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F W F ABHIEHE Chapter 2 Computing with Floating Point Numbers
ik HI BN S Decimal and Floating Point Numbers

1. BF=11400% Scientific Notation
a. X7~ Expression
X = +(dy.dy dydyys ) X 10°
where d; are integers, 0 < d; < 9, with d; # 0, and e is an integer exponent.
b. Zfj| Example
x = 1.9652 x 10°
2. W RREFRITE: 17 2L Floating Point Numbers
a. 7~ Expression
FI(x) = +(dy. dyds ... d;) X 10°
b. V¥ EEH—YRFE Characteristics of Floating Point Numbers
i. Cannot represent infinite number of decimal digits. A~BEFK 7~ ToBR 17N
i, RiEAX P RestRoR 7R /INEL R R 1] o
ii. Cannot represent infinitely large (positive or negative) exponent. 7 i £ [1]
Rdte 2 BRG], AReAE R ARBE R
iii. Set of all floating points is subset of R. T V% sl HCER 8 T S50 4E R
3. A HAd 2E ] Decimal and Other Systems
a. T#EH|FKRTE Base-10 (Decimal)

d, d
Fl(x) = +(dy. dods . dy) X 10° = +(— + — 4 - +

Tl BTN BT 1 9652 x 106,
Fl(x)="1.9652 x 106 = 9+6+5+2 x 106
"\ _(100 Tor T 10z T 103 T 1o¥

b. AT HARER (K127 General Base B
d, d, d,

FI{(0)5) = +(dy. dyds ..dy) x B° = <,8° ot oy

where d; integers, 0 < d; < ,d; # 0.
c. il Base-2
i EVFENL, HAER on/off switches, iXi&—A> —i#k#| R4t binary or

base-2 system.

d, d d
FlG0), = +(dy. dyds ..dg) X 2¢ = + (—1+—2+ ot )x 2e

Hor, BRI
e d;integers,0<d; <2,i.e.d; =0,1.
o d; #0.
o tRINABETAIEL, determined by number of bits available.
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i, tRRARBTFAE, HggsS8U& AN RZ roundoff error. Lb
Wt Fx = 93.75X ANy, Rt =3, Wfl(x) =9.38x 10", X%
BT B ARG

0.01 0.1

i i i
| | 1 1
0.98 0.99 1 1.1 1.2

d. a5 —3EH ) 516 Decimal-to-Binary Conversion
i. Step 1: 401kl 3770 JyBEHEE o3 A/ NEGES 73 o % T4y,
“Br 2 BUR, WRRAESE o TGRSy, AR 2 BORE, A
HIVE
ii. Step 2: BEHGH B 2 Bk, WPHEAI .
2' 1 7 3 e %1

2 l 8 ﬁ ...... % 0 y iI
2 l 4 3 e % 1
2 l 2 1 eeees % 1 J‘:Jz,-
2 ] D ...... % 0
2 5 QLN % 1 ﬂE
2 2 ...... % 0 §IJ
2 1 e ;%- 1
0
. (173),,=(10101101),
iii. Step 3: /NEGES A T8 2 BB, P HES )V
0.3125
X 2
1.6250 === EBREEHL |
. 6250
> 5 [
1.2500 - EUEEEL: 1 e
. 25 4
X2
5O reeeeees mg{ 0 §]J
X 2
1.0 eeeeeeees HR%{ 1

. (08125) = (0.1101)
e. it S54F =S¥ 4L Conversion of Decimal and Arbitrary Systems
i. Step 1: K@i Hr R R E T RN .
fl(x) = £(d;.dyd; ...d;) X 10¢ = +(—+£+ et dt_ ) X 10¢
ii. Step 2: MR 2By, THE XA EEHHC .

20 |27t 272|273 |27 | 275|276 | 277
30 |371]3%2|33|3*%|3°%|3°6|37

w (N

|

w [N
|

©o| ©
[\S)
|
[
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BARIAS 77329 Qs B B b ) /N 1 85 T b i B o R A7
B, Aa#t—Afr. Hn1/5 = 0.28540 09 2 .

