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Lecture O: Linear Algebra as Prerequisite

Systems of Linear Equations

1.
Ax =b
AZmxniEfE,
xEn X 1R,
b@mx1%Ek,
X1 B4 dimension QAZRPCER
mxn)(nx1)=(mx1)
2. 7 Optimization EFE X FE1&=ix
Ax =b,x =0
X2 feasible region FJFERARER

Row Operations

3. =#h EROs
a. HEW—1T
R, < cR;,c+0
b. fThN%

Ri(—Ri+CRj
. ZHFT
RLHRJ
4. Pivoting: 1@id EROs A THILp R &, LN, FAIHE B
A= !
4 3

a. Step1: X5 —%l# 47 pivoting
i. %£—MNE0ILE, a, =2, XZ pivotelement,

i. BEEM1, BIEROT (R, «Ry), RANBE:

1 1
2
4 3
ii. AEERERYHMITE, B3 ERO2 (R, « R, —4R,), BAI1BE:
i N
2
0 1.
b. Step2: #R%E pivot £ 5, FAIEE!
1 0
[ =[11 12]

0 1



R™ 5 Unit Vector

5. R"MEX
R™ = {(cy, ..., cm): c; € R}
a. m@fLEETE,
b. ENMTERKEImNIIEE.
c. tbam: (1,2,3) € R3,
6. UnitVector: 7 R™ /1,

€1,€5, ) Em
a. BiMIER1, HEL2Z0,

b. tbin7E R3 A
1 0 0
o={ofes= g =[g
0 0 1

7. Aft4 UnitVector (REZE: FAE11495K standard basis, FB{EfIEE& 0 IXNE
A% linear combination Y.

X = x1€1 + xzez + -+ xmem
Reduced Echelon Form (RREF)

8. RREF ;§E 3k

=) leadingentry (FETt) 1,
FANETTHAESHAMITEA O,
FIMERITRA#RES] (BER) .

THEET,



Lecture 1: Some Definitions and Examples in the Linear Programming Problem

Translating Our Problem

1. WEBD: RPFIBRERSH, VPIHERRERS
a. 57 A: Z/> 60 units
b. % B: Z‘) 84 units
c. 57 C: E/>72units
o IAZ R LR
d. F;: & A=3,B=7,C =3, 1% 10 cents/fE
e. F,: B2 A=2,B=2,C=6, 1g4cents/EE
RE: BRAXZVBERER, FHEFEFERRARN.
2. Definition 1 — Decision Variables
a. Decision Variables F§7E X . Decision Variables £ %Y th ([ 1iE F B I=
HARMHE, URMERNEMEMITER variables,
b. ZTEAMMF, FAITRE
{x1 = M KF, BYREEX

x; = MLF, FIREEL
¥H, REAx1>0,x2>0,

3. Definition 2 — Objective Function
a. Objective Function By E X : Objective Function &—“>3%7F Decision
Variables fJ& %, FAXRRRKMNBMLML (RARMUHT/IME) BIBHR.
b. EAMMA, FMNEBES/IMELBAAR, FILFAAY Objective Function 2
C(xq1,%5) = 10x; + 4x,
FAMBERE
min 10x; + 4x,
4. Definition 3 — Constraints

a. Constraints f§E X : Constraints 2 Xt Decision Variables & INAY R Fl &
%, BEAFAIHIAEFRART, THL%‘/ﬁ/ﬁEE/}g*
b. BABF, BMNARLAEFTEXZERERT
i. AMEK: 3x; + 2x, = 60;
i. BRIEK: 7x; + 2x, = 84;
ii. CHER: 3x, + 6x, > 72;
iv. Non-negativity constraints: x; = 0,x, = 0,
5. STEMLPP. EABKRET, TEM LPPEE
min 10x; + 4x, s.t



3x, + 2x, = 60
7x1 + 2x, > 84
3x, + 6x, =72
x1=20,x, =20

Feasible Region and Solving the LPP

6. Feasible Region
a. EX: FrE#BEARMR (x,x) WEES, M feasibleregion, mHT
x1,%, =0, EI feasible region —EHEE—L R,
b. %N & B & B F13 F Feasible Region
i. Step 1: {EEN="AREK—KiDFL
1. %3E Constraints 5 E

Ly:3xy + 2x, = 60
L,:7x; + 2x, = 84
L3:3x; + 6x, =72

2. ENER (FEEREK)

3
Ll:xz == _Exl + 30

7
Lz:xz == _Exl +4’2

ii. Step2:“="E|KELZAIW—M7
1. Feasible Region FEEESR, MeEAEBELMNA—M., XFX
T negative slope B2, HE'="HN—Migie &N LT (5
BEBRAN—MW) 7.
2. AFEY Feasible Region Z01 T

Feasible Region for the Linear Programming Problem

60
— 3x1+2x2=60

7x1+ 2x; = 84

— 3X1+6x2=72
50 - 1 2

(0, 42)
40

(6, 21)

201

10

18, 3)

(24.0)

X1



c. Feasible Region fy Vertices

i SMHNLETRD: BRUBREAENR, BE4AE—ERLLE (BE

=)o
i. FABIIETTEILELHTR
1. &xm1:
{3232 ;22:4x1=24:>x1=6
3.6+ 2x, = 60 = 18 + 2x, = 60 = x, = 21
P, = (6,21)
2. 32
{22122 ;gg:4x2 — 125, =3
3%, + 6 = 60 = x, = 18
P, 5 = (18,3)
3. 353

3x, +6x, =72
{82 (10,7) N#EE Ly FIAR (3x; + 2x, = 60)
3(10) + 2(7) = 44 < 60
Bl (10,7) & infeasible A9,
4. AAFRE AT
a. ftx; =0L: =PAREY x, =23042,12, FrlA&/N
afTm2 (0,42),
b. #Ex; =0k =NARGH x, = 20,12,24, Frid&/N
afTRE (24,0),
iii. IR
(0,42), (6,21),(18,3), (24,0)
7. Iso-Costlines: Ff1aNfaI 7 ge 3B &AL?
a. Iso-Costlines: FtZ31E Objective Function I EHREIREBE I EE C, KkE
Iso-Cost lines FIXt Y AIRIE
b. A

10 C 5 C
10x1+4-x2=C$x2=—rx1+z=—le+z
_ 5
m=3

c. W EI=RML?
i. Iso-Costlines ¥4 TEmt 2 7B DB A,



i. BUSEIADT/MR: MR Gy ) ETTEHRER, REERE
“UIHATENTIE” (KBEAT) /NP, ®REFTF7, BERIE
10x; + 4x, /N, FTIARER R AT BE&R AL

TE N —FRALEEE BNTMNEEERALNE . &EEHM
Feasible Region g7 %% Iso-Cost lines Fi 2 &{LAY Iso-Cost line,

6 Feasible Region + Iso-Cost Lines (Why the optimum is at a boundary/vertex)

h — L1:3X14+2x2 =60

— Ly :TXx1+2x; =84

—_— L3:3X1+6Xx,=72

50 A AN feasible region

—=—- iso-cost: 10x; + 4x; = 240
o s ——- iso-cost: 10x; + 4x; =192
(0,42) ~ ! B
C=168_ S, ——- iso-cost: 10x; + 4x; =168

A - iso-cost: 10x; + 4x; = 144

40 12 N BN =

N N S ——. iso-cost: 10x; + 4x, = 140
N S N

~ S . last iso-cost line that still touches
N AN \Ethe minimum is achieved here)
N \\ N

20+

101

0

RERBNLEEMAL:
i. C=240 REF IS 4745,
ii. C=192 FEEZT;
iii. C=168 XBEZIT;
iv. C=144 {HRMLERE| TJ47i (1547 (6,21) fid)
v. EC=140ELZeHaTEHE T (HAFEEXE).
ik 2 — FMARLE
i. EX: F£—) feasible vertexV, 1%iZ=4bHYH % active constraints
MR TIEEYA 5D (edges) . 20K BFRER BV F A ANL R R KA
XREZIBREZ (8], WAEZRTER 177 B AREERER B iRk 2
B, EibizsAsILiE.
i. ZNfEitE
1. 1T& Iso-Costlines XK. m = —;O
WEFARENE my =~ m, = —Lm, =~
x1 = 0H x, = 0 XFANARMPE: my = +oo,my =0,
TXNEEF

i

P wDn



+01357
OO>>2>2>2>2

5. %% Iso-Cost lines ?—L?‘_@.Eﬁﬁd‘\ LMRE, XWEELDN
IARERNB. XEREm = —-Mm, = —g SEd
f. 7R 3—MaEEE (REBXNRIE): #BETE Vertices KA B AReREL,
BTG objective FIFBN mFLZ -
ERBFR, BATH
(0,42): C = 10(0) + 4(42) = 168
(6,21):10(6) + 4(21) = 144
(18,3): 10(18) + 4(3) = 192
(24,0): 10(24) = 240
i. FAIHNITE, minC = 144 at (6,21),
8. %N Iso-Costlines REERFMARILFALTE LN
a. Example: 18 F, B8/ 10 cents 2% 14 cents

C,(.xl, xz) = 14'x1 + 4'x2

. 147
m=—-——=—-=

4 2
KISHFET L, OREm, = -2,
b. XEKE: HIKIE Iso-Costline ¥4 THE“BRFEM"N, EARRE—
MR, MRAE LR —Rip TR E 74,
c. FTIELBR EBNSMAE—=> LS5 Z I ERMNE

6 Multiple Optima when C’(x3, X3) = 14x; + 4x; (Iso-cost lines parallel to L;)

AN —— Ly :3x1+2x; =60
N —— Ly:7x1+2x; =84
\\ — L3:3x1+6x2=72

50 - N ; feasible region

N SN Here, iso-cost sl _ iso-cost: 14x; + 4x; = 240

3 AN ——< iso-cost: 14x; + 4x; = 200
(0,42) \ .

‘= ——- iso-cost: 14x; + 4x, =180

iso-cost: 14x; + 4x; =168

\ \ \
40 4 N . 3 o
N Z = iso-cost: 14x; + 4x3 = 160

Decrease C'
Last contact ] . .
optimal edge segment on L (multiple optima)

25 30

Second Example of LPP



9. FREER RE—MEFH FTEM—MRESD (LaER. KEREVF).
BMER 2 MEREKES. BMNONBFZEAXFMHEARLE — M HEREERDN
Fam, BN AR,

JE# Gl &= G2 & g
B, 60% 10% $0.8 / &
B, 20% 50% $0.6 / &

REF LR REREY DIUH T
a. Z/030% 2 G1;
b. £/ 26% 2 G2,
10. B W EFES /K E
a. Decision Variables: &
{xl = &£ F B, IR EX
x, = £ B, A
b. Constraints: FAJfRixx, +x, = 100, XFPIHMNAREBR LML RIE
I, MKIMNREATHES, FEREE.

i. 60%(x;) +20%(x;) = 30%(x; +x,) =30 — 3x; +x, =150 (L)

i. 10%(x;) +50%(x,) = 26%(x; + x;) =26 — x; + 5x, = 260 (L,)

iii. x; +x, =100 (L3)
c. Objective 5FAMALF X

min C' (x4, x;) = 0.8x; + 0.6x,
0.8 C 4
0.8x; +0.6x, =C = x, = —ﬁﬁ +ﬁ:>m= —3

d. iTZ Constraints f1& (L x; X x)

i. Lqi:3x; +x, =150 - x, = =3x; + 150 > m; = -3

ii. Ly:xq+5x, =260- 5x, =—x; +260->x, = —%xl +52-m, =

1

5
iii. Liy:ixq +x, =100 > x, = —x; + 100 > m3 = -1

e. Feasible Region AR EF27# x; +x, = 1004 |,



Second LPP: Feasible Segment + Constraints + Iso-Cost Lines

160

— L1:3x1+Xx; =150
—— Ly :x1+5x2 =260
— L3:X1+Xx2=100

- iso-cost: 0.8x; + 0.6x; =85
- iso-cost: 0.8x; +0.6x; =75
- iso-cost: 0.8x; +0.6x; =70

iso-cost: 0.8x1 + 0.6xz =65
- iso-cost: 0.8x1 + 0.6xz =60

feasible region (subset of L3)

X3 (Ibs of By)

~ S
204 Optimal endpoint N Sae Sso
(lowest iso-cost touching the feasible segment)  ~~_ Y N N
\\\ \\\\ h \\
\\\ \\ \\
0 T
0 20 40 60 80 100
x1 (Ibs of By)

f. 33 Vertices
i. L,FL,
1. ITEBHER: (35,45)
2. KWEBEZK feasibleregion, EEx; +x, = 100% .
ii. L, FL,
1. WTEBHER: (25,75)
2. KBEZ ST feasible region, BTN,
iii. L,FLs
1. TTEBHER: (60,40)
2. KBEE ST feasible region, BTN,
iv. FAVEBLIRHRS T, B AEART feasible region H1,
8. FRAL LK optimal
L BATEERE m= —3my = —my = —1m=—]
i. HEFFER
1 4
—g>-1>-3>-3
WRBRRERE L5 L z(E8, &MAAMT(25,75),
h. 1B TS A A RIIE
C'(25,75) = 0.8 - 25 + 0.6 - 75 = 20 + 45 = 65
C'(60,40) =08-60+0.6-40 =48+ 24 =72
SRR (25,75).



