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N E W5 752 Introduction to Ordinary Differential Equation

— 2 X Some Definitions

W W 4> 77 #2 Ordinary Differential Equation: An ordinary differential equation (ODE) is an
equation that contains one or more derivatives of an unknown function y = y (x).

T3 FEWIRE Order of the Equation: The order of the equation is the maximum order of the
derivatives appearing in the equation.

J7FEIfE Solution of the Equation: A solution of a differential equation is a function y that satisfies
the equation.

F kI FE 5 9ESF X 77 72 Homogeneous VS Non-homogeneous Linear ODE: if f(x) = 0, then
the ODE is said to be homogeneous; otherwise, it is nonhomogeneous.

*F JUf#E 5 JEF FLA# Trivial VS Non-trivial solution: y = 0 is a trivial solution of the homogeneous
problem. Any other solution will be nontrivial.

WA 1T H 1 AR [E i Review of Calculus I and 11
%4312 & Differentiation Operation
1. FEHHIE 5% Basic Arithmetic Rules

d
Power rule — [x"] = nx™1
dx

d
Product rule T [f)g()] = f'(x)gx) + f(x)g' (%)
@ _fgx) — f)g'x)
(x) [g(x)]?
d d
E[Cf(x)] = cf'(x) a[f(x) +9(@)]=f'(x)+g'(x)
2. =Hia% AN Trigonometric Rules

. d|f
Quotient rule —
dx|g

d d .
Tx [sinx] = cosx T [cosx] = —sinx
d
il — cop2 “ o ep2
P [tanx] = sec“x x[cotx] cscex
d
— [secx] = secxtanx  —|[cscx] = —cscxcotx
dx dx
3. $8XI#E N Exponential and Logarithmic Rules
d
aax = a*lna ae" =e*
d log¥ = 1 d Iy — 1
dx 29" T xina ax " T x



4. #EA3LN Chain Rule

[Flg)] = f'(g(®) x g'(x)
HAREORS, TMESRKERS, HNEEHAEMRE

FH S¥0 5 PT R % Analyzing Functions Using Derivatives

5. Ilm 5t 5 Critical Points
a. Step I: M ERELf (x) KT
b. Step 2: FHf () A, WoTorEEEIE Y 0, KAGxHME. HEX, W
N0, RIFHIE
f'(x) = 0 or f'(c) is undefined, but f(c) is defined — critical points
6. ZaXHAE Absolute Extrema
a. Step 1: find critical points.
b. Step 2: find endpoints of the domain.
c. Step 3: candidate test
8 critical points A1 endpoints 7 N, KIGEA SXT N HIyE. BARyEN
absolute maximum, #/Ny{E N absolute minimums.
7. Y89k Increasing or Decreasing
a. Step 1: Draw the image of the first-order derivative function. %41 5] 2%
b. Step 2: Judged by the interval positive and negative. 4 [X [H] 1F 71 2 K
f'(x) > 0— f(x) is increasing on (a, b)
f'(x) < 0— f(x) is decreasing on (a, b)
8. JREBA{H Local Extrema
FEERFILE: BB 2 by — B IR 2 4b.
a. Method 1: First Derivative Test
1. Step 1: Find critical points ¢
ii. Step 2: Draw the image of the first-order derivative function. % £l 5] £
1. Step 3: Judging from the trend of positive and negative image changes.
f'(x) changes from positive to negative at c — f(c) is a local maximum.
f'(x) changes from negative to positive at ¢ — f(c) is a local minimum.
b. Method 2: Second Derivative Test
i. f'(c)=0,f"(c)>0— f(c) is alocal minimum.
ii. f'(c)=0,f"(c) <0— f(c) is alocal maximum.
iii. f'(c) =0, f"(c) = 0 — test fails and use the First Derivative Test.
9. M4 Concavity
a. 777K Classification
i. Concaveup: U L, #iZfr Tih4k FAEE—RvIZ 7.

concave up on the Interval if f’(x) is increasing on I — f”(x) > 0 on 1



ii. Concave down: U 8 R, Wigkfs THZ& FEE—RAmI4& 7.
concave down on the interval if f’(x) is decreasing on I — f”(x) < 0 on I
b. 5 BRELH M The Concavity of the Function
i. Step 1: Draw the image of the second-order derivative function. %1 5] £k
ii. Step 2: Judged by the interval positive and negative. AR 3 [X [i] 1F £ 1] ¥y
f"(x) is positive on this interval — f(x) is concave up
f'"'(x) is negative on this interval — f(x) is concave down
10. 3 &5 Inflection Points
RBFFAE: PRIV AR 2 Al — B RG24 R IR AR Ak
a. Step 1: f"(x) = 0 or f''(¢) is undefined but f(c) is defined
b. Step 2: Draw the image of the second-order derivative function. %%} 5] £k
c. Step 3: Judging from the trend of positive and negative image changes. & & K14

IE AR AR AN 3 iy

f"'(x) changes from positive to negative at c — f(x) has an inflection point at x =
c

f"'(x) changes from negative to positive at c — f(x) has an inflection point at x =
c

A4+ Indefinite Integral Operation
11. Z:filliz 532: 0] Basic Arithmetic Rules
dex =c fkdx =kx+c fkf(x)dx = kff(x)dx
12. 7z 5 Power Rules

xn+1 1
fx"dxz +c f—=1n|x|+c
n+1 X

13. =iz Trigonometric Rules

fsindx = —cosx +c fcosdx =sinx+c

fseczdx =tanx + ¢ fcsczdx = —cotx + ¢

Jsecx tanxdx = secx + ¢ f cscx cotxdx = —cscx + ¢
14. $5%02 % Exponential Rules
ax
fexdx=9x+c faxdx:—+c
Ilna

15. U & #fi# A € #4143 U-Substitution
a. {4 Condition

PRARET LIS “EE (EERED XNT (EaEnrsd0” Mgl



b. % Steps
i. Step I: KEEREME ST N uw, G du (wiIFED,
ii. Step 2: {2 u5 du fRAJETTHE, du FJLLE R “RE X du” E. JH
J7 AR XS u BIER )
iii. Step3: HHMASTEHER (FRuiiX7),
iv. Step4: fLuALE, HHER.
16. 4143 XA 4> Partial Fractions
a. 26+ Conditions
i srBEE EﬁJ\ﬁﬁEETLATHE'JQ)%TiiQLﬁ
i 7 TR NT iR E R ORS00,
b. *F@ Steps
i. Step 1: iEBHABER u &k,
ii. Step 2: A+ AHRIE 7 iE 7 BERI A 2K
iii. Step 3: LHARK KL IT, SRR 0 B BERIEE DI 3 ) BN HR 7373
RIS, AT 5 R4 Ty A, B, Cereeee )
iv. Step 4: 3Kt ABC
JFA AR R A=A 20 00 S AN
3 11 [ Bf ofe SR AR AR ek o B g3
N JRB AR KB BEAR, K A, B, Co
v. Step 5: AN A, B, C RIFETTHE, FIFHAE R 2R R ISR
17. 53 # A4 Integration by Parts
a. &M Condition: A RELA A “ARE oK %0 X HEER PR 27
b. % Steps
i. Step 1: & utg dv.
ii. Step 2: FIHWIFEN, 5H%EA.

u d

pe— v

fudvzuv—fvdu

iii. Step 3: A\l u, v, KfF-
c. Wu&dv (dv ZABAREE T 43) How to Setu and dv
i. xE x*n 5 Inx B, & u=lnx.

ii. x5 sinx, cosx FIRAR, ¥ u=x.

\



iii. x5 ex B3R, % u=x.
18. HoAth 25 2 # Other Frequently Examined Theorems
f'(x)
f(x)
ff(ax+ b)dx = %F(ax+ b) +c

dx = In|f(x)| +c



F— s —ME 4 72 Chapter 1 First-Order Ordinary Differential Equation

—Br & #4572 First-Order Ordinary Differential Equation

1. —Mr s 77 #4725 Classification of First-Order ODE

a.

b.