0] 0| 0] 1 1|0 0|1 1|00
20 2—1 2—2 2—3 2—4 2—5 2—6 2—7 2—8 2—9 2—10
20 =1K7F02, HikE o;
271 =0.5K7F0.2, KIS o;
272 =0.25K70.2, KIS 0;
273 =0.125/hF0.2, HILE 1;
274 =0.0625/M10.2 — 0.125, HHKE 1

il ARYEESR, Rt e O E KA, R TR A R R
4. 7 AR /R 771 Floating-Point Representation
a. XUFGEEVF 5% (64 £i2) Double-Precision Floating-Point (64 Bit)
(_1)sign X (1.mantissa) x 2biased exponent (exponent-1023)
i. FF5f7 Sign Bit: 2 63 fir, FoREIES, 0FKRIE, 1 FRRM.
ii. fE%H 7 Biased Exponent: 25 62 {25 52 7, H 11 NRFRIEE

KN,
iii. JEE 4> Mantissa: 25 S1ALEIER 067, FH 52 A7 RA-GE B H A 34T,
RN 43

b. HURE VY S (324) Single-Precision Floating-Point (32 Bit)
(_1)sign % (1.mantissa) % 2biased exponent (exponent—127)
i. FF54r Sign Bit: 1 f7.
ii. ¥8%0 7 Biased Exponent: 8 117
iii. B % Mantissa: 23 £ .
c. FAEEHABRFE RV Finite Range of Floating-Point Numbers: V¥ s H{U ) &K 7~
VO RA A, tHENICEERITE R, N aIREE N .
i. b Overflow: WURBUE R & KME, S, BEREAERILT K.
ii. ¥ Underflow: YEUEAEF BT 0B, 2 TFERN 0, FEELRIEE.

Minimum Smallest Maximum
-9.9 x 10° -1.0x107° 1.0%x107° 9.9 x 10°
Overﬂow: : Underflow : :Overﬂow
-

“Hole” at zero

d. 75 5 00R] R BE 0 {E 38 K 34 K Floating-Point Intervals Increase as the Value
Increases
L I RIAE R BOER R T R B4R BT DA RN A

(_1)sign X (1.mantissa) X 2biased exponent



ii.

e. HLaeks

Zi R

PR, UEEBORR, AP 4R 20 Exponent B BR. HTE
b, HEHGHR S Mantissa CRHF[E 1 REL 1REUEOC, AHATHY
BUERIERS (R AR K. Bk, BRIIBFAEE IR,
BUE 7Y A8 A 2 4% K . Interval between numbers increases as
numbers grow in magnitude.

J& Machine Epsilon €,,: /NI RRFIZE, T8IEITHHLER Bk
1 MERERRI T — MM ZE . HI2 i RO AN A g 4 1)

1.

ii.

5. A Integers

€m = B¢

X T XUFS 7% 5120 Double-Precision Floating-Point, e, =272 =
10716,

LIRS Ny 2752, Bl e, ~ 10726, R RANREIE BN LR
7~ 1.000000000000001 A1 1.000000000000002, HB 4 X P§ AN H 2 7] L
WX TP, PUAEATRIZEIE R 10715, KTHLEREREE . B a0 R 3AT
REFEIR 1 A1 1.00000000000000000, ' A1T2 8] () ZE & 10717, /)
THLERFEE, IHEN S ENTEAEMSE.

a. BHUNE X Definition of Integers' FH TR /mI% A /NG MEUE (RIEEIED,
Al LAs2 signed CAfF%5) X unsigned (EfF5).
b. HFRF5 AL Signed Integers

1.

ii.

1il.

1v.

AR5 HHL Signed Integers 7] AR R IES, FAENIE . 7fETHENL,
i F — 3 H4MY Two's Complement KK 7~ 75
24> FiE Bit Distribution: A £ 5 BH e mhs (R /20 —A00) 8%
HTERTTS, HRMHTERRBER AN X TR —~0:

o 0 R/NIEEL

o 1 FIRHAL.
HU{E Yl Range of Values: 15 & n AL A 75 840,  WEUETE N

—nlgo2n1— 1
fian, i1 8 fiA T EE, LR
—128to 127

Horpr 128 Je FIAMIB R AR HI 018, 127 J2 e KIERL.
ZHEHI MY Two's Complement: 751 3R 7~ 77 A2 18 14 1E B
—RABRAMEIE . It T 4 606 775 54

e 0010,%K/R+2

o 1110,%/R-2 GRUIEHL 2 BYFMD: 2 B —#EHI620010,, BN

1101,, S0 1°M1110,)
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C.