Third Example of LPP (B R AR EITTE)

MNE2EE —RXREEE—NEFBPRNEE=RIT=a:
a. Chair (#7): &LFIE $70
b. Sofa (ib&): &NFJE $60
BAEFZR = KFIRRE:
c. Fabric (fa#l): R 1t 96yards
d. Wood (AR#t): Z2£ 90 units
e. Labor (ATI): &3t 120hours

= El Yards AK#4 Units AT Hours
Chair 3 6 9
Sofa 8 5 4

Bin EABEREFENIERT, EE2FERK.
12. AU ABFES /KB (EEHRUEEL: LP %)
a. Decision Variables: &
x; = 4 /= chairs fYEE
{xz = 4 /= sofas M E
b. Constraints: FHMEREHELR, HEitE<
i. Rl 3x; +8x, <96 (L)
i. A&t 6%, 4 5x, <90 (Ly)
ii. ANT: 9x; +4x, <120 (L)
iv. Non-negativity constraints: x; = 0,x, =0
c. Objective 5FAALFZX
max P(xq,x,) = 70x; + 60x,

P 7 7
P—70x1+60x2:>60x2—P—7Ox1:>x2—%—gx1:>m——€
d. iTE Constraints &% (0 x; & x)
i L1:3x1+8x2=96—>8x2=96—3x1—>x2=12—§x1—>m1=—§
ii. L2:6x1+5x2=9O—>5x2=90—6x1—>x2=18—§x1—>m2=—§

i La: 9%y + 4o, = 120 > 4or, = 120 — 92, > 2, = 30 —2x; - m =
9

4
iv. AAFREHIN ST
1. Lyxy =0 (y %)
2. Lpixy, =0 (x %)
e. 3k Vertices

10



1o tEsnsR (5.50)

117 11
2. ER ST feasibleregion, FAEEL;, I

80 102 1128
9( )+ 4< ) = <120

11 11/ 11 o

ii. LyFLg

1. tEsngR: (55

2. 1B RETE feasible region, RAVEEL, AN
iii. LyFLs

1. itERRER (1.7

2. B RETE feasible region, BAMEEL,, KM
iv. L,F1Ly

1. HHBHER: (00), HY
v. L,F1L,

1. THBHER: (012), B
vi. Ly#L,

1. HHBHER: (7,0), B

vii. DU, TR ABENT . BLRNE
0.0) (0.12 80 102 400 80 30
00,012, (57.77)(39).(77)
fORIE profit, 2EH(S X2k T BAFSE, EBRERMNTEE>HX

MR =, B R x X, IR B
13. BEMEE
a. Step0: SEEFEELIRDIA
max P = 70x; + 60x,
3x; +8x, <96
6x; + 5x, <90
s.t.< 9x; + 4x, <120
x1=20,x, =20
X1,%X, € Z
b. Step1: #{&—variable, LLINIAIMNEE x;. EAMRIRIL x R—NEE
B, FTHREARBSLT N ,MBRE, REEEZEEE M&ERKXTTT
B
c. Step2: %4 x; HF—1X]a,
i PEEEFE—IAR, b0 9x; + 4x, < 120

11



i. BAx, >0, Prlldx, >0, BP4

120 _
9%, <120 = x; ST: 13.3

AFx, EZE x; =0, EZ|
x, € {0,1,2,..,13}
d. Step3: EE—x;, IELEFNREM x5
i 29 1: 3x; +8x, <96

96 — 3x,
Xy < g8 = Uy (%)
i. 29 2: 6x; + 5x, <90
90 — 6,
X = 5 - Uy (x1)
ii. 293 3: 9x; + 4x, < 120
120 — 9x,
Xy S = uz()

e. Step4: =N LHE&E/, BIEEZREXTHRARTITYX. AHx,EE
FEE=%LER, FrM&RELERERENI:
b(x,) = min{u, (1), uy (1), uz(x1)}
f. Step5: MANEEM > F floor R AT {TEE x,

x; = |b(x1)]
g Step6: MEEE x,, BMTEEERSHE.

X1 Uy (x1) | Up(x1) | ua(xq) | b(xq) X2 (1, %2) P
0 12.000 | 18.0 30.00 12.000 | 12 (0,12) | 720
1 11.625 | 16.8 27.75 11.625 |11 (1,11) | 730
2 11.250 | 15.6 25.50 11.250 |11 (2,11) | 800
3 10.875 | 14.4 23.25 10.875 | 10 (3,10) | 810
4 10.500 | 13.2 21.00 10.500 | 10 (4,10) | 880
5 10.125 ]12.0 18.75 10.125 | 10 (5,10) 1950
6 9.750 10.8 16.50 9.750 9 (6,9) 960
7 9.375 9.6 14.25 9.375 9 (7,9 1030
8 9.000 8.4 12.00 8.400 8 (8,8) 1040
9 8.625 7.2 9.75 7.200 7 9,7 1050
10 8.250 6.0 7.50 6.000 6 (10,6) |1060
11 7.875 4.8 5.25 4.800 4 (11,4) 1010
12 7.500 3.6 3.00 3.000 3 (12,3) 1020
13 7.125 24 0.75 0.750 0 (13,00 1910

h. Step7: B34
(x1,%,) = (10,6), P = 1060

12



Lecture 2: General Form and Standard Form of Linear Programming Problem (LPP)

General Form of LPP

1. WEBT:. RPETERERSFE PIUHEREERFXK
a. 57 A: Z/> 60 units
b. % B: ZE‘) 84 units
c. 57 C: E/>72units
o] IA SR FpER
d. F;: & A=3,B=7,C =3, 1% 10 cents/fE
e. F,: B2 A=2,B=2,C=6, 1g4cents/EE
RE. BRXZOBRER, FEREFEIFERRAR/ .
2. General Form of a LPP
a. fREEX: Optimize c;x; + cyx5 + -+ + ¢ Xy, Where ¢q, ¢5, ..., ¢, € R, subject

to
Aq,1%1 + Q1% + 0+ Ay Xy ~1 by
Ap1X1 + A%y + o+ Ax Xy ~2 b,
a;1%X1 + AjpXp + 0+ AppXy ~; by
am,1%X1 + Am2X2 + et AmnXn ~m bm
where

i. “optimize” is either “minimize” or “maximize”.
ii. Alla;; € Randb;,...b, €R.
iii. Foreachi,1 <i<mand~,iseither>,<or=.
iv. Foreachj,1<j<mneitherx; =0orx; €R.
b. —¥EX:
i. Decision Variables are the unknowns that we choose or control in the
model.
ii. The linear function c;x; + c,x, + -+ + ¢, x,is called the objective
function and “Optimize” is either “Minimize” or “Maximize”.
iii. The relation
A1 X1 + AipXp + o F QpXy ~i by
is called the i-th constraint.
iv. The number of variables is n.
v. The number of constraints is m.
c. Example (% A EIET): Optimize (Minimize) 10x, + 4x,, subject to

13



3x, + 2x, = 60
7x1 + 2x, = 84
3x; +6x, =72
x1=20,x,=>20

Standard Form of LPP
3. EX
a. FRAEENX: ALPPisin Standard Form if
i. “Optimize”is “Minimize”.
ii. Each ~;is = (all constraints are equalities).
iii. Foreach j,x; = 0 (all variables are non-negative).
b. SEEEFRR. Minimize cix; + cyx + - + Cpxy,
subjecttox; = 0,1 <j <nand
A1 X1 + Ajpxy + o+ aXxy = by
c. #EFEFLR: Itis convenient, efficient and productive to use the matrix

formulation.
Minimize cx
subject tox > 0
AX=b
4. {0{aI#E General Form #£4¥, 24 Standard Form — = transformation 3 A& :
a. < ——fii slackvariable
b. = J surplus variable

FAMDIEREE

x=xt—x",xt, x>0

c. Unrestricted

5. Example 1
a. JR[)@:. Minimize Z(x, x5, x3) = 3x; + 2x, + 4x5, subject to
30x; + 100x, + 85x; < 2500
6x; + 2x, + 3x3 = 90
xj =0
b. #£4¥ 4 Standard Form
i. XF30x; + 100x, + 85x3& < 2500, FMAKIE <, F UL slack
variable x4,
30x; + 100x, + 85x5 + x, = 2500
i. XF6x; + 2x, +3x3 =90, HANEME =, FULE R surplus
variable xz,
6x1 + 2x, + 3x3 — x5 =90
ii. ARG EE x4 M x50

14



6. Example 2
a. JR[)@:. Minimize Z(x,, x,) = 2x; — X5, subject to
X1 +x, =23
2x1 —x, < 4
x; = 0,x, € R (unrestricted)
b. #£4¥ 4 Standard Form
i. Step1. FAE x, AR PNIERTERTR.
X, = X5 —x5,%x3 =0,x; =0
ii. Step2: RABFREFLE
Z=2x;— (x5 —x3)=2x —x3 +x5
iii. Step3: RAAR
1. YR 1. x,+x,=23=2>x+ (x5 —x3) =3
2. NER2: 2%, —x, <4=>2x,— (x5 —x3)<4>2x; — x5 +
x, <4
iv. Step4: IEARZEREHEMET (slack/ surplus)
Minimize Z (xy, X3, x5 ,51,S2) = 2x1 — X3 + x5
subjecttox; + x5 —x; —s; =3
2%, — x5 +x; +s, =4
X1,X5,X5,81,S =0
7. BREEN %M ER T IXERRE B IER T4 X Standard Form
a. E#p/E:
i TR ——XR
ii. BEARRE(ERE
ii. RMLBTE—H
b. AR EZ— bijection (B5¥)

Injection (One-to-One) Surjection (Onto)
] \__ |
— I

Bijection (One-to-One and Onto)

\__ ]
I\
c. Example (Minimize Z(x;, x5, X3) = 3x; + 2x, + 4x3)
i. JREER: (12,10,4)
1. WENR



2. Z7=36+20+16=72
i. WNEHTE

x, = 2500 — 1700 = 800
xs = 104 — 90 = 14
{1487 (12,10,4,800,14)
m.ﬁ&%iﬂﬁmﬁ
. RI$3K(12,10,4,800,14), TJRUHEAR.
- ®’EE(12,10,4), REFEMLL.

Feasible / Feasible Region

8. Recall:
a. Standard Form of LPP 2
Minimize cx
subject tox > 0
Ax =b
b. 5+ ({a%la) @ — Standard Form)
i JRE)@

minl0x, + 4x,
3x; + 2x, = 60
7x1 + 2x, > 84
3x; +6x, =72
X1,%, =0
ii. Standard Form of LPP
3x; +2x, —s; = 60
7x1 + 2x, — s, = 84
3x; +6x, —53 =72
X1,X9,51,52,53 =0

BNBEHERERK
X1 10
X2 4
x=|5 |e€R%c=]| 0 |
S2 0
S3 0

3 2 -1 0 0 60
A={(7 2 0 -1 0 |,b=|84
3 6 0 0 -1 72
9. EXS: FREFXARGAx=b
a. EX:. WeletS be the solution set of (*). Technically speaking,

= {(s1,.,Sp) €E R":a;18; + -+ a;Sp, = b;, Vi}

16



BRI
S ={5 € R™: A5 = b}.
b. Example: {SRHEIHES S
3x; +2x, —s; =60
S =1{(x1,%5,81,55,83) € R®: 7x; + 2x, — s, = 84¢.
3x; +6x, —53 =72

c. EX S*: BIRMRFINFHE

def
§* = (5€S:5 2 0,Vj}.

