).
2. Topological Sorting #9 E &

70



a. Topological Sorting & E #7: € % — > Partial Order (% di#y “% /5K

M7, *wE

— > Total Order (&MIFF), EHEFIFFrEEREXRNATA
“%Eé@ﬁ{”o

i. Example: £ Z K | 7+, —F A& &H# Topological Sorting = L2
Underpants, Socks, Pants, Shirt, Belt, Tie, Shoes, Jacket, Watch. #
MERIEA “TME” WK FEH

1.

N>

3.
4.

5.

Underpants # Pants &l
Pants #£ Belt &l

Socks 7 Shoes H]

Shirt 7& Tie. Jacket ®f
Tie 7£ Jacket ®J

(B — s AR, ot (Watch, Shoes), £ X /MIF B4 “5#&
77 HBR T EANEE, REMNRFYT RE AT LM E,

b. Graph é’ﬂﬁ‘/uﬁ]

i. Directed Graph for Partial Order: % 7 £ A EA R X L X R, RAIA
Directed Graph 5 % A Partial Order,

1.
2.

Mg g TtsE (R, —MRE. =M Do
AFHaAu—v:EkRr “UFEVvIHE” & “usv’

ii. Directed Acyclic Graph (DAG): % & ix 4> Directed Graph % &
cycle, %" DAG (Directed Acyclic Graph). Topological Sorting
AEDAG FAEX, RERME:

1.

it T A—-B—~>C—A, WRAZEBH, BEAC
B, CXEEAM, FMRBEELH—FHEEXMHELELT, %
RANTHREK,

Ft, wXEEAH, 3717 E Topological Sorting; #n & [
& DAG, #t—%# % /> —4 Topological Sorting.

c. Topological Sorting W IERX & X: £F HE G=(V,E) £, —/F7|

(vil, Uiz, ey vin

& —~ Topological Sorting, %4 HR %4: ¥ TEFHF&H ML (u,v) €E, u
EEANFFFEZEINA v IEE .
i. Topological Sorting & % = —* total / linear order.

[

iii. M —

i. A Eﬁkﬁi”#

LR TN EFE WA

iv. &ﬁﬁﬂ TKRMNEIEH AR,
d. Topological Sorting 7 #: % & —A~F = &, % H X # — 4> Topological

Sorting.
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3. 7 % —: DFS-based Approach
a. xRN
i F#&E—AT RIS,
ii. BHES —~ LRI EW — BRI T R A F &,
ili. — M TREFABHTRGE, AT A LEEEPR PTG X,
b. Example
i. Step1: £t —> node, % Tie.

[ Socks ] [Watch ]

v
[Underpants]—b[ Shoes ]

ii. Step 2: 777 Tie ¥y 54277 & Jacket. & I Jacket % F 5 4%, BT
e B, BRI R Bk, BT Tie (B HAMEL T K,

WAZH S W E WG &,
[ Socks ] [Watch ] Jacket Jacket
Tie
[Underpants Shoes ]
[_Panes [_shirc
_Beie ] L me ]
[ Jacket ]

iii. Step 3: £ — A& A # 17 [7 1L B #1 node.

[ Socks ] [Watch ]

[Undcrpsnu}—»[ Shtes ]

iv. Step 4: & — 17 [A| LB A F 4k R .

((socks ] [ Watch |

v
[Underpams]—b[ Shoes ]
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Vi.

Vii.

Viil.

iX.

Step 5: £ Belt By 5 k¥ S B4 5T ik, FHUIF 4 E#, 42 Belt

VPN

([ socks | [ Watch |

[Underp:nc]—»{ Shies ]

Jacket

Tie

Belt

Step 6: El#%| Pants & Fl Pants 18 — /Mg ¥ &,
&, BN Shoes., 7 H % 3 Shoes 1%/ E4 ¥ &, FHIWFHEW, H#

& Shoes A\ 7 % .

[ Socks ] [Watch ]

[UndcrpmuH Shtos ]
[_Pants ] [_shire_J

ISRV 19 K B 4

Jacket

Tie

Belt

Shoes

Step 7: LA Pants By /5447 R ML % &, BT 46 B, FHiE

Pants i A\ %7 % .