6. Az

a.

C.

JofF 5 B2 Unsigned Integers
i. JCRF 5 %30 Unsigned Integers R RER/RAE RS, RIATRZ A AR

RINFFT o
ii. f74rMC Bit Distribution: JoAF 5 8 E0 (1) B G A7 80 TR n50E, Ftn]
DA BE R B IE ST [
iii. HUE VG Range of Values: A& n A7 G FF 554, WIEETEREIY
Oto2" -1
B, xfF 8 MR A, JEHELE
0to 255

% Floating-Point Arithmetic
SEH 1 Closure of Real Numbers: FT A SEEUFE IS . 980%. L MBRIE
(BEUCLEFRAN) @5 A& 3 ) closed under addition, subtraction, and
multiplication, and division. L2 YL, AFAT P> SERCIE IS IX L3z BAT 2 ) 45
XK FE 7 5 B AN £ 1% Non-Closure of "Double-Precision Floating-Point
Numbers: XUFE B U B AR X Lia L P IFA S 2 B ) . X ERE A
URE £ 57 55 B8 )38 S5 45 TR AT B8 JCIEMBAB I M 7R 9 &g — S XU BV LR
17 U H 1) 2 X Definition of Floating Point Arithmetic
i HF S EEES Closed Set of Floating Point Numbers: [ A% 580z
R IRAE S R R e R B, BTRAGIAN T —ANE
AR TT o AETHE A, RPN BT I ik Rk elfR
VAN, &5 BLBH 2 A N B BRI ()R] DU XORS 2 7 e B8R s A
ii. #1772 Closure Method
o Step I IR EIZH (EL, #ITLhmREisE, A5
VR R IR O
X+y xX—y xXy x+y
o Step 2: ¥ MmN KRR KA EUE B A5 R & N BRI T
GNPV ERESE i & Nk
x@y:= flpp(x+y)
xQy:= flpp(x —y)
xQ@y:= flpp(x Xy)
xQQy:= flpp(x/y)
where flpp(2) is the double precision number closest to the real
number z.
e Floating point arithmetic is inherently approximate.
iii. ¥ A4 AFN Floating Point Rounding Rule: FATE Sefl 445 (7%
HFRN



flop(z) = z(1 + )
B, AEEpfeimis S8, "R Az(1 4+ ), Hhz Rk HEm
REEER, TplZRs & NEF Rounding Factor. FATTH & AARHE 2

€pp
lul < — o |l < epp

7. RZE HI4&#E Propagation of Errors
a. fEHIZE Y, AWM Errors, 437l72:
i. BUE A %% Error inherent in the numbers: 1812 H T & H{E
WA 1A BRRE RS, DR AN ] 38 B () R 22
ii. HEARIZH 5] NHI%Z Error introduced by the arithmetic: X /& #5753t
TR S s BRy,  TA BRRE B N AR ZE T AR B MR ZE o
b. KMEPEHETH Catastrophic Cancelation: 75 THEHLE AR AT, Aol AN 1 X0KS
FEFAE I ] Be 2 S BUR & A FE %



FE=H70 LRSI Chapter 3 Solution of Linear Systems
£k R 4L Linear Systems

1. 277 F2 20 [B] i Recall of System of Linear Equation
a. ZRMET R ANSEFE SLE and Matrix: Linear system of equations can be written as

A.X' —_ b.

A is the matrix of coefficients.
x is the vector of unknowns.
b is the vector of constants.
b. &M FEA HIf# Solutions of SLE

I
AR _.\L!tersect /9"’«‘
No Solution One Solution o0 Solution

i. When two lines are parallel, the corresponding system of linear equations
has no solution because the lines do not intersect.

ii. When two lines:intersect at a point, the corresponding system of linear
equations_has a unique solution.

iii. When two'lines coincide, the corresponding system of linear equations has
infinitely many solutions and any points on this line is equal to the solution
tothe SLE.

c. ZRMIrFELLIFH# Unique Solution of SLE
L XTI, 5 HAFAERH## Unique Solution, U2 1%
TTFEMIRLZ Slope A BE— Lo
ai1X1 + Q1% = by
Az1X1 + A% = by
G an
A1z Az

i, FATTAT P A R SR

e Determinant of A, i.e. a;1a,; — a12a,1 for 2 X 2 matrix, must be

nonzero.
[a11 a12] [x1] _ [bl]
Az1  Gz211%; b,



e A must be nonsingular, one and only one solution.

e Columns of A must be linearly independent. (No column is linear
combination of others.)
A must be invertible.