S= = FEIHE
i. ERELZAx=D
i. JEAPRMEI x>0
ii. XREREL LP N & EB=E",
d. Example: {3#}[a) MY S>
3x; +2x, —s; =60
§% =< (x4, %5,51,52,53) € R®: ;2 i éiz : Z z %L .
X1,X9,581,52,53 =0
Xt 21X s 3 A4 feasible region,
10. Feasible Solutions / Feasible Region / Feasible LPP
a. EX
i. Elements of S*are called “feasible solutions of (*)”. (Feasible
Solution B2 SZ BE—1P =)
ii. SZiscalled the “feasible region of (£)”. (Feasible Region FiE&E4S S
K5.)
iii. and (2)is said to be a feasible LPPifS= = @. (RS> = @, N4
Feasible LPP,)
b. Example: F{TEEHK—MHEREAFRD (x1,x2), Fla0
x;,=12,x, =12

=

RERAEFR
i. 3(12)+2(12) =36+24 =60 =60
i. 7(12)+2(12) =84+ 24 =108 > 84
iii. 3(12)+6(12)=36+72=108>72
Xf R EARAERS LAY surplus:
S =3x; +2x, —60=0
Sy, =7x1 +2x, — 84 =24
S3 =3x; +6x, —72 =36
PRI =
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(12,12,0,24,36) € S=
R It & 2 —) feasible solution; TrH XM S AN NE SR E feasible
region, FERAFKNEREKE T —"1 =, FRILS®+ 0, ATE feasible
LPP,

34T fi# Standard Form LPP

11. Solving (2)
a. WNZEIER 7T # 7 Standard Form LPP fYfrAEENX, T f## 7 H > Solution
MENX ., MEFKIIET 24015 solve Standard Form LPP,
b. Step1: LHESEPEBTAHST
i. WMRETFTEHZ: infeasible, [EBMEM (EARTRERMAEZER),
i. MROTITEHAAZ, BA4r%:, thEmEHE— Feasible LPP,
c. Step?2:
i. Bh— FEELE, tmEIRE find §,,;, € SZsatisfying for
CSmin < C5every5 € §*, FEREAUEEHME
x* € S%s.t.cTx* < cTx,Vx € S2.
XL XA LP ANEHE X
i. B nosuch3y,exists, HEtERRTT, EBERRIUEE RN
B, ZE R Not Bounded Below,
12. Not Bounded Below
a. X Afeasible Standard Form lpp for which §,,,;,does not exist is said to be
“Not Bounded Below”.
i. ST#0
i. ERFERINR
iii. EARERET] &R —oo
b. Example: I £EFH — Standard Form LPP
min Z (x4, x5) = X1 — 2Xx,
s.t.xy,x, =20
—X; +x, =2
i. Step1: 3K S,
S ={(x1,x;) ER%: —x; +x, = 2}
Aol LB S8 T, parametric representation: B —x; + x, =
20[1%, x1 =% — 2, BAl&Rx, =t T (x,x)=({t—-210).
ig
S={(t—-2,t):teR}
ii. Step2: 3K S=,
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BANEKx 20,x, 20, KATHFt-220->t2=2,
=2={(t—-2,t):t =2}
iii. Step3: 1jiAA feasible, A At =2= (0,2) €S>, FRIAS*+#0, X2
— Feasible LPP,
iv. Step4: FHEIREEL
Z(xq1,%2) = X — 2,
SNl
Z)=(t—-2)—2t=-2—-t
v. Step5: XD, BNEILLL > oIl R, Z(t) > —0, X
feasible, {ERATFTE Smino
13. Minimum Value and Minimum Point
a. EX: Aminimum pointis any point that results in the minimum value.
b. IEEIEAT (3ENBB)
i. minimum value 2 —H
ii. minimum point A[REZ > (Bl —%&ih)
c. 1Bt
minZ = x; + x,
X1 +x,=4x2=20
XNEHERE 288 Z = 4, Frld minimumvalue=4 (ME—), minimum
point= £ %,
14. 301e] % LPP?

a. BNNZHELERSE examples FIFE AN F a8 LPP, EERXRATR
%, thpEkElE, malnER. BE—B 100 MEE, 200 MR,
BATRIEAT T o

b. MMNBBL KA NIRER—NRGEZE, XDEERE MM simplex.,
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Lecture 3: Simplex Algorithm and Solving the Standard Form LPP
Pivoting

1. %04e] Solve a Standard Form LPP
a. FiLFEYR: {#H matrix formulation (3R1A Standard Form LPP,
(#') minZ(x)=cx s.t. x>0Ax =D
b. f# Standard Form LPP f477 ;% NUf# Simplex Algorithm, H2Z madeupofa
sequence of steps called ‘pivoting’ operations,

2. Pivoting
a. Notation and Concepts

1. Pivot Position: BHEXFAIEEI /M E—) Pivot Position, F{1FH
(ro)&Rm, XRFErTE cHEMNE.
2. Pivot: ZNEM# a.., EXKIEO,
3. PivotRow: ZE r {7,
4. PivotColumn: £ c %,
b. Pivoting f9i3 72
1. Step1: ik pivot TR 1 (Jd—1k pivotrow)

1
Rr — a—Rr

2. Step2: FHIXA™ 13E pivot column E’\]r;éi?i%%&}é]ﬁ}i 0,
R; « R; — aicR,
3. mAfE, pivotcolumn SE—NMRAF" EriTE 1, HftiTE
0,

c. Pivoting AR ZEMRE: FAAXMETEEHFITELH (Gauss—Jordan row
operations) , SFEHNFRG Ax = bkKiji, MHWFTETHREINE—IFMER
%, BEZEEE

{x:Ax = b} ={x:A'x = b'}

d. Example

{x1+2x2 +x3:4
2x1 +x, +3x3 =7

1. Step0: Bty 4B/

M2 1 ] 4
[AM‘L 13 | 7
2. Step 1. i pivot position (r,¢) = (1,1) (E—HFE—%I891),

1. Step(i): iLpivotZ 1, BRIASHE 1, FATAARE,
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2. Step (ii): JH#£ pivotcolumn FIHEITE (IE 2175 1 78
258/ 0) .
R, = [2,1,37] - [2,4,2|8] = [0,-3,1 | —1]
1 2 1| 4
0 -3 1 | -1

3. Step2: i pivot position (2:2) (88 _{75 _%I -3)
1. Step(i): J3—4k pivotrow (it pivot 3£ 1)

1
R2<—_—3R2
12 1 | 4
[ 1 1]
I
2. Step (ii): X 175#E pivotcolumn IEETTE (IBFE—F7
”:ﬂmzﬁ&m

5 10
1 0 3 | 3

1 1
01 -3 | 3

Simplex FJEZET4

3. Canonical Form of an LPP

a. EX: Ax = bisin Canonical Form with basis B = {xj,,....x; },ifthe
columns of A indexed by X;4, Xj3, ..., Xj, are the m unitvectors ey, &,, é;, ..., &y,
of R™ in some order.

b. #% BFE—HEXEB={x,,....x,} E5FEMNEEEAENT=H\m
2. hEEix

Al il Al J2) - Al Jm] = e, ez, - em

)15, canonicalform =78 A B3R REHE] m AR B AR (—
m X mAyEEH)

c. Example

1oA=[0 O] BAOVTRUEE = (o0}, XFIIHEB = (vy,x2), B

SR FBIT A e hrsERe [ ]

2. Az[(l) 1 XAE canonical form, R A7&F EE—AH5) o] LA AL
1 0
0 1l°
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1 0 0 2 -1
3. A=|0 1 0 3 4],ﬁm5uﬁ3=&@mwﬁoﬁzﬂﬁ%
0 0 1

-2 5
I3, EtbZ canonical form,
4. A= (1) (1) , Xt & canonical form,

4. Pivoting Fi%— — Pivoting T] U2 Z46f%, {FH Z Y Canonical Form
a. Bir: &MREURME EBAER.
12 1 | ﬂ
318 | 3
Step 1: ¥|BT canonical form, X2 canonical form,

[t
b. Example: [O

Step 2. # 417 pivoting,
Step 2.1: 1% #% pivot position, A (row x,, col x,)

i

Step 2.2: #47 pivoting
1 0 5/3 =-5/3 | 5
0 1 1/3 8/3 | 1
5. Basic Solution
a. EX:
1. The myvariables xjy, X, ..., Xj, are called basic variables.
2. When the system Ax = b is in canonical form with basis B =
{xj1, Xj2, ..., Xjm }. The associated basic solution is the element of S
Sg = (51, 53, --- Sy ) satisfying
1. s; = 0forj € {j1,j2, -, Jm}- (allnon-basic variables are set
equalto 0).
2. Forj € {ji,jz, -»Jm}s Sj; = the right hand number in the row
indexed by x;,.
b. f#i%: Basic Solution L EXHE—NEE x, RIE
1. FrEFELERAO
xj =0 for j B
2. REXBEEHTERD

10 21, 4
c. Example: A = [0 1 3],b = [5]
1. Step 1: ¥|WT canonicalform, % B = {x;,x,},
2. Step2: #3Ji& Basic Solution,
1. Non-basicvariables: x3 =0

2. KATETUSFE
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{xl +2(0) =4
x, +3(0) =5
F(158%2x, =4,x, =5, %% basic solution
x = (4,5,0)
6. Basic Feasible Solution
a. X If55; € 5%, then Sgis called a Basic Feasible Solution.
b. f#i%: WMRIX basic solution MIIFH#HE x > 0, FPHFLE Basic Feasible
Solution,
c. Example
1. x=(3,0,0,—7), 42 Basic Feasible Solution,
2. x=(0,3,7,0,2), 7= Basic Feasible Solution,
7. Pivoting F7%— — Pivoting T] M 20 ZF basis, 31315 %! Basic Feasible Solution
a. Example:

10 2 7129
01 -1-5]-11
1. Step1: #|Bf canonical form, &
B = {x, x5}
2. Step 2: i basic solution,
1. x3=x,=0
2. x;=29,x, =-11
Sp = (%1, X%2,%x3,%,) = (29,—11,0,0)
Step 3. ¥|WiE7 feasible, XEx, = —11 <0, FE LA feasible,
Step 4: 18id pivoting ¥ HZL feasible,
Step 4.1: %/ pivot position,
1. ?Jiﬂ‘]?)%“;dﬁl"o A fY basic variable X I AF—47 (XEZ
= —11) MY element (XE—-1F-5&T]IA) .
2. .lﬂﬁkﬂ] X B 1F A

(row x,, col x3)
6. Step4.2: FFih pivoting,

1. & pivot TEZL 1 (JFkE-1)

[1 027] 29]
00 1-5|-11
2. XA 1" B pivot FITEEEFTHIE. (LEEIIBR T pivot L&
£40)
[1 2 0-3| 7]
0-115]|11

7. Step5: W canonicalform, 1%
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B = {xy, x3}
8. Step6: M pivot f[BY%EFEIEL H #78Y basic solution
Sgr = (X1,%2,%3,%4) = (7,0,11,0)
'BE&2— Basic Feasible Solution (BFS),
8. Pivoting fyIdiEH, Z (BHREE) FRANLINEH
a. BH#r: Pivoting BT+, FAIFEI Z 5 R A non-basic variables &1k
i current expression,
b. A4 EEIE Z 5 “R 4 non-basic variables”
1. B A7 canonicalform T~, F {13 non-basic variables 1% 4 0 B %
BFS, {RIEMIX/BFS“EHEX"ETFHENMNZ, {RE—EFNAED
HHAERE1LE > non-basic variable M 0 FFi51% KX (entering) .
2. FRIAFRANAIUAIE: B> non-basicvariable IFEX—mm, RILZE
A%k, MIX5%FH canonical form A ZFRA 1R i,
c. 71k B Z HE—FTIINIET %EFE (Tableau 2=, =AM hyper
augmented matrix) . tta0

minZ = x; — x, + 2x3 — 5x,

subjectto
x1+x2+2x3+x4 == 6
F>
{3x2+x3+8x4=3 % 20

MESBIE FFE:
11211 6
[0 3 1 8 | 3]
MALZ W EHE: Z=x; —x, +2x3 — 5x,

1 1 2 1 6
0 3 1 8 ‘ 3
1 1 2 5 | Z
i. Step1: 1t pivot/3E pivot Tl 1 (7 x,5. 5 2 17689 3)
1 1 2 1 6
0 1 1/3 8/3 ‘ 1
1 1 2 5 | Z
ii. Step2: & pivot FIHEFTIHM O (B4E Z-row)
1. JBIEE—ITH xRE 1. Ry « Ry —1(Ry)
#R,
[1,0,5/3, —5/3 5]
2. JHIEZrow B x, ZE—1. R; « R; + 1(Ry)
[1,0,7/3,-7/3 | Z + 1]
1 0 5/3 -5/3 | 5
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0 1 1/3 8/3 | 1

1 0 7/3 7/3 741
iii. Step3: 1A% Z-row, {RIE basis FRMHFIRE—N1, XEHNFE
BB Z-row BAy 6, REL Ry « Ry — 1(Ry),

1 0 5/3 -5/3 5
0 1 1/3 8/3 1
0 0 2/3 -2/3 | Z-4
iv. FinalStep: M tableauELH“HBYZFTIER .
2 2
§X3 - §X4 =7-4
2 2
Z = §X3 - §X4 + 4