MR 4 2% 5 JE 2k 4 7928 Linearity vs. Non-Linearity
i —Mr & E 70 772 First-order linear ODE: y' + p(x)y = f(x)
ii. —B B H 15 77 FE First-order non-linear ODE: other form
FRPEFF AN HESF R 7325 Homogeneous vs. Nonhomogeneous ODE
i. FIR—Mr &M% 5 /7 First-order linear homogeneous ODE: if
f(x) =0,y + p(x)y = 0 is the first-order linear homogeneous ODE.
ii. JEFFIRE 4 77 72 Nonhomogeneous ODE: ODE that are not exactly zero
on the right-hand side of the equation.

—Mr 2R M H 4> 5 2 First-Order Linear Ordinary Differential Equation

2. —MreR M oy T FE 1S Calculation of First-Order Linear ODE

a.

HI #2251+ Precondition: if p(x) and f (x) are continuous on (a, b), we can use the
following method to calculate the solution of the ODE.
FFIR— M e PR 1 5 2B fE General Solution of the First-Order Linear

Homogeneous ODE
y = Ce_fp(x)dx

AEFFIR— I et 1053 7 FE I IB % General Solution of the First-Order Linear
Non-homogeneous ODE
i. FR4AF7% Integrating Factor Method
1
y(x) = e U u(x) f(x) dx + c] with u(x) = et/ p(ax

i, HEAS 557 Variation of Parameters Method

Y@ = 71 (%) [ I ;1 ((’;))

dx + cl with y,(x) = e~ Jp)dx

3. —Br&MEE T R R A EME— 1 2 B Existence and Uniqueness Theorem for
First-Order Linear ODEs

a.

17 76 1 & # Existence Theorem: suppose the functions f(x) and g(x) are
continuous on an open interval (a, b), there must exist at least one solution.

Mt — % %2 B Uniqueness Theorem: suppose the functions f(x) and g(x) are
continuous on an open interval (a, b), in the IVP, if the Initial Condition (IC)
provided, the differential equation has one and only one unique solution.

4. —Br R 7 FE A X 8] KT Interval of Validity for First-Order Linear ODE
B M H oy T7 RE BA ALIX TR ELAZH Wip (o) A (o) BB EUE SUERIT], y € R,



—MrIELR 1% H T 2 First-Order Non-Linear Ordinary Differential Equation

5.

AJ 7 AR & 1) 1 7 #E Separable ODE
a. W3R f# How to Solve Separable ODE
i. Step I: # y" Rk dy/dx .
ii. Step 2: &y BIMANE (BIEdy) WAL, & x BUNANE CBFE dxo)
WAL f(y)dy = f(x)dx.
iii. Step 3: PILFEIN KRAER 7, RAELLM ¢, 15 2@ M General
Solution.
b. BRIk 0] 43 B AR & 1) 4k 4 77 % Autonomous ODE
i. &3\ Form
y =f,y=y®
ii. 3KM#J71% Solution Methods: Iz FH 353 ¥ 7] 73 B9 A2 & (3000 7 R SR 77
R, A Sy PN (B dy) A, AN AER
7, 5k 1dxRfE.
iii. %1 Example

3 2
53/3 =x+C
2 3
y=2GEx+0)2
ANT] 3 B A B 1) Ay T AR ——— B i 474> 7 72 Non-Separable ODE — Exact
Differential Equation

a. J%3\ Form
. d
i. M(x,y)+ N(x,y)ﬁ =0
il. M(x,y);i—;+ N(x,y)=0
iii. M(x,y)dx+ N(x,y)dy =0
b. A4 5 R B S5 F Compositional Conditions for Exact ODE
Assume M (x,y), N(x,y) are continuous on R with continuous partial derivatives
M, (x,y), Nx(x,y). Then the equation M (x,y)dx + N(x,y)dy = 0 is called exact
if and only if My, (x,y) = N, (x,y).
c. NIRRT 24185 75 2 How to Solve Exact ODE
example: (4x3y3 + 3x?)dx + (3x*y? + 6y?)dy = 0
i. Stepl: 5EHM(x,v),N(x,y)-
M(x,y) = 4x3y3 + 3x2 = F,



ii.

1il.

1v.

V.

Vil.

Viil.

N(x,y) = 3x*y* + 6y> = F,
Step 2: SRMFEM,, (x, ), Ny Cx, y) LAFIW 2 5 e S 72 .

My, (x,y) = Ny (x,y) = 12x3y?
Step 3: {EFXIM (x, y) BN (x, y) RARHR R B, JFAE RSN E—A ok
HIBREL. WHRIRFEM(x,y), MR, FHnERMES () W
FOEFEN (x, y), W yRA, IR EARFERER (x).
FEARGIH, LM (x,y).

F(x,y) = fM(x,y) dx + o)

F(x,y) = f4x3y3 +3x%dx + o(y) =x*y3 +x3 + o(y)
Step 4: >R FlTHE G RF O, y) BTG o WK Z AR T M(x,y),
My sRAm s IR ZATIRSE TN, y) s WK A58 57 o

F (0 y) =3x*y? + ¢'(y)

Step 5: i H 4R S5 BAINERIM (x, y) BLE, BIN (x, y) AT LLER, 15
R R0 BRI T BRI RIS AR NSRRI W 70> S0 RIS AS A 500t
BRI TR LR b E—B KM T F,(x,y), SUSEEIN(x, y) EEEL
Bitie'(y)-

E(x,y) = 3x*y? + ¢'(y) = 3x*y? + 6y* = F, = N(x,y)

¢'(y) = 6y?
Step 6: 18 I FR 73 3R Al A K1 R K
o(y) = f6y2 dy =2y° +C

Step 7: SRFE X
F(x,y) =x*y3+x3+2y3=C

ARG FIEEEN (x, ) o

Step 3: F(x,y) = [N(x,y)dy + ¥(x) = [ 3x*y? + 6y?dx + P(x) =
x*y® +2y°% +P(x)

Step 4 & 5: E.(x,y) = 4x3y3 + ' (x) = 4x3y3 + 3x2 = E, = M(x,y)
Step 6: ' (x) =3x2 Px)=x3+C

Step 7: F(x,y) = x*y3 +x3+2y3 =C

d. AR R I8 UG 2447 77 72 Integrating Factor Method to Create Exact ODE

1.

24 JR 7 RE AN G 2 o0 7 R B R B SRR I, AT DA AR o R ik
Integrating Factor Method & 8 417y i . H R BEAE T 45 JR 77 FE 1
& — i LAFA 73 [F -7 Integrating Factor.

u(Cx, y)M(x,y)dx + u(x,y)N(x,y)dy = 0 is exact



ii. #24r[A¥ Integrating Factor K1 ARA S, 709 & I T x B R A 2 T
yIIEREL

My Nxy MMy
ux) =e’ " N uly)=e' ™
H AR — N4> R T Integrating Factor, 5 ZARYEM H e, Wh
*A%Bﬁ PRECE S 5y SRR 91, R M — AR A L1
— B AR k4 7 FE I AE 52 fi#: Constant Solution of First-Order Non-Linear ODE
a. 1HEM# Constant Solution &4y’ = 0K y FI{H . KMF{EE M Constant Solution
1 B AE T35 BhIRAT145 T 5 J5 118 f# General Solution 583y FIVE .
b. TEKf#1E E i Constant Solution J&, 75 E /LK R# % General Solution Z Hlf,
By AN T8 E f# Constant Solution.
— B AR 2R gy 5 R B AR A7 AE ME— 4 52 B Existence and Uniqueness Theorem for
First-Order Non-Linear ODE

v

o a b X

a. f7{EVEEE Existence Theorem: if f is continuous on an open rectangle R = {a <
y'=fxyx)
y(xo) =