. FFERIPIRERE Special Matrices

1.

ii.

1il.

1v.

AL SE % Tdentity Matrix

()

All entries on diagonal are 1.
Any matrix multiplies an identity matrix is itself.

FH B Zero Matrix
0 - 0
o:(; )
0 - 0

Any matrix multiplies a zero matrix is 0.
Xt A HE FE Diagonal Matrix

a;; 0 O
A= ( o =~ 0 )
0 0 au,

The only non-zero entries-are at diagonal and matrix is in square.
N =M% Lower Triangular Matrix

1 0 0
A=12 4 0
3 56

The portion above the diagonal is only 0. We can use forward substitution
to get the solution of Ax = b, where 4 is a lower triangular matrix.

1 0 0\ /% 1
2 o)) ()
3 5 6/\X3 3
1E M4\ V2 Forward Substitution:
1x; =1 x; =1
TATR oy B AN 2x1 + 4, = 22R1F Fx,, FFAREEAT Flxs
= %5 % Upper Triangular Matrix

1 2 3
A=(0 4 5
0 0 6

The portion below the diagonal is only 0. We can use backward substitution
to get the solution of Ax = b, where 4 is a upper triangular matrix.

All entries are 0.



ii.

1il.

1 2 3\ /% 1
0 0 6/ \X3 3

i A4\ 7% Backward Substitution:

6x3 = 3 x3 == 0.5

TATHR x5 B N4x, + Sx3 = 2R3 8x,, FHFARLEAF 3, .
2. fRZVEJTFEZ Simply Solved Linear Systems
a. WA EEYE Backward Substitution Algorithms

i REERIMNCL15 28— REF # % (E =M Upper Triangular
Matrix), FATA PU#EF MATLAB (38 m AN 1 Backward
Substitution Algorithms >R 3K fif Hi 45 5
N R 5 17 553 Row-Oriented Algorithm 147 75 [ #.9% Column-
Oriented Algorithm ] MATLAB {4475

| Row—Oriented | Column=Oriented |
Input:  matrix A = [a; ;] Imput:” matrix A = [a: ;]
vector b= [hl] vector b = [h_]]
Outpnt: solution vector & = [24] Output: solution vector @ = [x;]
for i = n downto 1 do for 3 = n downto 1 do
for j =i+ 1 ton z; = bjfa;;
by := by — aam; fori=1toj—1
next j by = by —a; jx;
T = by next i
next i next j

B W) 52 Row-Oriented Algorithm: MR £ J5 —FI I 4718 513t 47
SOBEIPN S| E 9117 o =970 VAo 8

Step 1: \igJa —#JF46, HHx,. tol,
X —
(6 96)=(3)
TEIXAERE S, BATE S =5 Fa,, =3, XK
b, = 3.
2= =3 1
Step 2: B MIHT, HEZFE 5. X T8—FFHEE N G Db
BEAT SRR
bi =b; —a;; X x;
tean, BEEZIZE—5], WMEE—1Tay, =4, MARMb, =
-2, WHERWT



o Step 3: FIHEF—FIHAT, TFER R L,
b, —4
:;‘1 - =
iv. 4777 M %35 Column-Oriented Algorithm: MK B ) i f5 — AT T 4R 7] IR
ITACEE, RE—AT M AT O 2 M B Rt 5w R AT R A3

o Step I: M\ —1THF, THHx,. thin,

3x2:3 x2:§:1

e Step2: [ E—47, FHCHPIx,, FHx,_,. o,
4x, + 2xy = =2
x, =-—1
b. W EARNIE A 4T Backward Substitution Cost: 25 EnxX nFifE A, AT
W™ AR EIRVE L R A ERVE B AR
i. LI Multiplications

x1 ES _1

nn—-—1)
2
ii. 9% EL Subtractions
nn-—1)
2
iii.  FRVEIREL Divisions
n

3. KEMITEEL Vector Norms
a. KEJEEITER Properties of A Norm of v, i.e. ||v]]
i. 4B Non-Negativity: ||v]| = 0 for all vectors v € R, and : ||v|| = 0 if
and only if v = 0.
ii. =A% Triangle Inequality: ||v + wl| < [[v]| + |Iwl]| for all vectors
v E R"and w € R™.
iii. 7F P Homogeneity: ||cv|| = Ic|||v]| for all vectors v € R® and all
scalars c.
b. KEM=/1V5%# Three Vector Norms
i. ZM5WIFE 5 Manhattan Distance ¢4