Xt pivot J5AY current expression,
v. BAET A&
1. x5 ASIEZ T K (X minimization 7)),
2. x4 BRS1E Z 2/ (XF minimization A7)
X ABIIIELE Z “ R & non-basic variables”,
9. Canonical System
a. X . Astandard form LPP is with canonical system is in canonical form if

1. Constraints are in canonical form.

N

The associated basic solution is feasible.

w

The expression for the objective function is in terms of the non-basic
variables only.

b. Example: ELInRIZ BT, L3 pivoting &

1. Constraints are in canonical form: Basis B = {x;, x,} and x4, x, form
1 0
0 1r
2. The associated basic solution is feasible
(x1, %2, x3,x4) = (5,1,0,0)
3. The expression for the objective function is in terms of the non-basic

the [

variables only: Z = %x - zx4 + 4.
10. Pivoting F3% = — 783 Basic Feasible Solution 5, “E" I ERILE
a. Pivoting 93z 2518: pivot = #2— basis = Té@ N
b. EEFZRMBIF
1. %37 BFS: (5,1,0,0)
2. B ANZE B entering variable #1 leaving variable
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1. Enteringvariable HEBHrRE: Z = §x3 — §x4 +4 RESEIM
XIBREBHTEANAKR Z &/ B iR, BEitbx, enters,
xl = 5_5x3 +Ex4
2. Leavingvariable ZZY3 (Ratio Test): . 5
xz = 1 —§x3 _§x4
EJLH,YIE/E{%},:E\ x4—l ?E-Xéiﬁﬂg Oo
a. x1=5+§x420—>x42—3
b. x2 =1—§x420—>x4ﬁg
MRERIMIBR,A AR TR, BESiEoTRE. Fitx,
leaves, WMREESMIE, F{TEF&R/ ratio {1 leave,
A% basis: {xg, %2} = {xq, x4}
A AFTEY pivoting position Fi 2 (row x,, col x,)

1 0 5/3 -5/3 5
0 1 1/3 8/3 1
0 0 2/3 -2/3 | Z-4

B AEAMNARRLEZBEL 8/3 TR 1,
5. B%% tableau:

1 5/8 15/8 0 45/8
0 3/8 1/8 1 ‘ 3/8
0 1/4 3/4 0 | z15/4
6. FAA9H BFS &
45 3
(x1, X2, X3, %4) = <§' 0,0, g)

BIE5 XM — Ssimplex £13 7

11.Recall: Pivoting F§1EH
a. Pivoting Fix—: Pivoting o] I 46, {FH AT Y Canonical Form,
b. Pivoting FB3%— : Pivoting o] I % basis, =X 5%l Basic Feasible

Solution,
c. Pivoting Fi5=: 8%/ Basic Feasible Solution > /5§, “#z"FE(IEEHEL
&,

12. TARNBE - BNRFIBRERZMHNFAEHES. ZHMT
min 10x; + 4x,
3x; + 2x, = 60
s.t. xq,x, = 0,{7x; + 2x, = 84
3x, + 6x, =72

13.Step 1: 3B JR o) @ & B% Standard Form,
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a. XEHEE >R, HELLFAI5| surplus variables,
3x; +2x, —x3 = 60
7x, + 2x, — x, = 84 xp=0,j=1,..,5
3x; +6x, — x5 =72
BIrEE:Z —10x; —4x, =0
b. BpX hyper augmented matrix,

3 2 -1 0 0 60
7 2 0 -1 0 84
3 6 0 0 -1 72
10 4 0 0 0o | Vi

14.Step 2: 1THE bases #{2, #E Canonical Form, %IFiC 5 basis, FFif pivoting
(IXE A7 1% Canonical Form ] }% 5% basic feasible solution 1] pivoting, 4
T pivoting AE—FET)
R " 5
24 =. — 10N
a. 2 bases & (3) 10 14>,
b. %#FF = basis

1. XE hyper augmented matrix, FK{1&IL {x3, x4, xs MO O] A FI B EE

RFERE .
2. XEEEEHR, SOFAFK -1 (Pivoting FiE—),
-3 -2 1 0 0 -60
-7 -2 0 1 0 -84
-3 -6 0 0 1 72
-10 -4 0 0 0 -Z

3. X EHfE, hyper augmented matrix & Canonical Form
By = {x3, x4, %5}
4. ¥|BrESE pivoting:
1. Fk—: Pivoting o] AL 4EP%E, {FHZ B Canonical Form
(EEZEH, FAHEE)
2. F3%kZ: Pivoting o] Y2 % basis, =X 15 %/ Basic Feasible
Solution (Basic Feasible Solution Z3k Basic Solution > 0,
BERTSp, = (1, %2, X3, X4, x5) = (0,0,—60,—84,-72), REAEAR
+= Basic Feasible Solution, H[thZFEZE Pivoting) ,
c. Pivoting 1
1. Pivot Position: ARIFBZBIAVRIN], FHA1#k i+, XERMEFR
ME—84, EX—FTHEYIE— %L, tba—71EH Pivot Position,
(row x4, col x;)
2. #17 Pivoting,
EITE-1/7:
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-3 -2 1 0 0 -60
1 2/7 0 -1/7 0 12
-3 -6 0 0 1 -72
-10 -4 0 0 0 -Z
A% TR E—1TME=4T7EM 0.
0 -8/7 1 -3/7 0 -24
1 2/7 0 -1/7 0 12
0 -36/7 0 -3/7 1 -36
-10 -4 0 0 0 -Z
8 Z-row E—> element T 0,
0 -8/7 1 -3/7 0 -24
1 2/7 0 -1/7 0 12
0 -36/7 0 -3/7 1 -36
0 -8/7 0 -10/7 0 -Z+120

3. ¥ basis &

B = {x3,x1, x5}
¥ basic solution

(%1, X2, X3, X4, %x5) = (12,0,—24,0,—36)
4. ¥#r=EHE pivoting:
1. HyE—: Pivoting o] AKX Z4EFE, {FHZT Y Canonical Form
(EEZEH, FAHEE)
2. F3kZ: Pivoting o] Y2 Z basis, =X 15 %/ Basic Feasible
Solution (Basic Feasible Solution Z3k Basic Solution > 0,
BERESE, = (1, %2, X3, X4, x5) = (12,0,-24,0,-36), REABEA
+= Basic Feasible Solution, H[ttZFEZE Pivoting) ,
d. Pivoting 2
1. Pivot Position: AR#IFBZBIAVRLN], FHA1#k i+, XERANNEFR
mpy—36, EX—FTHEYVIE—E, tba-3/71E% Pivot
Position,
(row xs, col xy)
2. #17 Pivoting,
E=17Tk-7/3:

0 -8/7 1 -3/7 0 -24

1 2/7 0 /7 0 12

0 12 0 1 7/3 84

0 -8/7 0 10/7 0 | -z+120
=BT 7L 0.

0 4 1 0 4| 12
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1 2 0 0 -1/3 24
0 12 0 1 -7/3 84
0 -8/7 0 -10/7 0 -Z+120
1 Z-row E PO element 2L 0,
0 4 1 0 -1 12
1 2 0 0 -1/3 24
0 12 0 1 -7/3 84
0 16 0 0 -10/3 -Z+240

3. ¥ basis &
B = {x3,x1, x4}
3 basic solution
(%1, X2, X3, X4, x5) = (24,0,12,84,0)
#7 E RER X

10
16x, — ?x5 =—Z+ 240

Z =240 — 16x, + ?xs
4. FANAETHEIFAH basic feasible solution(xy, x,, X3, X4, X5) =
(24,0,12,84,0), EARZELRE: pivoting?
1. T minimization: 18 Z-row FRBEREE =0, NHTKL.
2. IRFE Z-row 727E-16, EILLELE pivoting,
15.Step 3: #4K%E pivoting (4 7 &L pivoting, iX& pivoting Fii£=)
a. Pivoting 3
1. Pivot Position: XZ—- minimization [o) &1
1. Enteringvariable B rREC BK x, JRIL Z &/, LS
B HL & entering variable £x, .
2. Leavingvariable HEZX:
0x; +4x, +x3 +0x, — x5 =12

1
X1 + 2x5 + 0x3 +0x4—§x5 =24

7
0xq +12x5 + Ox3 + x4 — §x5 = 84

8 nonbasic #% 2 Hi4:
X3 =12 — 4x, + x5

1
X, = 24 — 2x, +§x5

7
Xy =84 —12x, + 3%s
I i ratiotest: REE x,, £Sxs =0,
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x3=12—-4x,20=>x, <3
X1 =24—-2x,20>x, <12
X4 =84—-12x, 20> x, <7
B AERES, F1EFRH/) ratio, min{3,12,7} = 3, &%
L HLE leaving variable x5,
3. Pivot Position B2
(row x5, col x5)
2. #47 Pivoting,
$—FR1/4

0 1 1/4 0 -1/4 3

1 2 0 0 -1/3 24

0 12 0 1 -7/3 84

0 16 0 0 -10/3 -Z+240
RAE—fTIEE ZTME=47EM 0.

0 1 1/4 0 -1/4 3

1 0 -1/2 0 1/6 18

0 0 -3 1 2/3 48

0 16 0 0 -10/3 -Z+240
1 Z-row &~/ element Zf{ 0,

0 1 1/4 0 -1/4 3

1 0 -1/2 0 1/6 18

0 0 -3 1 2/3 48

0 0 -4 0 2/3 -Z+192

3. ¥ basis &
B = {x3,x1, x4}
3 basic solution
(x4, %2, x3, X4, x5) = (18,3,0,48,0)
#7 E RER X

2
—4x4 +§x5 =—7Z+192

Z =192 + 4x; —%xs
4. EREREE pivoting?
1. %fF minimization: IR Z-row FREREE = 0, NHL,
2. IWfE Z-row 177E-2/3, AL Zk%E pivoting,
b. Pivoting 4
1. Pivot Position: XZ— minimization [o] &1
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1. Entering variable BB r& % AR xs o UL Z /), EELE
W HLZ entering variable 2xs.
2. Leavingvariable HEZX:

( 1 1
0x1+x2+1x3+0x4—1x5=3

1 1
{x1+0x2—§x3+0x4+€x5:18

2
kOx1 + 0xy — 3x3 + x4 + §x5 =48

2 nonbasic #3410 :

( 1 1
X5 =3—Zx3+zx5
1

1% = 18+§x3—gx5

2
(X4 = 48 + 3x; — §x5

N ratiotest: REE x5, £ x;3 =0,
1

x2=3+4x520:>x52—12

1
x1=18—€x520:>x5S108

2
x4=48—§x520:>x5§72

BAMNKIIER xs BOJREIL v T x, BOE, AEXERANE
min(108,72) = 72
& it leaving variable /2 x4,

o

3. Pivot Position Ft&
(row x4, col x5)
2. #47 Pivoting,
PR32

0 1 1/4 0 -1/4 3
1 0 -1/2 0 1/6 18
0 0 -9/2 3/2 1 72
0 0 -4 0 2/3 -Z+192
RE=IRE—NE G 0.
0 1 -7/8 3/8 0 21
1 0 1/4 -1/4 0 6
0 0 -9/2 3/2 1 72
0 0 -4 0 2/3 -Z+192

1 Z-row & FH > element L O,
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0 1 -7/8 3/8 0 21
1 0 1/4 1/4 0 6
0 0 -9/2 3/2 1 72
0 0 -1 -1 0 -Z+144

3. ¥ basis &
B = {x3, %1, x5}
3 basic solution
(%1, X9, %3, X4,%x5) = (6,21,0,0,72)
¥ B A
—X3 — X4 = —Z + 144
Z =x3+x, =144
4. BEARERE pivoting?
1. XF minimization: {5R Z-row FrE REE > 0, N,
2. XERBRE, IUAER.
16.Step 4: BHZEZX
a. Basic solution & (xq, x5, X3, X4, x5) = (6,21,0,0,72),
b. FAIKIO(xy, %) = (621), XHERLER.
7 = 10x, + 4x, = 10(6) + 4(21) = 60 + 84 + 144
cC. EEX—'/J\EEme =144,
17. 245 f@—-) standard form LPP 2| E S WL (1%
a. £— %IS/\ JWr Feasibility (SLH| B SEER/AT)
MRTITHEHE: infeasible, RIALH (EAR VXBEEAEER)-
2. ﬁﬂ%ﬂﬁiﬁixﬁ‘a* HANHE:, b HIE— Feasible LPP,
b. £_#n: FERREZS NBB
1. HR—: T%«Tfﬂiﬁtﬁ@, a2 IHKA1E find 5,,;,, € S>satisfying for
CSmin < C5every5 € §*, FFREAUEEHME
x* € S%s.t.cTx* < cTx,Vx € S2.
XL R XA LP BT E X .
2. fE5Z: nosuch3py,exists, Wt RATIT, EERIREURE R/
&, 1Z[E57 U # Not Bounded Below,
c. Simplex By B ER"X NV _EH MR 4=