[ Socks ] [Watch ]

[Undorpans}—»{ Shtu ]

Jacket

Tie

Belt

Shoes

Pants

Step 8: Mt Underpants B /5 4k % @ # ©. 4 7T ik, FMIT 46 B, If

£ Underpants fm \ 7 % o

[ Socks ] [Watch ]
[Undcrplncl—b[ Shiu ]
[ Pancs ] [_shire_]

Jacket

Tie

Belt

Shoes

Pants

Underpants

Step 9: FH#F KA FF R, &I

1. Socks By ek G4 B4 T ik, FEMIF4EEW, FHE Socks fm

NP
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2. Shirt BG4 R A B4 7 A&, BT EH, F4E Shirt fm A\

S
3. Watch X & 54 &, # Watch lm A\ 7%,
[ Socks ] [Watch ] Jacket
[Underpznts]—»[ Shoes ] :eelt

Shoes

Pants

Underpants
J Socks

Shirt

Watch

c. Time Complexity
i. Using adjacency list

oVl +ED

ii. Using adjacency matrix
o(vI®)
i, & X
1. |V|: B #8701 & 22 number of vertices
2. |E|: H ¥ 8 # % E number of directed edges
4. 77 —:Kahn's Algorithm
a. B #FHE: Kahn HEst 2 HATNE A 0 BT R WAFF] G5 MR 2w
B, TEIEAAMTRMAERD . THEE, HIFAT R&AHLE,

b. Example:
A—-B—~C
A—-D
i. Step 1. it H AN E
1. A0
2. Bl
3. C1
4. D1
ii. Step22ANEHNO0, AlmAFF|, BADWAE-1.
[4]
1. B0
2. C1
3. D:0
iii. Step3:B/DAE} 0, EB—, B, BimAFZ, CHAE-
1.
[4, B]
1. CO
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2. DO
iv. Step4:C/DANE X0, HB—", hiw D, DEA HL, LR
WMEE C, &R,
[4,B,D,C]
5. Topological Sorting: Applications
a. Application 1: # 42 / £ % # 317 /. Parallelization of Processes
i. Serialization Graph: J7 7 ft [ # it 7 26 4 1 S0 JUAE AR 1F 28T 2
Ao TEINEEFAE R B R A R — AT, RE R LA
# 7 AFFATHAT
IR FER—A 2R EIUT7, BRI E LT L
Ts
b. Application 2: # |/ = # 3F Detecting cycles in graphs. X2 [H 4 #& $h 4
FF RAEDAG (FELHED A&

Minimal Spanning Trees

1. Network Design and Minimum Spanning Trees (MSTs)
a. Network Design

How would you connect all

buildings? =
s
o B G
i APAFLEA (BF. BE. I . 8|17, M2

node.
i, FRA JH R
1. RINBEFTAEAER
2. Plimsgik g, W, B, BFRE
3. BANAA LR TR
4. RINTHFLERL TIALHE
iii. TEEA]
1. % nodes (FEILE[F A — W F H E®FEAD.
2. fRAFA B # & (complete graph).
3. /m\ weights
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iv. RATWEARTZ
1. BLEEEEATAH X
2. UERAER (REAHO
3. XRBRA&KD

b. Minimum Spanning Trees
- BEFRY R”/\%ﬁjﬁﬁ@
=V, E)
WEEHc E - R, 3&‘]%/%T@%T¢E’ﬂ subgraph G’ = (V,E")
1. #5ERRUEENTE;
2. ¢'=(V,ENE&ERALHH (G'Z—F tree);
3. PR EmRME, E'HERARZ/N

z c(e) < Z c(e)

e€E’ ecg!’
ii. RMEZ, ALWERIT2EE “EFEURDPRAREERNETER” W
B AL, ¥HEMEAEL G, XA E A 5Z Minimum Spanning
Tree (MST),
2. 77 —:Prim’s Algorithm
a. BNEE
i. ﬁf‘i@i"l node 1E 4 #2 & ;
. B FAEHE &8 “CATAELAS M “RATEESE V-S (43t
E%@THL%E’\] node Z #MH | T8 node) " Z 8|8y, RANHw/Deyid
iii. HF—FHY BYMHERK, FUEEKA
b. Example

i, Stepl: RATHE1EHRE,

S={1}
ii. Step2: 1 =FHUFRNERMKH A1, HEHE3, FHILKRNLEE3
MANE A S,
S = {13}
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1ii.

iv.

Vi.