least 1 solution on some open subinterval of (a, b) that contains x.
b. ME—1:%E# Uniqueness Theorem: if both f and f,, are continuous on R, then the
IVP has a unique solution on some open subinterval if (a, b) that contains x.
c. AFEME— g BRI H Applications of Existence and Uniqueness Theorem
i. >Ki#f# Finding the General Solution
Step 1: #2118 %€ fi# Constant Solution.
Step 2: il i A7 7E 7% 52 P2 Existence Theorem HI Wi 7 7EME (IR 75 BA5 24
[X 8] A7 Interval of Validity ).
Step 3: >R f#i#fi# General Solution.
ii. >K4F% Finding the Particular Solution
Step 1: FH_Fik P IR # @i General Solution.
Step 2: {E4J{H Initial Condition iy N7y 75 85, 40 570 A ) 1 e e g A
174E Particular Solution DNE.
Step 3: % A& M, WIAR ¥ 1 A7 76 ME — 1 € 3 Existence and
Uniqueness Theorem H|W7 Existence Ju [ (S5 772 f o iy BT HUE

x < b,c <y < d} that contains (xq,Y,), then the IVP { has at



JulH) A1 Uniqueness & Hl Bk 5 F5 B s 70 £, o Ay B BB VE
Do

Step 4: F #J{H Initial Condition /& 75 [A] IR 7E P AN X [a) B, 4 SRARAE, T
T /& ME — £ Uniqueness; %15 A fE Existence U [ W i & /7 7£ Pk

Existences

H Y8504 7 R K TUAAEZEL Four Models for Autonomous Differential Equations

9. BRI T FERIIE I Form of Autonomous Differential Equation
a. 7€ X Definition: An important class of first-order equations consists of those in
which the independent variable does not appear explicitly. Such equations are

called autonomous and have the form.

dy_ ,
P =f)

b. HIEWS R PUAER Four Models for Autonomous ODE
i. FEEIEK B T ¥ Exponential Growth or Decline

ii. ZHEIHEK Logistic Growth

iii. % #BI{H A Critical Threshold

iv. A BE M2 E K Logistic Growth with a Threshold

10. $5 #0384 5 K % Exponential Growth or Decline
a. 177 77 *% Differential Equation
y'=ry y(0) =y,
where the constant of proportionality r is called the rate of growth or decline,

depending on whether r is positive or negative.
b. HR¥E r LA K =Fi1E & Three Cases Based on r Change
Let f(y) =/,
i. Whenr =0, f(y) = 0and y = 0 is a constant solution.
ii. Whenr > 0, f(y) > 0 and y(t) is increasing.
iii. Whenr <0, f(y) < 0 and y(t) is decreasing.
11. BB Logistic Growth
77> 77 #% Differential Equation

) y
f) =y = r(l —E)y
where the constant of proportionality r is called the rate of growth or decline, the y
is called population at time t and the k is limiting or carrying capacity (max size of
population).
b. HWif (y) 5y B 14 Determining the Graph between f(y) and y
i. Step 1: FIWIZE A Zeros, HIYf(y) = O, yHIMEH. FFRIEZESAEQY)
Sy E G SRt . AT, Hf(y) =0, y=0&k.



ii.

Step 2: MRIEE K Zeros Mf ()T, FIWTEZ 5 Zeros e A7 1E 7
P, I f () Sy 2 EE G

()

(K/2, rK/4)
rK/4 O

K2 K" y

c. HlWry5t 8] # K% Determining the Graph between y and t

1.

il.

1il.

Step 1: #R#f () Sy IEGMf (DIEF R Zeros LARIESE, 13H
fFOR—Fr 3 f () IE .

) £ «

upen

iy
® @ © @

N o M \V)

BTy S e 8] 0BG 75 B A0 TE KA Y B Concavity, Bl F5 208
ok JE R ) B S I IR PRI 2 B R 0E, WD Concave ups
B g i, WY Concave downs

EIXHE, A& )=y My" =f@)xf'(y). HIAE LR E
W, IR EE R f () B IE U S £ (y) IR 57 AH e 45 H R oR 2
) =B R EIE A .

Step 2: it b KRS HAHZE Phase Line. 55— & /EFH4 Phase Line
AR Z BRI E A Zeros MR R E, MBI R 3Ef () IE
e, HfQ)RNIE, WEEk By 25 ) A, WSk T,

Step 3: 1HIT#HZE Phase Line F1 & 20 V13 Concavity i H f (y) 5y [A]
A

J/T y
y=¢:(t) =K
K+ K
Kl
y=0,)=0
01 t

(a) (&)



12. I[fi $* 4 A Critical Threshold
a. 17> 77 1% Differential Equation
f) =y = —r(l —%)y
where r and T are given positive constants.
b. Wi f (y) 5y 8114 Determining the Graph between f(y) and y
i, FIWiJ7i% Method: 52 R RFF— .

ii. f(y)5y<2alfE14 the Graph between f(y) and y

Fiy)

—_—

4
T y

-— —

|
TI2

-rT/4 O
(T2, -rT/4)

c. FIWry 5t 18114 Determining the Graph between y and ¢

i. HIWr /1% Method: 5 2 B fREF—2,
ii. y5t2 A &1% the Graph between y and t

0 T T
7
—Pm o= ——-
|
r
)— - = - -
-P‘\’ © @ © @
N \V; N V)
J’f y
T} r y=¢:t) =T
T/ g m S e e e
y=¢,)=0
ot

(a)
13. i A R 132 45 Wi 3 K Logistic Growth with a Threshold
a. P77 77 % Differential Equation
y y
=y = — 1—)(1—-=
f) =y =-rQ-0A-Py

wherer > 0and0 < T < K.



b. HWif(y) 5y A1 E14 Determining the Graph between f(y) and y
i. Step 1: HIWrE i Zeros, B4 f(y) = 0K}, yMIM{H. fEARFIH, 4
f) =08, y=0&T &K,
ii. Step 2: #R#FZE T Zeros, HiHH Sign Graph. XFFA%1 4 Kifss 77 2,
7 B JFE TR N = AR

—r(l—%)(l—%)yz—yx(l—%)x(l—%)Xr

1 Sign Graph /1, @AW =0 MR SdE, AERIEA 2 f () IR

IR
0 T k
. f(y) ?
|
L\—%) T é—b i Hé% -
U"ik-} — 0 Y2/ T » K y
® e ® 6 s
iii. Step 3: FECAF(y)MIESME, BRI IE A 5T Zeros, HIHY
f) Sy HrE1E .
c. FlWry5e 8] &% Determining the Graph between y and t
i. HIK 7 Method: 5 2 BT {RFF—3.
ii. y5t2 A1 the Graph between y and t
o v T W ok N
_ b — Py
P S R )
elelol®lol &
n v n v Ny
" y
y=¢3(t):K
K4 K
Bl R
y=¢A6) =T
T+ T
] R S St PET TR
o+ —




14. FHZE 1A 5 A% Asymptotic Stability and Instability of Phase Line
a. {EAHZL Phase Line H7, WURIGCS T3 — i, MIFRX m2 88 € 1Y Stable.
t

Bilan, B K RS2 R E ) Stableo
b. TEAMHZE Phase Line W, UnSRAEIRE— Sk, NIFKIX 552 52 € 1) Unstable.

g

(a)
Bltn, LR T SRR E R Unstable.
c. fEAHZ Phase Line #, @R —SR ETHEA I, IR S 2T
f{] Semi Stable.

Bilan, BB K AR E ) Semi Stable.



BT W H RS Systems of Differential Equation

—Pr & E o T FE4 Systems of First Linear Ordinary Differential Equations

1. —Br kw0 AR E 0 Form of Systems of First Linear ODE
a. — PRy 77 FE4H Systems of First Linear ODE A] DL Bl — N7 B 56 K4 1)
— £k M 755> 77 FE First Linear ODE HIE 3.

b. Rk,

A(t) is n X n matrix; f(t) is a vector

{y’ =A@y + f(t)
y(to) = Yo

ro__ 1 _1
oY= [0 2 ]y
FATT AT DLd i g X AN A R R A — B e 13 5 FE First Linear ODE

KR — B 24t #1777 #24H Systems of First Linear ODE.