1. Phase1: f##& (1) —— 3 Z|—> basic feasible solution (IXBEE
¥, FANB A% B BEIEEXW{E 7 Phase 1 #§E pivot position) ,
2. Phase2: f#R(2)— N— M HUEESH A, BT pivot & BFR

B, EZ&MLIFIE NBB,
d. BRIANIZE

32



1. Phase 1: #Z|#§E Canonical Form, #E#FiE = basis, FFif pivoting
2% basic feasible solution,
1. {=1E%&: 8% basic feasible solution
2. TAE pivot position: FLEH“+H", XERMEFHKRHN—
B, TEX—{TRENLIE— N EL

2. Phase2: FEEEI&MLEHE NBB,

1. =&

a. XfF minimization: R BARREPFBE RZEEES =0, N

=1L
b. ¥fF maximization: IR BERRKEFTE REES <0, N
=1L

2. Entering variable
a. Xmin: t—"Pc <OMIFRETEFHN (BBILZTR).
b. X max: #k—"c > 0WIEFERETEHAN (BBiLZLE
7)o
3. Ratio test and leaving variable: #23E entering variable 1% 4
0, B — P2 iLFE basicvariable Z 1% variable, 3} H
YEFFE/)\ ratio A9 leave,
e. {1t Simplex F 40T ¥ E NBB?
1. 7£ simplex/tableau #A B2, NBB&EFEKIXtE:
1. {R¥LF] T —> entering variable gE1E BAr N (min T &
“reduced cost<0"),
2. {BE{RXFiZ entering variable fi ratio test B & IR :
a. IEHEXAREBARFIER +o B (BEARBFTS
A3, BARKEZBEREMSH ERAFE)
b. BMEWRE: RULLLXNZELRIEKR, RN AHEIA
of7tt, ™ E#R—E Tk = NBB,

2. Example:

Ty Ty T3 T4 RHS

x3 1 -2 1 0 1
T4 0 -1 0 1 2
Z-row| 0 -1 0 O|—-Z+5

1. BAEER:
a. Basis: {x3,x4},

b. FEHE: {x1,x}.
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c. MBI BFS: {(xq,x5, %3 %) = (0,0,1,2)},
d. BIRREL Z=5+x,.
2. i% enteringvariable: XEF I UFER R, BAx, X ER
IME Z,
3. BgFA1%Ex,fEA T enteringvariable, 341 ratio test By
a. x3+x;—2x,=1=>x3=1—x;, +2x,. ©£x;, =0,
x3 =1+ 2x,
b. x4—x,=2>x,=2+x,. &x;, =0,
Xy =2+ Xy
7% {E1e] basic variable R EH| 0, EARER.

Simplex EAR HALERMTS

18. N2 FT A pivot #BZ"4F pivot”: Simplex f5R K Z AT BRI FRRILEZE
IR /Y pivot,
19. [T E = = £/ FE— BFS:
S # ¢ = 3BFS
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Simplex ELREE

514 nz‘fd f;fm
fyp W)

a‘f Ieas]" one
basic feasible
Solu'hon?

v

YES Inhll‘a?le lollmse > B

5- C;al (oé)mn-
I[:le 7"Ae mafrix?

7]
)

TAC S‘"’;P 1€’< -A %oﬂ'ﬂlm

Answerin

is
f/u‘s 1uesflionr is PA«JQ ' TA;" Czaye'ymg—

we will rcfurn ‘fo it

Declart +Aaf
114 ) e feasible |

e

Decld“re %A:{f
(1) is BB \—-» STror

STOP

Does the

expression for 2

l"e\(ea/ an/ Zmlr\.
}ms been: a?‘?‘q,‘,m{?

| Cavcr ou)’ fiVo'Ilfn
4 A a
Va/ce o‘F z

) ¢ /V<>7L/‘ce f/m?l we MuS'[L
</lec/( ‘For /1/88 CVEf\/Zf{Me

xx How céo we k"cw ‘ﬂmf we /owey
Gl ever the anseer fo 7%}5 Z,Ueﬂ[/‘on?
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Lecture 4: Simplex Algorithm Phase 2 fIEi£EB 4
AP 3 4 Theorem EB R & FF Phase 2,

Theorem 1: Optimality Criterion

1. Example: FHIE—1FE n=5ELE. m =2 £ZFA canonical form (basis B
B = {x1,x,}, AEER x3,%4,x5)
a. ER
X1+ 2x3 — x4 + x5 =4
X, —x3+3x4+2x5=5
x;=20,j=1, .,D
AR RHS: by =4,b, =52=0, ATIAZHE] BFS 21769,
b. BAREEEHY canonical RIAX (REIFELE)
Z =T7x3+ 1x4 +4x5 — 10
FELTERFHEE= 0,
c. HAIAMBFS: BRI, &&HIER.
Sp = (%1, %5, X3, X4, x5) = (4,5,0,0,0)
d. XA BFSHBRE
Z(Sg)=7-0+1-04+4-0—-10=-10
FINFANE 288 — A T8 Z = —10,
e. MEFE—NEER: BAHZ=7Tx3+1x, +4xs— 10, H
X3,X4, X5 =0, 7,1,4>0
FrIX
7x3 + x4 +4x5 =0
ALk Z = 10, XEENFATITRENKN, FIlERRIME—EHE
Zmin = —10
ERMRINELELE T —POITR $EF Z26) = 10, Fi
Zmin = —10
Zmin = —10
FH 55 = (45,0,0,0)H 2 &MLME.
2. 21\ {k3kiA: Consider a canonical form linear programming problem in n variables
and m constraints (m < n), presented in the form min Z subject to
X =0(1<j<n),
and
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where the current basis is B = {xq, x5, ..., X,;n } (s0 the left m X mblock s I,;;), and
b; > 0foralll <i<m.

Assume that the current expression for the objective function is
n

Z = z ijj — Zy.

j=m+1
If
¢g=0 forall j=m+1,..,n,
then the minimum value of the objective function is Z,,,;, = —z,, and it is attained at

the feasible point
§B = (bl, bz, ey bm, 0,0, o ,O).
In particular, Sg is an optimal feasible point.

. Proof:

a. FA1ZUERA: 7E canonicalform T, R BIFRRECLBIE R

n

Z = z ijj — Zy.

jE=m+1
BEXNMBEEREE xpr1, -0 X808 ¢ 2 0, BARNMERRZ —20, FEHES
87 BFS 5 = (by, ., by, 0, ...,0) BRAE.,
b. StepO 42 BB#E canonical form & 7 A1+ 4
KMNAMEARZ

n
X; + z aijx]' = bl(l <i<m )

j=m+1

i. TEHEKRIERNY =201 <j<n),

iii. Canonical Form E3k b; > 0foralll <i <m,

iv. XFBERERMEERETEN O, BEIMRSE = (by, .., by, 0,...,0)
& feasible points (FTEDEJEH, BHEFR).

v. BRREEEEN REEETENER

Z = z ijj_ZO

j=m+1
c. Step1: FA¥4FTBFS% & MOARIE = BF EF
i. EASGEUTR, MUENBRER—EEFNTITERE. A
e sBPc)\E#Tw*ﬂz WA EETE xpe1 = =x, =0, FFLd

Z(§B) = z C] . 0 _ZO = _Zo.

j=m+1
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i. BEAAFKAIEML minimization, APA“&R/IME —EARTBERTET—
TR BERME. Et: Znin < Z(8p) = —2.
d. Step2: IEREIOUITRENEHE Z = —2z,=> BEI T 57
i. Z= Z7=m+1 CiXj — ZoJ IUBENZ + 2z, = ?=m+1 Cj X; D,
i. TR, AREKx; =0, EEBIRG =0, HAibex =0,
ii. E, Ximer gx = 0(2),
iv. EFNRMERRX, FATF
Z+2,20 = 7> -7
XAIEXN P E TR EBA L, FLdFRlt, XEk/IVEhL:
Zmin = —Z
e. Step3. ETHRFKE=>HFR/IMEEZET —2
i. FAIM Step 1 M Zpmin < —2os
ii. FAIM Step 2 B FZmin = —Z0,
iii. ALk
Zmin = —2p
f. Step4: &/IMETE SzUEE = 5L
i. {17 Step1 ELEH
Zmin = —2p
i. T Step 3 HFIFHANT/MERZ —20. PTIA SRR THR/ME, DARE
IR,
4. R%5. 7 canonicaldictionary B, INR{REEIEBIRE K

Z = —Zy +z ij]'

JEN
HEFAIERTERE >0 (min), BARD Y >0, HABEKE >0, il
AT

M =87 BFS BXE| —zy, FTIA&AL.

5. N MZEIE9HF—FE, 7 simplex i canonicalform 1, BRI INE R
14 non-basic variables (IR, (Z-row), R, #F#HAN phase2 f5, §—%
pivot f5, HINNAFERE Z-row:

a. MRAFFR non-basic variable RE ¢; <0, UEAATT IXGREREE(R B 1R
=
b. MRFAH ¢; =20, YIAZHFEBFS ERXEIRME, EEEIL.

Theorem 2: Unboundedness Criterion
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6. Example: FILE— P B n=4PTE. m = 2 %29FKH canonicalform (basis L

B = {x3,x,}, EERZEx, %), HIFHMZFTHI NBB ] F+—EL,

X1 Xy X3 X4 RHS
X3 1 -2 1 0 1
X4 0 -1 0 1 2
Z 0 -1 0 0 —Z+5
a. ERER:
i. Basis: {x3,x4}
i, AEE {x, 2}
|||. é/ﬁllj BFS {(.xl,xz, x3, x4) - (0,0,1,2)}0
iv. BFREREC Z =54+ x5,
b.

1% entering variable: X Bt ol IMNBHIRR, FH x, mhEsg/IIME Z,

c. BRIRFANEX,1EH T entering variable, I {14 ratio test B
i Xg3t+x, —2x,=12>x3=1—x;+2x,. £x, =0,
x3 =1+ 2x,
. X4 —X, =22x,=2+4+x,. ©x;,=0,
X4 =2+ x,
7% {E1e] basic variable R EE| 0, FEARER.
d.

MEE—NEER, RNTRBE TE 3 P EHE¥ i NBB
i. Step1: #8IA non-basicvariable, XEEZ{x;, x,},
ii. Step2: #ER non-basicvariable FFHF —1E z-row B< 0, HELMHE
1 (c, =-1<0),
iii. Step3: BEBENNMMB—I (Fx,X—3), WRX—FIE<0, N
252 (x2(7%) <o0).
iv. FAIFRIX—% 4 special column, FHIWMERH IR special column, T
IX#IE NBB,
e. FRAERRTEN : If there exists a non-basic variable x; such that
i. ¢g<0,and
ii. a;; < 0foralli,

then the corresponding column is a special column, and the LP is
unbounded below (NBB).

. FELFRIA . If there exists j* with

m+1<j"<n

the non—basic range

satisfying
a. ¢+ <0and
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b. a;;+ <0foreachiwithl <i<m

then the objective function is NBB. This is the analytic way of saying that if there is a
“special” column then the problem is NBB.

. Proof:

a. JE[EZ theorem 2 &AM BANRRFEREAJ HEC < 0Ma;;» < 0for
eachiwithl <i<m, XBE" R AIE— non-basic variable 3%1.,
b. JEAEREE: BMNEBXMET —HK=5.(t=0), AFIER2 HHE
i. WEANt=>0, s & feasible solution,
i. ¥t ooff, Z(5) - —o,
XA ENIE . BILE L) feasible points, H'E{|]8J objective values TJ
IPEZ{ER /N, BT objective function NBB,
c. Step1: #i& 5;,
i. Setx; =t>0. (XEMxBAEFK] special column Xt /7 AIFBA
variable, tbgl_ BRI+ x = x,,)
ii. Setx; =0foreachjwithm+1<j<n,j=#;j" (Hfthnon-basic
variables £ 4 ER$F 0, REF x;+IX—> non-basic variable ¥
OB )
iii. Setx; =b;—a;t,i=1,..,m
1. £ canonicalform BB, &) basic variable &A¥ &5 Bl
n

X; = bi - z aijx]'.

j=m+1
2. MERRT x50, AH non-b]asic variables £&8% % 0, BfIXY
AR
X; = b; —a; j=xj = b; — a; j+t.
d. Step2: JFAAIXLE S ERE nonnegative
i. Sinceaq;j» <0,—a;- = 0.
ii. We are at phase 2 and we have BFS, so b; > 0.
iii. Therefore,x; = b; — a;jt = b; + (—a; ;+t) = 0. (XifBAEA basic
variable &33E 1 ,)
iv. For non-basic variables, we have x;+ = t = 0 and the remaining non-

j
basic variables is 0. (iX1i & non-basic variable &33Ef1.)

v. FRIAFrE AeARERIE T
e. Step3: EXSHIZTEER

§t = (bl - al'j*t, b2 - a2 *t, ey bm - am'j*t, 0, ...,0, t, O, ...,0).