Step3: 1/ 3 F THy 5 F U FRERMKIZ 4, EN3EE6, [
WEATEE 6 MAEES.
S =1{1,3,6}

Step4:1. 3716 B TH 6 F L FMERMAA 2, LM 6EH4,
RN LR 4 NE A S,
S ={1,3,64}

Step5:1. 3. 6 4R TH 6 FHLFH 2MMERMNKL, 2413
HEE2 (REHS) MA4EHET WEHND, B2, FHEEFLIEE
1, EAXHERPRIAT . EEMNEE2MNESS,

S ={1,3,6,4,2}

Step6:1. 3. 6. 4 M 2 F| TEH A PR ERMKHZ2E 5 (NEH
3). HHKMNEFESWAESES,
S ={1,3,6,4,2,5}
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c. Prim’s Algorithm: Complexity
i. General: 0(|V|?). VETI A% &,
ii. Using min-heap: O(|V|log|V| + |E|log|V]). V 2Tl &% E; E =&
HHE .
7 % —: Kruskal’s Algorithm
a. BT H
i BEFEHAAANRE, HEANEAHT;
i, AREEEHT4EEIE;
1. WRWANZAT2EEHNUY K cycle ~ A
2. WRAERF —~ BV,
iii. #&AET KA.
b. Example
CE

(1,3) - 1

6 ..... @... S (4,6) -2
. . (25) >3

ot
ot
o

YEOE =
------ : ' (14) -5
6. ) i (12) - 6

N t() (35) -6
o -
i. Step 1: % #(1,3)
ii. Step 2: ¥ #(4,6)
iii. Step 3: & #H(2,5)
iv. Step 4: ##(3,6)
v. Step 5: Bkit(1,4), T4 H I cycle,
vi. Step 6: ¥ #(2,3)
vii. Step 7: Bk (1,2), &4 HH cycle.
viii. Step 8: Bkt (3,5), A% H I cycle,
ix. Step9: Bkt (5,6), 1% HI cycle,
c. [ AL FATAT AW 2 2 B cycle?
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l.

Disjoint Set: A Disjoint Set (also known as Union-Find) is a data

structure that is used to manage and track a collection of disjoint

sets. It supports the following operations efficiently:

1.

2.
3.

Make-Set(x): Creates a new set whose only member (and
thus representative) is x.

Union(x, y): Merge two sets that contain x and y into one.
Find-Set(x): Find the representative of the set that contains x.

Disjoint Set for Kruskal’s Algorithm

(1,3) > 1

6 @, 5 (4,6) - 2
- —~ (25) -3

.
.
ot
)

oW oY =
..... . (14) -5
3 @ 4 H @35
e Nt
A @ (35)—-6
....... ' @5 s
Step 1: £/ Make-Set(x), % — - node 1 — 14 7 &
A

H o

{1{2H{3}4}{5H6}

BHEOEEE

Step 2: X TRATEEWNE—F &, PATIZEME
a. If Find-Set(u) # Find-Set(v), A = AU {(w,v)}, #3 £
EHZAENEHHES
b. If Find-Set(u) = Find-Set(v), no need to union, & # H
EJ) T cycle.
Step 2.1: # #(1,3), Find-Set(1) =1, Find-Set(3) =3, HitA
FEE
MST =@ u{(1,3)} = {(1,3)}
{1,3}{2H{4H5}{6}

g@ &6 6

Step 2.2: #£ #(4,6), Find-Set(4) = 4, Find-Set(6) =6, [ it 4
FEE
MST = {(1,3)} u {(4,6)} = {(1,3), (4,6)}
{1,3}{4,6{2}{5}
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5. Step 2.3: #£#(2,5), Find-Set(2) =2, Fmd Set(5) =5, B4
FEE
MST = {(1,3), (4.6)} U {(2,5)} = {(1,3), (4,6), (2,5)}

{1,3}{4,6}{2,5}
A

6. Step 2.4: ##(3,6), Find-Set(3) =1, Find-Set(6) =4, it &
FEE
MST = {(1,3), (4,6), (2,5)} U {(3,6)}
={(1,3),(4,6),(2,5),(3,6)}
{1,3,4,6}{2,5}

A

1 0 4 H B — &£ F % Find-Set(3) = 1, Find-Set(6) = 4,
FATE % 89 Z Find-Set B9 2 & Xt i 9 node
N

7. Step 2.5: #£#(1,4), Find-Set(1) =1, Find-Set(4) =1, Hlt 7T
fEaJF, 2 cycle, Bkt
8. Step 2.6: ##(2,3), Find-Set(2) =2, Find-Set(3) =1, H it 4
FEE
MST = {(1,3),(4,6), (2,5),(3,6)} U {(2,3)}

={(1,3),(4,6),(2,5), (3,6),(2,3)}
{1,3,4,6,2,5}
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A