2. R

77T FEH A Solution of Systems of First Linear ODE

a. If yi,¥,,...,yn are the solution of y' = A(t)y, then any linear combination of

Y1, V2, -, Y 18 also a solution of y" = A(t)y.
b. FEAMEE S Fundamental Set of Solutions

1.

ii.

We say that {y;, V5, ..., V. } is a fundamental set of solutions of y' = A(t)y
on (a, b) if any possible solution of the system can be written as a linear
combination of y4, y,, ..., ¥, on (a, b).

In this case, c;y; + ¢y, + c3y3 + -+ + ¢,V is a general solution of y' =
A(t)y on (a,b).

c. ZRVEMST Linear Independence

1.

11.

We say that the vector functions y;, y,, ..., y,, are linearly independent if
c1iy1+ oy, +c3yz+ -+ cpy, =0whency =c¢c, =c3=--=¢, =0.
A M ST ST A A L B AT HE 251 Suppose the n X n matrix A(t) is
continuous on (a, b) and then a set {y;, Y5, ..., ¥} of n solutions of y' =
A(t)y on (a, b) is a fundamental set of solutions if and only if y;, y,, ..., ¥,
are linearly independent.

d. BAEr3E47 4120 Wronskian

1.

11

A1 BT AEAT 51 20 Wronskian SR AW B A fi# 224 Fundamental Set
of Solutions & 75 £ 4 37. Linearly Independent.

TE R fift B W 2547 %1 =0 Wronskian B, AT Bk @ — MGG KA
Initial Condition, —MFRATIE Nt = 0. BIRfE: = ORAE F1751:001
BAH. “AT5ARN 0 B, WATERI A 2 (B 2L Linearly
Independent.

|
Wronskian = detY = det [y1 Y2

N I | PO

#0




e. RTEAMES. LML EATF| AW EH Some Theorems about
Fundamental Set of Solutions, Linear Independence and Wronskian
Suppose the n X n matrix A = A(t) is continuous on (a, b); let y;,¥y5, ..., ¥, be
solutions of y’ = A(t)y on (a, b). Thus, the following statements are equivalent.
At the same time, Y is a fundamental matrix if any of the statements are true for the
columns of Y.
i. The general solution of y' = A(t)y on (a,b) is y = c1y1 + ¢y, + c3y3 +
4+ Cp¥Yn, Where ¢4, C, ..., C, are arbitrary constants.

ii. {y1,¥2, .., Yn}is a fundamental set of solutions of y' = A(t)y on (a, b).

iit. {y1,¥2, ..., Vn} is linearly independent on (a, b).

iv. The Wronskian of {y;, y,, ..., ¥} 1S nonzero at some/any point of (a, b).
WA SR AR — M et Ty DT RR . (SEETE I YD) How to Solve Systems of First Linear
ODE (In the Real Range)

a. SCHGUR N A E B A{EE Real, Separated Eigenvalues (Case 1)
i. Step 1: 5 HIXF R Ze % s TR A AR RE A
ii. Step 2: KM A FIAME{H Eigenvalues FIAE 7] & Eigenvectors.
o Kftdet(A — AI) = 0, 131,11, (A{E{E Eigenvalues).
o KA —2ADx =0, 73Rl N MIA, s SKAR R LR oeg A, P
ANalE CARAIE[H & Eigenvectors )
iii. Step 3: 5 HFEFE A [IARLEXS Eigenpairs {11, x, JH1{A5, x5}
iv. Step 4: fRN 2215 2IfE
yi = xeMly, = xye
v. Step 5: i@ BANTHEATHI Wronskian KA Wi A f#4E & Fundamental
Set of Solutions J& 73 2k £l 7. Linearly Independent.

|
yi Y2
|

Aot

Wronskian = det =0

£=0
vi. Step 6: 5 tHi#fi# General Solution
Y =yt 6y
b. SEHGEHE N #EE AMEE Real, Repeated Eigenvalues (Case 2)
i. Step 1: 5 H X JFE 26 MEH o 7 FEH I FERE A
ii. Step 2: RFHRE A FIAMEMH Eigenvalue FIAE [ & Eigenvector.
o KfiEdet(A— Al) =0, 15F|1 CA1EE Eigenvalue).
o KRMEMA—-ADx =0, WA, KRMEHX N xmE (AL R =
Eigenvector).
iii. Step 3: SRFHFE A 1)) UAAE M & Generalized Eigenvector (w).
(A-2ADw =x



iv. Step 4: fRA A T2
y; = xe*,y, = (tx + w)elt
v. Step 5: it B 34T 570 Wronskian K HIW 3 A f#£E 5 Fundamental
Set of Solutions 72 {5 £k MM 37. Linearly Independent.

|
yi Y2
|

Wronskian = det 0

L
vi. Step 6: 5 Hi#f# General Solution.
Y =yt 6y
WAL SR AR — B B it o3 JT R 2H. BV FEIN ) How to Solve Systems of First Linear
ODE (In the Complex Range)
a. & JINJ=¥ Superposition Principle
i. Any linear combination of y¢ and y< is also the solution of y’ = Ay.
ii. Re (y¥)and Im (y¥) are real function solutions of y' = Ay.
b. FEHGEHE A AE{E Complex Eigenvalues (Case 3)
i. Step 1: 5 HXF R JR 2 M 1ol J7 RR A IR FERE A
ii. Step 2: KM A FIAMEMH Eigenvalue FIAE 7] & Eigenvector.
o FZFERE AP —ANARYUEME Eigenvalue NREEL TP AAE
{H Eigenvalue Z H B FLHE5E 5 Conjugation.
o Kfftdet(A — AI) =0, f3%I1, (AK{E{H 1 Bigenvalue 1),
o HIIILHIRR, 19F1, CA{E{E 2 Eigenvalue 2).
Ay = /1_1
o KA —ADx =0, WAy, RAEHXT R, &8 CAE A &
1 Eigenvector 1),
o HIIILHIRR, 18F|x, CA{EME 2 Eigenvector 2).
Xy =X
iii. Step3: HHyC5ys
3’1 = xle Lys = xpet2t
iv. Step 4: EEUA S L, @ILRRHE 2K Euler's Formula $_Fid i 4 iz
i fifp i Ak 52007 72 Real Function
o EFyLIEiyLiE it KiHi A3 Euler's Formula S04k .
e = cos@ +1i sinf
o Sy sk Real Part fE Ny, 5 Hy & #S Imaginary Part
1/E7'jy2 .
v. Step 5: i BIHFEATH)20 Wronskian SR Wi A f# LS Fundamental
Set of Solutions & 75 £k {4 3 37. Linearly Independent.



[
Vi Y2
[

Wronskian = det 0

t=0
vi. Step 6: 5 tHi#f## General Solution.