J
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i. BT m ) basic coordinates Z/ATE ,
ii. JSMEAY non-basic coordinates £20, REE*MIBER L,
f. Step4: EMASHEAREFN (XRATIERAXESARZIER, MEEM
TEITEHE),
i EAMXNERI=1..,m

n
X; + z aijx]'
j=m+1

(b; — a;j+t) + z aijX;-.

j=m+1
ii. BTBRT jTASN, FTE non-basicx; =0, FrIAXPMKRMERF—1
survivingterm, HELRE. a; ;X
iv. ALk, (b —a;;t) +a;x-0 FERAx =t=>0, TAEE
(b; — a; -*t) +a; -t = b;.
XGRS | % canonical constraint (YA um. PTIAXNEA I, £UR
FERHBAKSL
v. BAFHER:
S; is afeasible solution forevery t > 0.
g. Step5: IHTEBIRREZ(S,)
7t canonical form #, F{]1&1i& basic columns f§ bottom-row
entries 52 0, Rtk

i, ELLEAEE
Z(S¢) = ¢jrxjx — zog = ¢t — 2
h. Step6: &ML —oo
. Bhe <0, B ¢ - ooff,
Cjrt — zy = — 0.
i XIEAAT
limZ(5;) = —

t—oo

Fir I} objective function %8 5%, Bl the problem is NBB,

Theorem 3: Quotient Competition
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9. BEVWhR: MRIHFEIEML (ARl ), {EBHAZ unbounded (7% special
COlumn), AFAT—E BT U — R pivot, {15
L5817+ feasible
b. ﬁﬂﬁﬁxu TR
BATERE, MR
c. Theorem 1 REX3 » 77t ¢; < 0> RAH BFS (& canonicalform), {EZ
EIME IR R AE, B XFEHRSR
d. Theorem 2 NE{3Z » J%F special column > 12 BE%HE NBB [0 I
AR, —EFERE—7F!
e. ¢;<0, BETBE
f. Biz3ZEDBH—NIEE, TR pivot
10. ZN{eT @1 pivoting B & MBE (XE2FAZBIFE I pivoting FNE=PHE) —
8% Basic Feasible Solution >[5, “Hz1"H I E =R
a. Pivoting B9t 4518 pivot = #a—) basis = #— MRS
b. EEFZRMBIF

{;i

1 0 5/3 -5/3 5
0 1 1/3 8/3 1
0 0 2/3 -2/3 | Z-4

. % BFS: (5,1,0,0)
2. Step0: FHWTAAZEMRFNIE R
1. Theorem 1 Rp{xz (3R7% optimal): &4 Z-row FERR ¢

2 2
C3 =§>O,C4= —§<0
2. Theorem 2 {3z (4= NBB): [EA4XF special column,
x, 1 X—5)FIE£ 8/3
3. BRIAFA## N Theorem 3 (fif pivot)
3. Step1: I pivotcolumn (HHELZE ZF1ULHY entering variable)
1. XK ¢ <0
2. XEREF: ¢, =-2/3<0, AL pivotcolumn=x,
4. Step2: if pivotrow (ratio test)
1. Step 2.1: ik eligible rows, R & columnj* 7 H entries
Ayj*, Agjs oy Amje, RETHE
a;- >0
A HREBS N ratio test, XBER(VLM-2/3 X—F LEREF
8/3 KF 0, HEitt RE 8/3 o] IS0 ratio test,
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2. Step2.2: XfF& eligiblerow, ITH
b

aij*

a. b; IX—47 RHS
b. a;;+ =IX—1T7E pivot column B fY entry
XEMREREARE -, Eit
b, 1
= 873 -

3
aij* 8

| b
min{—:a;; >0
aij*
BEs/MEMNF—TT, T2 pivotrow, XJHY basic variable B2
leaving variable,

5. Step3: &\ ratio

6. Step4: T pivot position (pivot row Fl pivot column 3% &)
7. FEERER RJNEILT £ < 089 column, IR AR —
NERET L, (B2 AT RROFEMERRE, FATUEA

Cj* bl*

Zyg = —Zy + a -
T8, B&kiR
1. $TXEMEDE column, {8 ratio test # 4% column &
pivoting position, XEFK1MYa;: o
2. FALAK
Cj*bi*

ai*'j*
it X TH—MESE column, EH HFx/VE:

#ERREE = RERREE
N z row FYZ £ X pivot position #§ RHS
pivoting position By entry
3. XELETBRIE column BYFT BiRsREUE, T TR&ERAEIE
column A3 118Y pivot column, FHEIEXTAY pivot row,
c. INMBEIRHER (FFEMEE coumn, EFEZ)
i. EEER—BZ)eligblerows: iTE&E—/ ratio, ER/E
AR o

i. EBEN—REA 1 eligiblerow: HIE{EA pivot row,

—Zy = —Zg +
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V.

1. R

HEPRIE N — ratio test B ratios B 43k
4 pivot row,

RIS — 1 {eligible row fratio 2 0: XZEMNTbh; =0, AR
a;;- > 0, Xi B pivot J§ BFREAR =4 T, X2 degeneracy HI3R
Bz

1RGN — RAXE eligiblerow: J§F NBB, Theorem 2 #Jif,
Assume the current tableau is in canonical form and corresponds to a

¥ ABAPTTER ] ILAE

feasible basic solution, and that neither Theorem 1 nor Theorem 2 applies. Then

there exists a non-basic variable Xj* such that:

¢j+ < 0and q; ;- > 0 for at least one i.

Leti* be arow that:
is eligible (a;- j > 0)
b. and satisfies:

a.

ai*,j*

Then, pivoting at (i* j*)produces:

c. New basis: old basis U {x;-} — {x;-}

d.
e.

12. Proof:

a.

The new solution is still feasible.

The objective function does notincrease.

by

ai*,j*

Znew = —Zy+ Cj* ' < —Zy

If b; > 0, the objective function decreases strictly.

FREILEHA

184 basic solution {354 feasible: I{1=f{ pivoting, pivoting <&
B #H basic solution, JFEAEMKIBRTET 0,
BARREUE TR ZILH pivoting [FHIHTE BIUAR

Cj* bl*

—Zy = —Zg +
ai*,j*

EEH notation

f7index: i=1,..,m

1. R i /) constraint/row

2. XN — basic variable
Hindex: j=m+1,..,n

1. 375 j /> non-basic variable
4EFK index
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1. i*: pivotrow, F{/] quotient competition g4 winner, #&E

by b
= min
Air j* A j*

2. j*: pivotcolumn, EHAY entering variable, #/E
Cj*<0

iv. ZT=EEAY notation
1. X4, .., X%, . basicvariables
2. Xm+1, -+, Xn. NON-basic variables
3. Pivoting K4RY: x;+3#t A basis; x;+ I basis
v. %E[EITE notation

1. a0 Bifr. 5 j 38 coefficient

2. a;+j+: pivoting entry / pivoting position, Mx,}ﬁ,ﬁjﬁa i >0
vi. RHS

1. b;: pivot B], %8 i basic variable fJ{&

2. b'j: pivot J§, enteringvariable By RHS, [ 7 pivoting AY1d
2R # N basis; x;BFT basis, EILREEKABZ pivot row,
RRAEZB—17", EEABERFT T, MEBUKKTRY -
& It B {11 7E pivot ZJ: Fr 44 Fi“3 basic variable {4 743X
—1T4=, 1L Ab

3. b';: pivot [FRIEHAMTT,
c. StepO: pivot RIEEFEICH AR
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7EERTH setting B, 437 basis £(xy, .., %}, FINELIH R BRLERE
I, H¥ER5 = non-basic columns, F{1i%EH 7 pivot column j*, g
7 pivotrow i*, IEFEH0:
¢ < 0, Ajx j* > 0.
F H i* 2 quotient competition 3 winner,
KN\ EES XTI NME
i. Pivotentry: a;-;+ >0
ii. Pivotrow g RHS: b;»
iii. Z-row 7t pivot column FJ4k & entry: ¢+ <0
d. Step1: Pivot B8 —2f49 —— 3l pivot entry ZZ 5§ 1
i. BRTH pivotentry a;- j-, FULIMRIZFERA pivot row Z Ry, BB
AR

in* «

Qg j+ in*
i. #BEE:
1. JRE pivot position & a;+ j+, BRiEIME, XEBETH 1.
2. pivotrow IRAEEARL T “IU x+ AE T A —1T, tHELEIHE L
JEEXT N #THY basic variable x;+
ii. Eb: X—1789 RHS LAY

bl = b-
J Qg jo
X FAEATTE pivot B non-basic 51| j # j*, XFTAIREL K
ai*’j
ai*,j*
: S e A R
]
N T ﬂ‘/)' P Nndl
[Z,*Irl: b
(s Xpw) X [l s o8 Ainj* 1 Ay
L :

BEEZER b.EZBMER, FA
iv. JE3K4H] BFSfeasible, Frld by =0
v. pivot row (70 eligible, Pl a;« >0
F it
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ai*,j*

e. Step2: Pivot FYZE &R —— FE pivot column HAMIE £ IERL O

?(j:" Xn ! :

]
3 f ]

e L Ain |
g ("-/'“: J
] £y \
& el i
o |

i. Xf3E pivotrowi # i*: FARZE if77E pivot column L entry 2 a; j+,

AT
Ry, < Ry — QR 0.

ii. X objective row: objective row 7t pivot column _F Y% entry &

cjro ATIBEMBEMO, B
R« R-— Cj*ij*.
f. 24— rowoperations Z f5, BEiEH LA
i. 3JE pivotrow. 3E pivotcolumn fI¥F&E % XEEi #i*, URER

non-basic 5 j # j*, HAHE
a.* .

L]
ajj = Aij = Qg jr o
KB LR R AR EUR L 41T pivot-column entry x pivot-row 127 &

ii. 3JF pivot row B9 RHS:
12 bl* . .
bi = bi — ai'j* . —(l * l*)
ai*,j*
iii. #THY objective coefficients: XFF{EE j # j*HJ non-basic column,

a;« j
¢l =c¢ —cp - —L,
j 7 g

A

iv. HTHY B AR R R O

b;+
ZO - ZO - Cj* . .
Ay j*
aray) AN
FMT
Ci+Di+
] L
—Zy = —2Zp t+
Q> j*
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g. Step3: IERRBEFREREE TFE

Ci+Di+
—z) = —2Zy + _—
ai*,j*
HF¢- <0,b» =0,ai5- >0, Al
C-*b-*
] L S O
ai*,j*

TR —zy < —zy, XiiAH pivot [FHIET objective value & ELIHAY
¥ K, 7 minimization B, XEBEKREET/NTHEAE,
HABHMEER TR R by > 0, P LEEEETE =R

Ci+b;+
L <0

ai*’j*
Bz < =z, XFLRE T,
T ARRETREARTBE: AR b =0, FBEEMET 0, Fll—z =

_ZOO

h. Step 4: UFAA feasibility

b;x

E&I b =— >0, BEEEME =0,

ai*'}-*

bl,:bl_al,]*'—>0

ai*,j*

Casel1: MR a;;» <0
1. EEH:ai‘j* < O,bi* = O,ai*'j* > 0, _[J:[f,
by
g —— >0,

i,j a- - =

, by by
bi = bi - ai,j* — = bi + —ai,j* —_— = bi'

Qe i
T B 5k 34 B BFS feasible, Jﬁ)ﬂ){ b; =0,
3. Ak, b =0,
Case2: MR a;;» >0
1. HF a;;» >0, % ifT:2 eligible row, MEAIFNE pivot row i*
£ quotient competition Ay winner, Bf[}Y:
be _ b _ b _ b

ai*,j* al,]* ai,j* ai*,j*

2. EERA ;- >0, BTURBEE a;;», FHEARFSTT
@, 1SZ|
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s ! b \
BAb; = by —a; ;- - ——, Frld
]
bl > 0.