9. Step2.7: RAA—1ME&T, HIER,

()
1

10. Step 2.8: X T 3 & % parent #§4H#, R AT#4T path
compression, .5t 2% H node EHEEIRT R TH.

L)
1

Path compression
d. Kruskal’s Algorithm: Complexity
i. Time Complexity: O(|E|log|E|), E ZRAME £,
ii. Kruskal & Optimal: Kruskal &k % 0y /N4 A 2B st g, Bl
WA E IR — = & MST,
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Lecture 10: Graph Algorithms (Part 3)
Flow Network
1. Flow Network

Capacity Capacity
29 24
(e ()
N4
Source Sink
a. E%IEJ
i. W#&%Ej‘:é’ﬁk""i CAINE B4R & 29 1 24, AWM E £ D

7J(J)1u
ﬁ.ﬁ%ém AN = AAEEFRNNEE =24
b. Graph Theory #A!: F (17 LIFEI S F o py “FH R 57 EAH—4
directed graph.
c. Flow Network #1F & % X: —/> Flow Network G = (V,E), R+ &%
(u, v)#5% nonnegative capacity c(u,v) > 0. 7 H#* 12 X —4* Flow
Function f(u,v), E& X ZM uit?l v BH# Bt €. Flow Function % & #
JE T E 24> properties:
i. Capacity Constraint: Flow Function #J{&, .52 X 44 8 E 7+
# it X 4 B K capacity, LA~ EE & 74
0<f(uv)<c(uv)
ii. Flow Conservation: X AT F 8T 2 u (R T FEE s L&A ), }i—m
ANHEREMTENEREFERF., UHEXNERE—AFEF

u, # incoming edges #Y £ i € % T outgoing edges B i & .

> fww =) fuw)
2. Maximum-Flow Problem

a. Maximum-Flow Problem #y1E & & X £ — MM % G #, M source
nodes #| sink node t #8 X HIN AR E, EFEFHL 3N FLMH
i. Capacity Constraint: f1 2 5] — .
0<f(u,v) <c(uv)
ii. Flow Conservation: 12 §] — #£,

Zf(v w) = Zf(u v)

iii. Non-Negativity: 2 &l Jdm%s T, EFAHRESTEALK.
0<f(uv)
b. Maximum-Flow Problem #] Objective Function: & A it &

Y
g

pau
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Maximize: Z £(s,v) or z fw, )

veEV veEV
HANEKLEANEX RN s MHENERERRAtHERE. XHANKRERX
Y ME N EFEE, HAsMENBRE =RAtHERE.
c. Maximum-Flow Problem Formulation as Linear Programming.
Ford-Fulkerson Method and Residual Network

1. Residual Network
a. Residual Network: The residual capacity of an edge is the remaining
capacity after considering the flow already sent through that edge.

c(w,v) - f(u,v), EEEFu->v

cr(u,v) = f(v,u), FREFv-ou
0, H A fE L

i EmiLeEES D (capacity - flow);
ii. Xeieei% b (flow),
b. Residual Network £ H #7: Residual Network & Ford-Fulkerson Method
Wz, HFEBRANEER AR E.

c. Residual Network Example

1/2

KRMNAELFE—F pathis > v3 o v, ot
i iy ER: JRE
1. X T#H#FEW path, RAIA
Flow/Capacity (or f(u,v)/c(u,v))
RETHERERE I,
2. BMNATETs vy > vy > tHRARELZE 1, FHIRAT
Ed1/2, 1/2%1/2, Flk%&F=Flow/Capacity.
ii. # i A #%: Residual Network
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1. E%: EmuU LS D, WHt=E capacity - flow, I H&A]
1, 048 1,
2. F&: Rm#etR%E D, WRERN A ZRELNRE, X EH