Yy =Y+ 6y,
c. ¥ Example: y’' = [g :;]y
i. Step 1: 5 HXF M 284 5 1l 0 7 FEAH A RS Ao

a=[t =

ii. Step 2: KR A FIAMEMH Eigenvalue FIAE ] & Eigenvector.
det(A—AD=@A—-AD)(-2—-21)+25=0
A2—21+17=0
—(-2)++/(-2)2-4-1-17

= =1+4i
Ao 51 + 4i
The eigenvalues are 1 + 4i and 1 — 4i.
(A ADx =0

AP | N B
RPN g8 B

3 41)x(1) 5x£2) =0

(3 - 41)x(1) = 5x(2)
(1) =5 xiz) =3—4i

_ _—_1 5
“‘ws—u]xz_“'{3+a]
The eigenvectors are [3 _54 ] and [3 _541,].
iii. Step3: 5 Hylhys

C_ o Mt _| 5 (1+40)t C_ (1-4i)t
y& = xeM [3—4i]e y¢ = x,e ]e

Aot —
[3 + 4i
iv. Step 4: JEEUESLEAL, BITRKHL A I Euler's Formula ¥ IR AN i

Efipp % A0 527 #E Real Function.
c_[ 5 (1+4i)t _ oloidt g —
vy 2 et =y et o=u
According to the e’® = cosf + isiné,
C_ ,t 5 ..
yr=e [3 N 4i] (cos(4t) + isin(4t))

(cos(4t) + isin(4t)) X 5
(cos(4t) + isin(4t)) x (3 — 4i)



C_ ot [ 5 cos(4t) + 5isin(4t)
Y1 = €73 - 4i)(cos(4D)) + (3 — 4i) (i sin(41))
C_ .t 5cos(4t) + 5isin(4t)
nme=e [(3 cos(4t) — 4i cos(4t)) + (3isin(4t) + 4sin(4t))
C_ ot [ 5 cos(4t) + 5isin(4t)

71 (3 cos(4t) + 4sin(4t)) + i(3 sin(4t) — 4 cos(4t))]
Therefore,
5 cos(4t)
_ C) — t
y1=Re(yi) =e [3 cos(4t) + 4 sin(4t)

5sin(4t)
_ Cy _ ,t
Y2 = Im(yl) =€ [3 sin(4t) — 4 cos(4t)

—Mr R E TS T REAR JLATRHE Geometric Properties of Systems of First Linear ODEs

5. FHEIE— M5 General Setting of Phase Portrait

a.

H 1] Purpose: I H 7> 77 FE AR AT EITE, FRATIEXFHE T By AH B Phase
Portrait. A S I EAHF [ Phase Plane I,
If y is a non-constant solution, then (y;(t), y,(t)) moves along a curve C in the
y1Y»-plane (Phase Plane).
C & LEHf# Infinitely Many Solution FJ U2 Trajectory.
i. PAZHNIE Trajectory ANFAHAL o
ii. ATATAE JLAR P Trajectory of A Nontrivial Solution AN FHFE (0,0).
iii. (0,0) 54 & A2V FUfE 51328 Trajectory of A Trivial Solution.

6. SEGEH N A E E ATE(E Real, Separated Eigenvalues (Case 1)

a.

e H £ Half Line: fEXMEHLT, 43412 EHAHE| Phase Portrait I, AT

FFAR 281 2 B 28 Half Line, H AR 25,

%€ & Fixed Point: FATHRE 58 € & Fixed Point, B A AGE AR LG

HIBIZE Trajectory of A Trivial Solution.

M 2 NAAE{E Eigenvalues FHEHEXTRE 2 /NASAH S AL 7] & Eigenvectors
i. H1>0, ELIQO xe?t = oo, tl_i)r_noo xe? = 0. #iF Trajectory J5 [ [ #k .

LH

S

H.75 /4 Proper Node, A~f& %€ Unstable.
P




ii.

1 <0, lim xer =0, [Jim xe’ = oo, HIF Trajectory J7 7] [f] Y o

Yz

H.T7 15 Proper Node, #Tii#8E Asymptotically Stable.

d. 42 MA1E(H Eigenvalues AN H XN 2 NAAHSE I AAE ] & Eigenvectors By

1.

ii.

iil.

1v.

Step 1: THH AME{E Eigenvalues FIAE 7] & Eigenvectors, &1, > A, #
0.
Step 2: M#EAME{E Eigenvalues HJ1EH, FIWriE mfZRA Types of
Fixed Point.

e Real —, — Stable Node & & 19 /&

e Real +, + Unstable Node /~fa & T 53

e Real +, — Saddle Point %% s
Step 3: {EAHF1f Phase Plane i H} A iE [7] & Eigenvectors, #Xx; ML,
Mray, NL, o
Step 4: R4 € 225 Types of Fixed Point i H 1% . LA Tangent )5
VIR i .

e %y Stable Node, | tangent to L,, parallel to Ly
\

N\

e %y Unstable Node, /I tangent to L,, parallel to L,;



e %y Saddle Point, I tangent to Ly, L,
Y24

L,

~

Y1

7. SEHVE N B E AE{E Real, Repeated Eigenvalues (Case 2)
a. MARME{E Eigenvalues KT 0 B
i JEUTIRAEWE,
lim || Cixe? + Cyxe? (w + tx)|| = oo
Jim | Cixe* + Crxe™(w + tx)|| = 0
ii. BELHIT5,
e Step 1: {EAHFI Phase Plane I H AiE 7] & Eigenvector 1)
SUAAE A & Generalized Eigenvector.
e Step 2: AASIEA & Eigenvector x )5 [ 4 H L £k .
e Step 3: HIZELL “ AL & Eigenvector 7 H K, fH4E) X
AAE 7 & Generalized Eigenvector [ 77 [FEIT LR (5 L-FAT)”
PERE . (Ax B, BEEw BT CREOD.



w ¥
/
L
J./
»

AE1E % 95 55 Improper Node, A~£2 %€ Unstable.
b. Y AAEE Eigenvalues /N 0 B}
i JEUCIREW R,
th_)rg || Cixe™ + Coxe™ (w + tx)|| = 0
Jim | Cixe™ + Coxe™(w + tx)|| = o
ii. BRI,
e Step 1: 7EAHF1f Phase Plane | it A%k [7] & Eigenvector F1J
NAAIE ] 7 Generalized Eigenvector.
e Step 2: LAAAE ] & Eigenvector x 177 [a] % H L £k .
e Step 3: HIZELL “IN)7 UALE M & Generalized Eigenvector [—
LRI R ARAE R & Eigenvector” IR H .. (5 x &73kAH
Xf, £Ew D (SO .

4 1% 15 5 Improper Node, it iE Asymptotically Stable.
8. EFER W AE{E Complex Eigenvalues (Case 3)
a. Step 1: SRFEAME(E Eigenvalues, 3\ Na + bi.
i. *a = OF, KN Center Point and Stable.



ii. Ma > O}, KEJE M Spiral Point and Unstable.
iii. Ha < O, KN Spiral Point and Asymptotically Stable.

b. Step 2: KfEAMIE A& Eigenvectors, JERX Nu +iv. fEAHF I Phase Plane |-
] H AAIE ] & Eigenvector 11 u M &AM v W&, WRLNEFHIES Ta +
bi, £ umEM v W ENFE2EHu + v, RZIPR.

i Ma> 0N, Mv B v R B, MWNAERIEE. Sikdsir.
ii. Ha <O, Mul &M vInEEE, WNAERRE. &k Nz,

oo Gon <0

> —

4

u Vv u

Y2 /
NS 77 i A\\ // 87

—MrIEREER S HFREH (BEMS HEE) FBEZE Models of System of Autonomous

Differential Equations

9. H AT 5 FE B A 53 # 7 ¥ Analytical Methods for Models of Systems of
Autonomous Differential Equations
a. FHEKZE Nullclines
i. The x-nullclines are the curves in the xy-plane that satisty f(x,y) = 0.
Along these curves x” = 0.
ii. The y-nullclines are the curves in the xy-plane that satisfy g(x,y) = 0.
Along these curves y’ = 0.
i, SRk
o BRIV x/yFREAZ A .
o EMWAKLE Nullclines £ H4x = 05y = O, XTNHIfE. &
Ol—RisEx = OAly = 0. fHHL &R 2 I T 0.
b. “Ff7 5 Equilibrium Points
i. P4 £ Equilibrium Points #& PN K EAHZ ), AR R G )

ii. SRETT: 8RR = 0fly = Of i T FE AT HEI A &, 15
AR T RE I 224N 32 A

c. AP #1 Phase-Plane Analysis



i. AT EAEAHF 10 Phase-Plane HH Hix’ = M1y’ = 0% S 5 PUAMEEXS
MR (RIS K4 Nullclines) .
ii. fEAHFTf Phase-Plane 5 Hi 2 A7 5 H )11 i Equilibrium Points.
iii. HTEHKL Nullclines #UAHF- 1 Phase-Plane 73 1% 1 £ 4~55, IAE
AR BEANES 43 H 43 3] # W Direction Arrows.
o T EAEREAE R ELRER A, FRARN IR S AN o T R A
b -5 R BB I AUE
o {EAH-F1f Phase-Plane Hixth H bt 77 (A1, X Tx, HAIE, &
At Ty, EANIE, TR
o AR I 7 1) H EE .
10. fH & -SEP LAY Predator-Prey Model
a. fERXAMEEMS, 7 Y Prey) FUR (i &% Predator) 77 F21] LA