i. JERRZEER: FA1AIM ratio test NREIAMRAIIN, EIEZRUEFA
feasible BYFEHA AT

13. Degeneracy

a. Example: bW TEIXA tableau

X1 Xy X3 Xy RHS
X1 1 0 1 0 0
X, 0 1 1 0 2
Z 0 0 -1 0 z
i. E’%ﬂ 1

L HJ basis: {xq,x,}
2. HFJ basic solution: x; =0,x, =2,x3 =0,x, =0
3. HATEMRRE Z = —x;
Step 1: i% entering variable, & z-row
c3=—-1<0
entering variable = x5
Step 2. fif ratio test, FHx3%5

row a;3 RHS ratio
X1 1 0 0/1=0
Xy 1 2 2/1=2

RBAE &)\ ratio £ 0, AL pivotrow = FE—1T (x,)

iv. Step 3. fif pivot, pivoting position ;& (rowx,, colxs)
X1 Xy X3 Xy RHS
X3 1 0 1 0 0
X, 1 1 0 0 2
Z -1 0 0 0 Z
FATEIN basis T {x1, x5} = {x3,%,}, 1B solution X%, Z%
x1=0,x,=2,x3=0,x,=0
v. REBT XREABNET — b = 089 element {E24 pivoting

|:)OSI'(IOI’1O
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. Theorem 3 f corollary: IR pivotrow #Eb;+ >0, FBAZES TR, ERE
WMERb; =0, LA Z AZE, XY degenerate pivot, J A associated basic

solution A2, {B basisZTL 7,

. BE:

%%@E?bi* =0,

pivot f§ entering variable FJ{E=Z: xj« =

b;x

= 0, enteringvariable =
ai*’j*

0,
leaving variable FAFZ: x;+ =0
Fir IR T — > 0 F0 0 AYAZHA,

. Ratio Test fy 3 F|ERL

EEER —FBZ) eligiblerows: TEE— ] ratio, E&H/IE
o

FEEEL—RE 11 eligiblerow: HIE{EA pivot row,

FFIRIE S — ratio test {9 ratios EHISE—HE: AP AFTTER T IAE
74 pivot row,

RGN — 1 4 eligible row g ratio £ 0: XZEMTb; =0, A
a;;» > 0, X1tAA pivot j5 BAREAR =48 TF%, X7 degeneracy .
RGN — RAREF eligiblerow: J8F NBB, Theorem 2 |,
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Lecture 5: Simplex Algorithm Phase 1 (YIRS E D 5 EF %

] B A1 Z A1 3189 Phase 1

1.

Phase 1 B9 HEY: 3 ZIFaE Canonical Form, %EFFicT & basis, FFif pivoting 52
basic feasible solution,

a. {Z1E%&1F: B 7% basic feasible solution

b. #ZE pivot position: T “H+i”, XBEF(EFRIA—1B, HEX

FIREMIE— a8

BREXNTEABIREN, XETERREZE FaNEMNIE—/ 4 basis’,
MERT N BERA Simplex 777%, 81t 5|\ Artificial Variables, k1A% Phase 1 £
BB —— MZB—H, #HE|— good basis, thHLE3%|—) associated basic
solution feasible fy basis,

Simplex 753% Phase 1

3.

Phase 1 H#r: #ZE|— good basis, HHLEIkZ|—)> associated basic solution
feasible fy basis,

a. AT BIBEHNREBLE]— BFS, AJ57 88 /85 Phase 2,

b. IATIENER. #91E— auxiliary lpp, ik simplexalgorithm B C#3A/]

# good basis,
Example: FEMA TEXMIFRFENRE
minZ = 10x; + 4x,
subject to
3x, + 2x, = 60

X1, Xy = O,{7x1 + 2x, = 84
3x; +6x, =72

AT 1E: £IRE O Y Standard Form 7462 Canonical Form,
a. MZAIMNTTE—H, EARARZE =", ArIAES|A surplus variables,

ﬂ\]iﬁx& X4, x5 2 0 o

3x1 +6x; —x5 =72
. FREEXEMIEMN, 5L hyper augmented matrix,

{3)61 + 2x2 - x3 = 60

3 2 -1 0 0 60

7 2 0 -1 0 84

3 6 0 0 -1 72
10 4 0 0 0 z
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BA1&MIXZEB7E Canonical Form B, EAARFEEALT], XNESE
B £ reveal —/ good basis,
6. Step0: Preprocessing. I{1ZEZE multiply by —1 any constraint equality whose
right hand number is negative.
a. L MREFEANFNRHS 2f, LEEZARFEMU -1,
b. XtFAF, FAIAFE preprocess,
7. Step1: 5| Artificial Variables,
a. ’xe x7,xg =0, ERGHK
3x1 +2x; —x3 + x5 = 60
(¥){7x1 + 2x, — x4 +x, = 84
3x; +6x; — x5 + x5 =72
b. 5H hyperaugmented matrix,

3 2 -1 0 0 1 0 0 60

7 2 0 -1 0 0 1 0 84

3 6 0 0 -1 0 0 1 72
10 4 0 0 0 0 0 0 z

c. FM&IMxe, x7, xgHIFIAR T — MR AIEERE, KU The Artificial Variables
form a good basis for (*).
1. #8 Basis: B = {x¢, X7, Xg}o
2. X AY associated basic solution £
X1 =X, =X3=X4 =X =0,xg =60,x;, =84,xg =72
X2 —) feasible basic solution,
8. Step 2: #Ji& auxiliary LPP,
a. Step2.1: EX W =2x,+x; +x3, TERNTIUSH— auxiliary LPP
(lgux) minw = xg + x5 + xg
subject to
X1, X, X3, X4, X5, Xg, X7, Xg = 0
and
3x, + 2x, — x5 + x4 = 60
7x1 + 2x; — x4 + x;, = 84
3x; +6x; — x5 + x5 =72
b. Step2.2: 3B auxiliary LPP 5 ff Canonical Form, H FJ objective function i&
5 ¥ basic variables B, Ff)
Xg = 60 — 3x; — 2x5 + X3
X, =84 —7x; —2x, + x4
Xg =72 —3x; — 6x5 + X5
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HEMEBEw =216 — 13x; — 10x, + x3 + x4, + x5, XFiA= w HY canonical
expression,
c. Mk AHtasIMEwWwER
1. Crucial Fact: BRZ (DA, ifandonlyif FIRZ()E —NEHE
X =X; =xg =0
2. B4
1. AAMRRECEEGE (x1, .., x5), AL x5 = x; = x5 = 0fH
#HE, BBE OBN—1#.
2. Rk, MR OB —MEEx =%, =x3 =0, PBAEEX
= artificial variables, T TH] (xq, ..., xs)FBL2/FE B (DY
.
3. Z51%: (D) feasible & (*) has a solution with xg = x;, = xg = 0
XM wiIRFRET A BAxe x7,x5 20, AT
W=Xx¢+x;,+x3=0
FA:
w=0Sx,=x,=x3=0
5. Great Conclusions
1. First Great Conclusion: If w,,;;, = 0 then (1) has a good basis
and Phase 2 can be initiated on its Canonical form.
2. Second Great Conclusion: If wy,;,, > 0 (since artificial variables
cannot both be 0), (1) is infeasible.
9. Step3: 7t (lauy) LN FAIRE L2 Phase 2
a. BTE auxiliary LPP gy hyper augmented matrix

3 2 -1 0 0 1 0 0 60

7 2 0 -1 0 0 1 0 84

3 6 0 0 -1 0 0 1 72
-13 -10 1 1 1 0 0 0 ‘ w-216

b. &M Theorem1 2&XH: ¢, =-13<0,¢c, =—-10<0, FILAFIA
Theorem 1 A&,
c. Quotient Competition 1: X B x, Fx, & 0] M {E A pivoting column, E[lb 3
{i1] IXfE B Theorem 3 BT HIMTHR NSk B #ReER ERERAYE TR,
by

ai*,j*

Znew =—Zy+ Cj* '

RIEIZAT, FATD 31T ratio test
1. WRFEA,
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60_2084_1272_24
3 "7 T3

&/NAE 12, Et winningrow 28 17, R xy-row, AL
84
Znew = =216 + (=13) x — = =372

2. WMREMHx,,

60_3084_42 72_12
2 T2 e

=/NE 12, B winningrow 28 =17, tHELE xg-row, AL
72
Znew = =216+ (=10) » = = ~336
3. Pivoting &R HARE AFEAx, o] DL BFRRECTRERNE R, FEib{F

Hx,YE4 entering variable; x,£ leaving variable, ¥ basis &B =

{x6, X1, x5}
0 8/7 -1 3/7 0 1 -3/7 0 24
1 2/7 0 -1/7 0 0 117 0 12
0 36/7 0 3/7 -1 0 -3/7 1 36
0 -44/7 1 -6/7 1 0 13/7 0 w-60
44 6 13
w—60 = X + x3 —7x4+x5 +7x7
44 6 13
w=——X + x3 —7x4+x5 +7x7 + 60

d. Quotient Competition2: EZRIF77A, LLAAARERR, FHAIXEiLx,T!
1. 1347 ratio test
24 12 36
57 = 2ba5 = 423g =
=/NIE 7, Bt winningrow 28 =17, that2E xg-row,
2. Pivoting %58 x,/Z enteringvariable; xgi2 leaving variable, 3T

basis @B = {X4, X1, X2}

7

0 0 -1 1/3 2/9 1 -1/3 -2/9 16
1 0 0 -1/6 1/18 0 1/6 -1/18 10
0 1 0 112 -7/36 0 -1/12  7/36 7
0 0 1 -1/3 -2/9 0 4/3 11/9 | w-16
1 2 4 11
W—16=x3—§x4—§x5 +§x7 +?x8
1 2 4
W=x3—§x4—§x5 +§x7 +?x8+16

e. Quotient Competition 3: BEZ B/ /7%, MWAARELR, FHITXEikx,T!
1. {7 ratiotest, XE RHF 2 /> eligible rows
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16 7
13- Bz
&/\HIE 48, A winningrow 2% —17, HHLE X6-row,
2. Pivoting %58 x,/2 enteringvariable; x,i2 leaving variable, 3T

basis @B = {X4, X1, X2}

84

0 0 -3 1 2/3 3 -1 -2/3 | 48
1 0 -1/2 0 176 172 0 /6 | 18
0 1 1/4 0 /4 /4 0 1/4 3
0 0 0 0 0 1 1 1 | w

W = Xx¢ + x; + Xg
f. SKf#: 1R#E Theorem1, wy,;, = 0, F HAR4E First Great Conclusion, MR
Wmin = 0, FPARBE () — good basis,
1. ST BFS: {xq, x5, x3, x4, X5, X6, X7, Xg} = {18, 3,0,48,0,0,0,0}
2. JREJ@BE—BFS 2. (xq,x2, X3, %4, X5) = (18,3,0,48,0)
10.Step 4: Phase 1 Z53R 5, #{aIy][El & (o) &
a. 4.1 iZtableau, S HRINERTTENBIRRE

0 0 -3 1 2/3 3 -1 -2/3 48
1 0 -1/2 0 1/6 1/2 0 -1/6 18
0 1 1/4 0 -1/4 -1/4 0 1/4 3
0 0 0 0 0 1 1 1 w

( 2
—3x3 +x4+§x5 + 3x — x5 —§x8 =48

1 1 1

1 Xy =5 Xat o Xs HoXe = o Xy = 18
1 1 1 1

L X2 +Zx3—Zx5—Zx6+Zx8=3

subject to
W = Xg + X7 + Xg
b. 4.2: #E the original objective function Z 5 1} i§ the current non-basic
variables only B9/Z 3,
1. ZB[: Z=10x; + 4x,
2. ZEIEEMNEKRASREER artificial variables iR

( 2
—3x3 +x4+§x5 =48
1 1
1 Xy =5 Xs+ X = 18
1 1
[ X2 +Zx3—zx5 =3

AT IS E
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( 2

X4 =48+3x3—§x5
1 1

1% = 18+§x3—6x5
1 1

| X2 =3—Zx3 +Zx5

3. REFBIRRESE
1 1 1 1
Z =10 <18 +§x3 ——x5) +4<3 ——X3 +Zx5)

6 4
s
2
Z =192 + 4x4 —§x5
QJEH@%%ImmZ=1%+4%—§%

subject to

( 2

1%, = 18+§x3—€x5

(X2 =3 —7X3+ 7%
and

X1, X9, X3, X4, X5 = 0
M. RPNEZEMT:
a. Phase 1 ES AR Theorem 2 HELIM L TH? F°=, XERAWE—D
EEEZNMR
w=0
& It auxiliary lpp RNE]8E NBB, w10 TF{ET .
b. Simplex path is path-dependent: B &R 88T MEIFEF S entering
variable, {RIEFEBENEBT L, pivot LN TTRER MO [E]BR 1R, RARLIEH
HAEL, B2, FETMEEL Theorem 3 (3R
by

ai*,j*

Znew =—Zy+ Cj* '
FHE R pivoting position MIRSHEE .
Degeneracy/Tie

12. 8 TN HEX /N a)
minz = x; + 2x, — X,
subject to

X 20,j=1234
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xl_x2+3x3:1
3x;+x, +x3+x, =7

13. 8% T 4iBE o) ZE pY Standard Form 31452 Canonical Form,

1 -1 3 0 1
0 1 -2 1 1
3 1 1 1 7
0 2 0 -1 Z

A& Canonical Form, # A\ Phase 1,
14.Phase 1.0: Preprocessing, iXE I preprocessing, K4 RHS XFZF 0,
15.Phase 1.1: 5| A Artificial Variables,

minw = x5 + xg + X7

1 -1 3 0 1 0 0 1

0 1 -2 1 0 1 0 1

3 1 1 1 0 0 1 7

0 0 0 0 1 1 1 w

16.Phase 1.2: #3Ji& auxiliary LPP,

1 -1 3 0 1 0 0 1

0 1 -2 1 0 1 0 1

3 1 1 1 0 0 1 7
-4 -1 -2 -2 0 0 0 -9+W

17.Phase 1.3. 7f (I4y,) £ FH Phase 2
% —>K pivoting

a. 1E#F pivoting position: IX{13E#E x, {E A4 entering variable,
1.