%z 1o

BATHA LT —FHH path:s > v3 > t
ii. Z i E G R E
1. #1114 F Flow/Capacity notation, ¥ L& s - v; - tH# &
AngEAEL, ARBNAZTs > v TR RE, #5E 2/2;
vy o> IR E B2 1/2.
iv. # i F%: Residual Network
1. %4 Emu L%V, et & capacity - flow. X Es -
v4 B capacity £ 1, flow £ 1, FEMARE 0; vy > tH
capacity &£ 2, flow £ 1, HIFE 1,
2. B4 RmuegRE D, W ERA ZFALHWRE. v3 oS
BEAFET 1, REFWmEL, —#E2; Wt-ov£ 1,
2. Ford-Fulkerson Method
a. Augmenting Path: A s GFE&) Bt CLE) M—5B4%, MEXFEE
WET R AR EREH >0, w2 RATZ 8 —EELEZEHN path,
b. Ford-Fulkerson #J /> B
i. Initialization: 1A ZH AR ER A 0 (RN RAFRE, LEAE
4 Residual Network).
ii. Find Augmenting Path: | BFS. DFS s(f£f1 77 %, M s 2l t, # 3|
—F AL AENEE,
iii. Augment Flow
1. EBAELEFANKE, WREF —NEREREH capacity
2. Z— A&/ E (X7 bottleneck)
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3. BEELAREEX MR ENRE
iv. Update Residual Graph: Residual Network #0715 it %7, DUIR$F
“ T g 7 R
v. Repeat: = & H 2|#% 1 £| Augmenting Path.
c. Ford-Fulkerson Method Example

i. % —#: Augmenting Path (s, vy, v3, V3, Uy, t)
XEE—NERE, HENIFEE capacity, /) capacity £ 4, Hlt
flow 4 4. A I E #1 Residual Graph.

ii. % —#: Augmenting Path (s, vy, v3, t)
KR NERE, mIERERES, B flow & 8, FHATRIEE I F#
Residual Graph.

iii. % =% &7 @7& T 12 ) Augmenting Path, i E E (s, v, v, t) FF
A& —/ Augmenting Path.

iv. % % Augmenting Path (s, v,, vs, t)
XEFENERE, mNREE4, HHflow 4. RAVRE/E I
Residual Graph.
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v. %I % Augmenting Path (s, v, vy, v3, t)
XERLNER, RANKRELZT7, Bl flow & 7, BAVUKIELEFH
Residual Graph.

vi. No more augmenting paths. Done!

AT LLE 2
Zf(s,v) =124+11 =23 oer(v,t) =19+ 4 =23
vEV veEV

3. Edmonds-Karp Algorithm: By using breadth-first search to find an augmenting
path in the residual network, the algorithm runs in polynomial time,
independent of the maximum flow value.

a. i Ford-Fulkerson
i. AR E 2% £ 1T augmenting path
ii. E#, ERFEATERFE FEEF S Ky # (EEHED
b. Edmonds-Karp ## QB &
i. ¥ A BFS K mABAE (U HO F% augmenting path
ii. HLSERENBERNE HRA s RANBE t WBE

Max-Flow Min-Cut Theorem

1. Flow Network: Bottleneck
a. Bottleneck: & A d “HUHENAEETE” HE,

Capacity Capacity
: 29 : 24 :
Source Sink
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KEMNsEt, YHMELXHEEE, ENAE B, BLEAEREAL
WAKEHRAN —BHRE—T AR RAENEER. Eb, ZRAREN
maxflow = min(29,24) = 24
b. 1742 & wm AU ?
i RARBATERE LRNEEHL, X5 “bottleneck edge”,
ii. A
1. Ao AEARA 7 TR
2. BREBRAR, AT
2. Flow Network: Cut
a. Cut AWMRE: fl—18 “7]7 ®BTH &40 K%
i ZAWXHEMS
i, AR T
Zok: sUAESE, tUAMETE. TTAFETEE, B K “sx—
7 Fo e —f7,
b. Cut Z&c(S,T)H ¥ ¥ % X

c(S,T) = ZZ c(u,v)

U€ES veT
WHEENA “ANSTEMTHL”, EXLIHEEMLER, HAEZXA cut
é}/\j/’g%o

c. Example of Cut
L s | T | S|
{s} {v3,v4,t}  5+2=7
{s,v3} {vg, t} 2+1+2=5
{s,v4} {vs, t} 5+10=15
{s,v3,v4} {t} 2+10=12
d. Minimum Cut: &/Ng| Eyx 3 By 5 2 fn = AU, EN1st 2B %
B “EIEMA”, o bk ZH FroR, minimum cut ¥ 5.
3. Max-Flow Min-Cut Theorem: #n R f £ — /i, G 2W%, FrEs, Lat, 24
THZHEZFNMN (HWER MR
a. f£&—/> maximum flow
b. % f % i ¥ residual network B % H augmenting paths
c. FEEA cutST), #&

|fl =c(ST)
b2 REME=FNEHEE”. (Maximum Flow = Minimum Cut)
IR BA: 2 B # % Ford-Fulkerson, % H augmenting paths T, T H {72 —/
cut WA EIEFSF T 4wl flow, AVHL ¥ UL 100% # < B. 4 34 5| maximum flow,
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