I3 AR IR N
dR
Rabbits: I =rR,withr >0
aw
Wolves:ﬂ =—kW,withk >0
D i R A A

e Call R(t) the number of rabbits.
e The rabbits have ample food supplies.
e In absence of predators, the food supply would support exponential growth
of the prey.
XK
e Call W(t) the number of wolves.
e The wolves feed on the rabbits.
e In absence of prey, the predators would decline at a rate which is
proportional the actual population.
b. EXMERAF, T (FEY) Prey) AR (Fi# Predator) HI%E Bl I (7] 48
I BLR AN #3077 F2 ODESs #fiid

dR
Rate of change in rabbits: P TR — aRW

rREAERAMAIEIL T, RTHEREKE, Rk THRLenayit
N o
aRWER R E R THESR, XSER T,
Rate of change in wolves: dd_Vl/ = —kW + bRW
—kW RIRIERA BT HIEOLT, REERIET-E,



bRW 7R AR PR 1l B S 1 M0 3 M0 A i, RIR A Hh AR 800000 T 1l B S T IO 2K
o
11. 354457 Competition Model
a. M TP, THMAR @A, HEEFS B s, w v, K LIVEE,
EIR=R: AP NERR G g
b. Let us call the two species X and Y with populations x(t) and y(t). Each
population alone would grow according to the equations

x' =rx(1—%) y’=sy(1—%)

while the coupled system is given by

x' =rx(1—%)—uxy

= EPAYS
y' =sy (1 L) vxXy
where 1, s, u, v, K, L are constants.
12. Z45] Example

a. # H: Given the system

x' =0.05x (1- zx_o) —0.002xy y' =0.09y (1 - 13’—5) — 0.15xy

(a) Find the nullclines and the equilibrium points.
(b) Draw nullclines and equilibria on the xy-plane.
(c) Draw the combined arrows in each different region of the plane.
(d) Describe the equilibrium points.
(e) Estimate the behavior of x(t) and y(t) as t = oo and make conclusion about
the long-term behavior of the populations.
b. FHEKZE Nullclines
i. x' =0.05x —0.0025x% — 0.002xy = x(0.05 — 0.0025x — 0.002y)
e x=0
e 0.05-0.0025x —0.002y =0
ii. y' =0.09y —0.006y? — 0.15xy = y(0.09 — 0.006y — 0.15x)
e y=0
e 0.09-0.006y —0.15x =0
c. P75 Equilibrium Points
x=0

1. Ey: ly =0 no individuals
. ( x=0 =0
. Ep: 0.09 — 0.006y — 0.15x = 0 { — 15 x extinct and y constant
( y=0 x =
m. Ey: 0.05 — 0.0025x — 0.002y = 0 {y x constant and y extinct
. (0.09 —0.006y —0.15x =0 (x= —
v. Ej: 0.05 — 0.0025x — 0.002y = 0 { ~ 5 526 not in the domain



d. AH-FIf 4> #r Phase-Plane Analysis

Y 7y
¢ \N§ T
(=04 1.1
7 Ny,
/o) 30 =

XF T XA, FRATTEURE#A £0(0.5,0.5)
e x'=10.023875>0
e 3 =0.0285>0
P ER X, FRATHURRIR £(2,2)
e x'=0.082>0
. Y =—0444 <0
XTI XK, FATTHURF K 50.(30,30)
o x'=-255<0
e y' =-1377<0
e. FIEFKIHIT 451 Conclusion about the Long-Term Behavior of the Populations
H T B IR e 3L A48 Ml xcfl, X ERE y# 2> extinet, 1M x 2 REF

constant.



F=070 MR E D 72 Second-Order Linear Ordinary Differential Equation

I EREEM D TR R EEARMRES Classification and Fundamental Set of Solutions
for Second-Order Linear ODE

1. I ERMEE M T FER 2 Form of Second-Order Linear ODE
a. BRI TR BRI — B G T s TR A
y'+ @)y +q()y = f(x)
b. ZHr&MEE R TRERT LA SR, 4 2SR IR FE Homogeneous Equation
F19ESF VX 77 #2 Non-Homogeneous Equation
i. F%IX7J71E Homogeneous Equation: 2 f (x) A 0 K,
y'+p()y +qx)y =0
ii. JEFFIXJTFE Non-Homogeneous Equation: 24 f (x) A4 0 B,
y'+p@)y" +q()y = f(x)
c. f#frME—14 2 2 Uniqueness Theorem for Second-Order Linear ODEs
i. Suppose p(x), q(x), f(x) are continuous on (a, b), assume x, € (a, b) and
ko and k, are arbitrary real number.
y'+px)y +q()y = f(x)
y(xo) = ko y(x1) =k
2. BRI U T AR R 3R Solution Form of Second-Order Linear ODE
a. FF{XJ7 2 Homogeneous Equation
Yy =1yt 6ys
b. JEFFXJTFE Non-Homogeneous Equation
Y=0C1Y1 6yt Yy
3. B E R U7 R E A AE & Fundamental Set of Solutions
a. BATEEATF1 X Wronskian 17710 75 2R FI Wriz @ /2 75 il i General Solution

Y1 Y2
Wlyy,y,] = det [y{ yé]

7 B AT 51 X Wronskian A4 0, WHZARZYEM ST Linearly Independent,
M| H R idf# General Solution.
b. B 3EAT 5150 5¢ € B Theorem Related to Wronskian
i. Suppose that p(x), q(x) are continuous on (a, b) and suppose that y; and
¥, are solutions of y"' + p(x)y’ + q(x)y = 0 on (a, b).
ii. Theorem 1: Given Initial Conditions y(x,) = ko y'(xo) = kq with x, €
(a, b). It is always possible to choose c¢; and ¢, such that y = c;y; + ¢, ¥,
satisfies that IVP if and only if W[y, y,] # 0.
iii. Theorem 2: y = c;y; + ¢y, is a general solution of the equation if and
only if W(y,,v,] # 0.

it. The IVP { has a unique solution on (a, b).



c. BiNEEYSIEAMEES Principle of Superposition and Fundamental Set of
Solutions of Second-Order Linear ODE

i. &) Principle of Superposition: Let y,,y, are solution of y"' +

p(x)y" +q(x)y =0 on (a,b). Then any linear combination of y;,y, is

also a solution of the equation on (a, b).
ii. Solutions that satisfy Theorem 2 form a Fundamental Set of Solutions.

d. =& MEE T T IR S AR AL A 198 & Relationship between Solution of
Second-Order Linear ODE and Fundamental Set of Solutions
i. 5772 Homogeneous Equation

Yy =0yt 6Yy:
Hrby,, v, FEE S TR NI AL A Fundamental Set of Solutions.

ii. JEFFIRJ7FE Non-Homogeneous Equation
Y =0C1Y1 T Y+
Hryy, y, RS PR AL S Fundamental Set of Solutions; 1y,
PR N FF fi# Particular Solution. c;yy + ¢, + ¥, FR N 3@ fi# General
Solution.

i, JEF IR T IREMIME R HFF IR T R Iy, + coy, CRNREUPIAAE Solution
of Complementary Equation; &4 f#4E S Fundamental Set of Solutions)
I—MEi# Particular Solution y, 14 Y o

4. Ff/R D150 Abel’s Formula
a. PR U230 Abel’s Formula i | J9tt A 4E 15 R 547 51 20 Wronskian I,
M &x = O HHW [y, y,] # 0, REEEREZMET, Wiy, y,] # 0.
W(x) = W(xg)e fxoPO
b. B, HW(xg) N OR, W(x) =0, RZIFR.