IR IEFF x; column:

IR EFF x, column:

(x5:x1):I =1;(x7,%,) =

/\ ratio & 1, EIk x5 B, 1#8@I1T Theorem 3,

1
b= (-7

w3

w

=5

1 7
(xe;xz):I =1;(x7,x3) = 1 =7
x/\ ratio & 1, EIk xg B, 1@I1T Theorem 3,

IR EFF x5 column:

1
bi=(-D-O]

1
(x5, x3): §; (x7,x3) =

= -2

7—7
1=

£x%/)\ ratio & 1/3, Ak x5 B, 18T Theorem 3,
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1
b =(-2)-(3)-3=-3
4. WMRIEFFE x, column:

| 3

1
(xe;xzx):I =1;(x7,x4) = 1 =7
fx/\ ratio & 1, Ek xg B, 1BI1T Theorem 3,

b =(-2)—(1)-1=-3
b. E I pivoting position &

(row xg, column x,)
c. i pivoting

1 -1 3 0 1 0 0 1
0 1 -2 1 0 1 0 1
0 4 -8 1 -3 0 1 4
0 -5 10 -2 4 0 0 | Ww-s

2 R pivoting
d. E#F pivoting position: IX{13E#E x,{EA4 entering variable, K AINRIE x,
<1 quotient competition 1 I} tie, T E 5 ZEL degeneracy,

1 4
(x6,X4): 1 =1;(x7,%4) = 1 =4
e. AL pivoting position &

(row x4, column x,)
f. fi pivoting

1 -1 3 0 1 0 0 1
0 1 -2 1 0 1 0 1
0 3 -6 0 -3 -1 1 3
0 -3 6 0 4 2 0 W-3

% =K pivoting
g. 1EFF pivoting position: FX{11E#E x,{E 4 entering variable,
1 3
(x4, %2): 1 =1;(x7,%2) = 3 =1

HWELEUL, x4-row F x,-row H O] UE A pivot row, EAFK{18Y Phase 1 H
tR23E artificial variables M basis & #pEH E, FULF {11 x,-row i

pivot,
h. [E I, pivoting position &

(row x5, column x,)

i. {4 pivoting
1 0 1 0 0 -1/3 1/3 2
0 0 0 1 1 4/3 -1/3 0
0 1 -2 0 -1 -1/3 1/3 1
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0 0 0 0 1 1
18.Phase 1.4: Phase 1253, ][Ol & o) g

a. SHHEBAR

xl +x3_§x6+§x7:2
4 1
9 x4+x5+§x6—§x7=0

Xy —2X3— X5 —=Xgtzx,=1

\ 3 3

FZE& Artificial Variables,

Xy +x3=2
I x,=0

X, —2x3 =1
X, =2—Xx5
I x,=0

X, =1+ 2x3

b. EH &AM EtREEK
Z =%+ 2x; — X4
RANAR
Z=2—x3)+2(1+42x3) =4+ 3x3
c. 5H#HA table

1 0 1 0 2
0 0 0 1 0
0 1 -2 0 1
0 0 3 0 Z-4
d. #R¥E Theorem 1 TJ 4],
Zmin = 4

Phase 1 NREXEE EIE

19.Theorem 1: Phase 1 i w-row ¥ 2& EIE

a. WA 7t Phase 1 5 — ™+, w-row £ original variables A columns I
RHS column F, ZTF YHE1{}EE7E basis EBfJ artificial-variable rows {1

.
b. Example:
1 -1 3 0 1 0 0 1
0 1 -2 1 0 1 0 1
0 3 -6 0 -3 -1 1 3
0 -3 6 0 4 2 0 W-3
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XEIHATILFZ artificial-variablerow (RFx,) XA RHS £ 3, At
w-row Tt Z-3,
20.Theorem 2: Artificial variable BFF basis [, ANEEH[RL|X
a. AA: An artificial variable that is removed from the basis in Phase 1 need

never be returned to the basis.
b. A% —B artificial variable B FF basis, FAEH%EE ) column X pivot

column,
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Lecture 6: Redundancy
[E] it Simplex B4~ Phases 5 Redundancy

1. Recall Phase 1/Phase 2
a. Phase1 fYBE#rEHZF| BFS, F{I5|\ artificialvariables, RE&/NML
w = sum of artificial variables
BMNAOERE, WRWpin > 0, NR[E) infeasible; IARwp, = 0,
NI J& (5] A feasible,
b. Phase2 f9Birm b I HEx/INME.
c. ERE—EIFA: 7£ Phase1 H1, RIfEW,,;,; = 0, Phase 1 5REFth o] #Ei%
F artificial variables BB 7f basis 2@, XM redundancy,
2. Redundancy BfrAEE X . Anequation or some equations in the original system of

constraints are linear combinations of the remaining equations in the system.

Example of Redundancy in Simplex

3. Example: FEA1Z ST B MRLK (o] &
minz = x;
subject to
x1 + x2 - 2
2x1 + 2x, = 4
X1,X, =0
AREZEXARELHMEE —FARNARE, ATRUER redundant constraint, {B
BTE simplex 32 H, FAREAFMEX—=, ik Phase 1 B2 EEAIME XK,
4. Step1: Ji0 artificial variables, JRZ&R %% obvious good basis, PFrIAF{IA %
R4 FIANN artificial variables x5, x,.:
1 1 1 0
2 2 0 1 4
-3 -3 0 0 | w-6
X2 — minimization problem, JEf78 7%, BFFLUA R B ILE| Phase 1 i
minimum, F{1E#F x, 3 A basis,
5. Step2: Quotient competition, F{1& x,-column:
2 4

Z=2,-=2
172

XE WM tie, FAIBEIE— winningrow, AT TE, EE—F7, HEHE x5-
row, Pl pivoting position Z(x; enter, x5 leaves),
6. Step 3. {i pivot,
1 1 1 0 | 2

2
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0 0 -2 1 | 0

0 0 3 0 w
I Basis & {x;,x,}, BFS E{x,x,,x3,x,} = {2,0,0,0}, ﬁﬂ‘]ﬁfﬂ‘ﬁﬁ\ﬁﬂfi
a. Z-row MIREUKHE NI
b. wpin =0,
c. artificial variable (x,) X7t basis;
d. &BFF Z-row, % {E{T original variable T] |3}l F 3k pivot,
X 1F & redundancy section Z4MBEYE N .
7. Step 4. Mk redundant row 1 artificial columns, F{1XEMIEE —F7 (x4
row), ERMIER artificial columns x3,x,., F{15%
‘ X1 ‘ X2 ‘ RHS

X | 1 | 1 | 2
AT I N Phase 2,
8. Step5: ## A Phase?2, J{[olJ& objective function,
a. FRBREERZ minz = x,,
b. SHAR
X1 +x, =2 > x;=2—1Xx,

c. MEBREEA minz =2-x,,

X1 X5 RHS
Xq 1 1 2
A 0 -1 z-2

9. Step6: ZKZE5EhY Phase 2,
Example 2 of Redundancy in Simplex (New Technique)

10. #7778 B #5r: Phase 1 EREE| wy, = 0, AR/ 0)7A feasible; {B7Z basis B
5% 8 artificial variable, X MNEFRAGE H1ZE# N Phase 2, MESLB—1HT
technique 1E artificial variable M basis B#H 7,

11.Example: FRAIZE 0T AY LR MR K (o) @

minz = x; + 3x, + 2x3 + x4
subject to

_10x1 + sz + 5x3 + Xg4 = 30,

xl + x3 = 1,

2x2 + x4 = 16,

Xq,X5, X3, X4 = 0.

12.Step 1: J0 artificial variables, JRZ& %% obvious good basis, FFIAFA14H %
ZR 2 BUA0AN artificial variables xs, x4, X7 :

X1 X5 X3 Xy X5 Xg X ‘ RHS
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Xs 10 5 5 1 1 0 0 30
X 1 0 1 0 0 1 0 1
X 0 2 0 1 0 0 1 16
w 9 7 -6 -2 0 0 0 | w47

Phase 1 /2 minimization problem, X+ w-row, i coefficient RmIMWEBILEXF T
1 A basis, T PIERw,
13.Step 2: 7 (I4yx) N F Phase 2

a. Pivoting 1
i. XTEEBBS pivoting column B 4F:
30 16
Xy enter:? = 6;7 =8 > (-7)-6=-42
30 1
X3 enter:? = 6;I =1 —>(-6)'1=-6
30 16
X4 enter:T = 30;T =16 — (-2)-16 = -32
RAB=TEFEFR, x, AR wWEREZ. B pivoting
position &
(x, enters, x5 leaves)
ii. {4 pivoting
X1 X5 X3 Xy X5 Xe X RHS
X5 -2 1 1 1/5 1/5 0 0 6
Xg 1 0 1 0 0 1 0 1
X 4 0 -2 3/5 -2/5 0 1 4
w -5 0 1 -3/5 7/5 0 0 w-5
b. Pivoting 2
i. XTEEBBS pivoting column B 4F:
1 4
Xy enter:Iz 1;Z= 1 >(-5)-1=-5
. 6 30 4 20 ( 3) 20 4
: = 30; 2 L (2). 22
Xa ENEET 8 3/5 3 5) 73

RASBAMEFEF, x FAN wWERES, FEXELHIN tie, 3]
BEALEFF— pivoting position &
(x4 enters, x4 leaves)

ii. {4 pivoting
X1 X5 X3 Xy X5 Xg X RHS
Xy 0 1 3 1/5 1/5 2 0 8
X1 1 0 1 0 0 1 0 1
X7 0 0 -6 3/5 -2/5 -4 1 0
w 0 0 6 -3/5 7/5 5 0 w
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c. XNMERNFKBW,, =0, BERF artificial variable 7 basis BB, X4

A {& basis £
{x2, %1, %7}
A BFS &

{x1, x4, X3, x4, x5, X6, X7} = {1,8,0,0,0,0,0}
MALIN T AR ERI: x, {1782 basic variable, T x, 2 artificial
variable, PfFIAFRATEAREEE ZH# A Phase 2,

14.Step 3: New Technique, F{11%EFE—FH pivoting position, X—3 A2 L E
simplex algorlthm Y objective-improving pivot, R wWEB2R%EF 07, AEEFRF
Kw, X—H REH T artificial variable }5IB 1 basis, ®&FirAEE

a. FA{1# % problematic row (thFtE w,,;, = 05, artificial variable f§AF—
/N row; thEL=Z degenerate basic variable XN row) . ZEIX B2 x, row,

b. XWFiX—77, FAARE artificialvariable 5|, FHTRERS. ZERFIEM,
BE#LE—3F 0 B9 entry i pivoting: 7EIX B8] I

(row x;,col x3) = —6 / (row x,,col x,) = <
XA R {ER—ML pivoting position,,
X1 X3 X3 X4 X5 Xg X RHS
X5 0 1 0 1/2 0 0 1/2 8
X1 1 0 0 1/10 -1/15 1/3 1/6 1
X3 0 0 1 -1/10 1/15 2/3 -1/6 0
w 0 0 0 0 1 1 1 W

o] SRR B iRk s, # Phase 2,
15. ER T ZEARE Phase 11IRE T, XA BBTE basis B A artificial variable — &

£ degenerate basic variable, & 4 Phase 1 3 auxiliary objective &

W = Xq, +Xq, t "+ Xq,,
H A frA artificial variables %Biﬁix >0, N8 Phase 1 XK w,,;, =0, FPA
& 48> artificial variable %Bmﬂliﬁiﬂ’] FrIAME—T]sE2

Xq, = Xq, = " = Xq,, = 0.
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