BEEHFREEE M TEK A Solution of Second-Order Constant-Coefficient
Homogeneous Linear ODEs

5. SRR IR Steps to Find Solutions
a. Step 1: X0 JFE 7 FEHR 2OC T BU4FAE 2 T3 Characteristic Polynomial, F3Kfi#
Hry, 1y0
ay" +by'+cy=0
Characteristic Polynomial:p(r) = ar?+ br + ¢ =0
b. Step 2: MR Hry, rp FIBUE, 5 ALLT =050,
i ¥r,neRHEn#n, y =y, =,
. ¥r,neRHr=r, yy=e¢y, =xe"
iii. ¥r,neCHrn=rn=atif, y, =e**cos(Bx),y, = e*sin(fx).



c. Step 3: i BATEEATH1Z0 Wronskian KAIWT EAfEAE S Fundamental Set of

Solutions /& 15 £ 4 J# 37, Linearly Independent.

Wronskian = det [ii ﬁ” #0
x=0

d. Step 4: 5 Hi#f## General Solution.
Y =1yt 6y

ZHrEBEAESTIR R E M T FER ISR Solution of Second-Order Constant-Coefficient Non-
Homogeneous Linear ODEs

6. ¥ Z%0%E Method of Undetermined Coefficients
a. TEfR R M B AR IR G 5> 77 #2 Second-Order Constant-Coefficient
Non-Homogeneous Linear ODEs I, F&AITAT LAfE F £5 7E & #i% Method of
Undetermined Coefficients 3K fif. FATTFITE JEFH IR T FR N
y=ayit 6yt
FAE A € ZEi% Method of Undetermined Coefficients /&4 | K fifty, Frfi#
Particular Solution; T ¢;y; + ¢y, 15 IH #& 2% A fi# 42 & Fundamental Set of
Solutions, BIiZIAEFFX7FE Non-Homogeneous Equation X 37 ) % e% %4 (1) iR
Solution of Complementary Equation.
b. Kf# IR Steps to Find Solutions
i. Step 1: #£FNZAEFFIXT7FE Non-Homogeneous Equation X 57 F1 4 e& %1
Complementary Equation, Ffifid#fiE 2 Bz Characteristic Polynomial
KRitcyy, + ¢y, (ANFEAMEE S Fundamental Set of Solutions ).
ii. Step 2: FIWT R T A f (x) & T BIE LA M EE A Fundamental Set of
Solutions 7, ELU:
y" =8y’ + 16y = 2e** y, = e*;y, = xe**
£ ERBEF, 2™ EFEEREAME S FSS (e, xe®} .
iii. Step 3: MRAEE A ILS (x) KR Ky,
o HILNZ T Polynomial, &y, = A+ Bx + Cx?
o AL NTEHeK %L Exponential Function, ¥y, = Ae®™ (e®™ i/t
SR FREf () BIEAED
o HILN=FRE Trigonometric Function, Xy, = Acos(Bx) +
Bsin(Bx) (cos(Bx)Fsin(Bx) i 2= T FEf () FIEUE D
iv. Step 4: #ii4fE Step 2, &R FRA LS (x) AT AFEESEARES FSS
H, WLy, Fex. iy, Fex 45 RAMKIH B AHEES FSS 1,
WA AN Sfex . B
y'" —8y' + 16y = 2e*™* y, =e**;y, = xe**



£ EREH T, 2 ATEEREAMRES FSS (e, xe*™} b [,
ATy, = Ax?e™, DI Axe* IKIAFERAMEE S FSS .
v. Step 5: Ky, My, H4ly, yp, My, " WIARIRIETTFE AL
yp = AQxe*™ 4+ e - 4x?) y) = A(16e™x? 4+ 16e*x + 2e**)
Rtk SRR LS,
A(16e**x? + 16e**x + 2e**) — 8A(2xe*™ + e** - 4x?) + 16Ax?e**
— Ze4x
vi. Step 6: KAEARFNIH LT E ]y,
A2e** =2e** A=1
vii. Step 7: 5 Hi#f# General Solution.
Y =0C1Yy1 T Y2+
1E_ IR H 2417, JEf%E General Solution ¥ 4
y = ce® + coxe®™ + x%e?*
AR LT LR R B4 A 150 Several Combinations of Functions on the Right
Hand Side of the Equation
i B2 SRR B R B R T 2 kP (x)e™
e ¥, =(A+Bx+Cx*)e™, ife™ ¢ {y;,y,}.
o y, =x(A+4Bx+ Cx*)e™, if e™ € {y;,y,}, but xe™ & {y,,y,}.
o ¥, =x*(A+ Bx + Cx*)e™, if {y;,y,} = {e™, xe™}.
ii. AAZ IS =ARER TR P(x) cos(wx) + Q(x)sin(wx)
e P, Q are polynomials, k = max {deg(P),deg (Q)}
ey, = A(x) cos(wx) + B(x) sin(wx), with A and B polynomials of
K, if {y;, ¥,} # {cos(wx), sin (wx)}
e ¥y, = xA(x) cos(wx) + xB(x) sin(wx), with A and B polynomials
of K, if {y, ¥2} = {cos(wx), sin (wx)}
i, AIATREER S = A R B R I e A [cos(wx) + sin(wx)]

o ¥, = Ae™(cos(wx) + sin(wx)) , if e*(cos(wx) + sin(wx) &

{y1, ¥2}.
o ¥, = Axe™(cos(wx) + sin(wx)) , if e¥(cos(wx) + sin(wx) €
{y1, y2}
iv. A2 FBEEES = AREHRAER e [P(x) cos(wx) +
Q(x)sin(wx)]

e P, Q are polynomials, k = max {deg(P),deg (Q)}
° ¥, = e?*[A(x) cos(wx) + B(x) sin(wx)] , with A and B
polynomials of K, if {y;, v,} # {e**cos(wx), e**sin (wx)}



o ¥, =xe™[A(x) cos(wx) + B(x)sin(wx)] , with A and B
polynomials of K, if {y;, y,} = {e**cos(wx), e**sin (wx)}
d. Wt E TGN kP (x)e™ HI1EHL How to Calculate the kP (x)e® as RHS
i. Step 1: S FSS, FHHIWTFEA M2 SAE FSS B, RIEHLIKHY,.
y" —4y' + 3y = e3%(6 + 8x + 12x?%)
We can find the FSS is
FSS = {e*, e3*}
We find that e3¥ € FSS. Therefore,
yp = e3*x(A + Bx + Cx?) = e3*(Ax + Bx* + Cx?)
ii. Step 2: ¥y, W yue™
yp = ue’*
iii. Step 3: Kfgy, My,", Iy, v, Fly, " BRI E TR IEAG 6T A0 T
Ja BI85 RN Z 2% T ulf] ODE.
yp = u'e?* + 3ue’*
yp =u""e?* +6u'e’* + ue’*
The equation is following below.
Ww” +6u’ +9u) — 4’ +3u) +3u = 6 + 8x + 12x?
We can find that
u” +2u’ =6 + 8x + 12x?
iv. Step 4: TATILAE R ZRMXAHTHI K Tul) ODE, ¥u, MRy, Fl T
oy, Rt Ru, My,
u, = Ax + Bx* + Cx* u, = A+ 2Bx +3Cx* uy = 2B+ 6Cx
v. Step 5: {Cuy, w, Mu, "IRNJEITHE, KEA,B,C.
[2B + 6Cx] + 6[A + 2Bx + 3Cx?] = 6 + 8x + 12x?
6C =12 A=4
{6C+4B=8 {B=—1
2B+2A=6 C=2
vi. Step 6:5 HiHfi# General Solution.
y = cre* + ce3* + e3¥(4x — x? + 2x3)

“HrAEEBIEFREHEE MY T E KA Solution of Second-Order Non-Constant-

Coefficient Non-Homogeneous Linear ODEs

7. W AR BUAEFF IR & H W T RE 2 I Form of Second-Order Non-Constant-
Coefficient Non-Homogeneous Linear ODEs
a. OrAEW BAEEFF IR M 74> 772 Second-Order Non-Constant-Coefficient
Non-Homogeneous Linear ODEs fJ# =00
Po(x)y" + PL(x)y" + P,(x)y = F(x)
Hrppy, Py, P38 2 1 Polynomial



b. FERMIZIFETTRER, FRATAT LA A B % Method of Reduction of Order B{
W B4R ) Method of Variation of Parameters. {H7EA# FIXFiFp 7 ykEy, WF
R RT3 S A 75 20 2
i. Py, Py, P,, F(x) continuous on (a, b).
ii. Py(x) # 0. CH2UIX[H Interval of Validity)
c. AR BEEFIREMEHE > 772 Second-Order Non-Constant-Coefficient
Non-Homogeneous Linear ODEs Ff#AK IH A& B A4 2Rk, - 43 70l =2 kb ek 3
[¥Ifi# Solution of Complementary Equation FURFffy, o H A2 FATANRITE afaf sk
filr Ak BT FE R AN R B # - Solution of Complementary Equation, [KIH6i% 2%
o angs
8. &%) Method of Reduction of Order
a. fiiFH % fF Condition: # & H 45 th b R £ ¥ fi# Solution of Complementary
Equation AH—A, WMEHZITZ.
b. fEIEIN Form of Solution: y(x) = u(x)y; (x)
c. >Rf# IR Steps to Find Solutions
i. % Solution of Complementary Equation Ny;(x); A FEN General
Solution Ny = u(x)y;(x)-
xy" — 2x+ 1y + (x+ 1)y = x?
yi=e*y=ue
i SKREY My FFARNE TR, A 51520 5¢ T u' B — B o 7 72
First-Order ODE.
y' =u'e* +ue* y" =u"e* +2u'e* +ue*
x(u''e* +2u'e* + ue®) — 2x + 1) (w'e* + ue®) + (x + 1) (ue*) = x?
The simplification leads to
xu" —u = x%e*
. Wz=u'z' =u", HITEEA RSS20 T 20— B s J7 i
First-Order ODE.
xz' —z =x%*
iv. B4R FE Integrating Factor Method 3K fi# ik — & k43 75 F&

First-Order ODE 15 % z(x).



2

x
u(x) = fz(x)dx =xe *+e*+ €25 + ¢

vie HHy(x). ik 8 0 E AT 51 20 Wronskian >k I Wr J A fif 5 &
Fundamental Set of Solutions /& 75 Z& 45 37. Linearly Independent.

Wronskian = det [ii iZ” #0
x=0

Therefore, in this question
y(x) = cie* + cx%e* +x+ 1
Wiy, y,] = 2xe?* #0
vii. 5 HiEf# General Solution,
y(x) = cie* + cx%e* +x+ 1
9. W H7% 551 Method of Variation of Parameters
a. i 21} Condition: # @ H 45 t #b B L fi#  Solution of Complementary
Equation A 1>, WIMEHZTT-
b. fEIEIN Form of Solution: y(x) = uy (x)y,(x) + uy (x)y,(x)
c. KRR UE Steps to Find Solutions
i. % Solution of Complementary Equation Ny, (x),y,(x): W& J7F& 1)
General Solution Ny = u; (x)y, (%) + u, (x)y,(x) -
ii. SRARMIETIEITHI Wronskian FI{E, FFHIWIEAfESE S Fundamental
Set of Solutions J& 77 2k £ M 37. Linearly Independent.
. Y1 Y2
Wronskian = det [y{ yé]
iii. @ AAKME U, uy .
o w@=-[—22y ()dx+C

oW (x) 2

F(x)
o w00 = [y @dx + G

iv. & ERAKXFINTC, MAFHEPyY =u(0)y,(x) + uy () y, (x) 5k vl
fi# General Solution; ¥ A MC, N N4Ff# Particular Solution.

ZH MO T ERMICE Summary of Second-Order Linear ODE

10. %7 Homogenous H. Constant-Coefficient, [I{# F Characteristic Polynomial 54k FSS.
FSS Bf General Solution.

11. %4 Non-Homogenous, H. Constant-Coefficient, JNJ{# H Method of Undetermined
Coefficients 34k General Solution. General Solution /X NFSS + v,

12. # ¥ Non-Homogenous, H. Non-Constant-Coefficient, JI/f# H Method of Reduction of
Order 8, Method of Variation of Parameters 3% General Solution. General Solution ]
TR NFSS + vy



a. A FRAE—f#, {# H Method of Reduction of Order.
b. LML ME, BT LA{#FH Method of Reduction of Order Y, Method of
Variation of Parameters.

ZHrRMEE R S FERN F Application of Second-Order Linear ODE

13. B —: #RZ)5%% Application I: Vibrating Springs
a. FEAW)H S Basic Physics Formulas
i. PSS —IiZ2 %) 4 Newton's Second Law: F = ma
ii. #78E M Hooke's Law: F = —kx
iii. #PEEJE Physical Graphics

b. EW—: JoEEHEJ1/TcH 77 Situation I: Frictionless/No External Force
mx" +kx =0
ERBLE, S0= [5 0
x(t) = ¢q cos(wt) + c,sin (wt)
c. THM . HEE¥EJI/JCH ) Situation II: Friction/No External Force
mx" +cx'+kx =0
cx' F i cFeFH JE 71 Damping Force.
B, 1, < 0, Mx(t) = cre™t + ¢ et
=1, <0, Nx(t) = (¢ + cpt)e™™;

WA

3

=1 €C, Nx(t) = e_%t(cl cos(wt) + ¢,sin (wt))-
d. 1 =: HEEHELJ1/4 577 Situation II: Friction/External Force
mx" + cx' + kx = Fo, (1)
x(6) = x" () + x,(t) = 121 () + 222 (t) + x,(8)
14. B —: H % Application II: Electric Circuit
a. FEAWH 2\ 3 Basic Physics Formulas
i. HER Current: I = I(t) = Q'(t) = current at any time t
ii. Hifi &= Quantity of Electric Charge: Q — Q(t) = charge at any time t
iii. HLEAR1E Voltage Change
o {EH[H Resistor R [ HL K AF4L &R



o {FH K Inductor L 1) H B ARAL AL o
e {EHL%F Capacitor C_LHEZ RS
iv. 2K JE Physical Graphic

Resistor

Rc:l-

L § Inductor

Capacitor
Battery —

A

RLC CIRCUIT
b. KT HM R /7 FE ODE on Quantity of Electric Charge
YQ”+RQ+%=E

Q(0) = Q; 1(0) = I
LI' + Rl + % =F
15. M =: 2L |A] @ Application III: Problem of Rate of Change
a. FEAY)H 2\ 3 Basic Physics Formulas
Rate of Change = Rate In — Rate Out
b. KT EIT 5 772 ODE on Rate of Change
Q' (Total Rate of Change) = Rate In — Rate Out
A LA A7 i B AR A 3K
c. HZEH
1. Example: A tank initially contains 40 pounds of salt dissolved in 600 gallons
of water. Starting at t, = 0, water that contains 1/2 pound of salt per gallon
is poured into the tank at the rate of 4 gal/min and the mixture is drained
from the tank at the same rate. Find a differential equation for the quantity
Q(t) of salt in the tank at time t > 0.

ii. EAGH, HBAR{LZ Total Rate of Change 7'92? = Q', HHA7N Ibs/min.

ERI i Rate In ()5 B4 5 1bs/min,  H 1bs/gal 5 gal/min MHFE/EF).

1
Rate In = 5 X 4 = lbs/gal X gal/min

X Rate Out, Fo@ BN N bs/min, H lbs/gal 5 gal/min {713
#,

Rate Out = i X 4 = lbs/gal X gal/min

600
R BTN,

aQ 1 Q , . Q
E_EXLL_ﬁX‘L:}Q +ﬁ_2