n
Il = gl + [l 4+ el = ) il
i=1

ii. KXJLHE 5% Buclidean Norm £,

n
||x||2 =\/x12 +xZ+x5+ -+ xE= (fo)

i=1

N =

10



iii. 555 % Infinite Norm £, [7) &8 2 70 2 406 HE 1 B KR -

|Ixl[, = max{|x;[}

4. FFER)EEL Matrix Norms
a. FEFEJEELIITE T Properties of A, ie. ||A||
i. JEFYE Non-Negativity: ||A|| > 0 for all matrices A € R™*™, and : ||A|| =
0 ifand only if A = 0.
ii. =MA% Triangle Inequality: ||4 + B|| < ||Al| + ||BI| for all vectors
A, B € R™™,
iii. FFUME Homogeneity: ||cAl| = |c|||Al| for all vectors A € R™*™ and all
scalars c.
iv. HAhME R Other Properties:
o FHPEVLELE M EJUE AKX R Relationship between Matrix
and Vector Norms
el = a1l
o PHNHEREAH IR FIVEEL The Norm of the Multiplication of Two
Matrices
i1 < il ]
b. F 53 Frobenius Norm: F [ H Bl f oo 2 BO-F- 75 FHEF 5 i

c. S0 Induced Norms
i p=1,8KFFIEE, %Xﬁ%ﬁ@ﬁﬁﬁﬂquﬁ%?@ﬁﬁﬂE‘J%jﬁﬁo

141], = flgﬁ;lz jay|
i, p=oco, BAATREH, EX%%%%%%*E%%%%ﬂ%WﬁEO

HML=Q§§]%I
iii. p=2, WEE, ® X~ A SVD \ﬁfr): ()5 KA oy
||A||2 =0
. Z514% Condition Number
i. 250 € X Definition of Condition Number
x(4) = [1Al] - [la7]]
XPT 2-ud, HATLLRRN

11



ii.

iil.

k() = |14l - Jla=1), = >
n

Hroy it A SERERIERRAT B, o 2 0 H /N a7 2 AH
AU X Meaning of Condition Number: k(A) 75 BhIRATT I Wi ke B 7
SKf# Linear System B 1) R U .
[Ix — 2| < k(4) M
11| 11|
an b2 A B
e The larger the condition number, the more the error is enlarged.
e Even if the residuals are small, the error can be large if the condition
number of the matrix is large.
R A H FERT 25 FE Well-Conditioned and 111-Conditioned Matrix
e If Ais well-conditioned, i.e. k(A) = 1, small r implies accurate X.
e If A is ill-conditioned, i.e. k(A) is large, A is nearly singular and
small r does not imply accurate X.

5. LU 43fi# LU Factorization

/4
a

. & X Definition: LU 73l — N 77 B A 53 it 9 WA HERE ) e R

A=LU

Hr L& —ANF =ZMAHFE Lower Triangular Matrix, HXF AR N 1. U
&— A =A% Upper Triangular Matrix .

b. PE Steps

1.

ii.

iil.

1v.

Step 1: iz H =31y 70i% Gaussian Elimination 155 FEAY 7 B3 FE2 R [
Row-Echelon Form (REF). i&{FE, fEALHEEEH AR AT, i
FEFE R REF JE i 2 = UERE (=A% FF Upper Triangular Matrix) .
Step'2: 1E_FIAE R FEAL R K REF 5 FERIERE R, 10T A FIV)4E
1748 #: Elementary Row Operations (EROs)»P . FF- 4 —20 ) ERO 7
P BN, FHE—A™ Identity Matrix [, JEHEL Elementary Matrix. A J1
B ilA JLA Elementary Matrices, 739 ZE, E; ..o
Step 3: ¥ Jfif Elementary Matrices A% i H 1055 [% Inverse Matrices. R
T EHEER T Identity Matrix 2 4P 0T 70 25748 A HAH I BCRP T
Step 4: @it N AXKM L HE CF =MHFFE Lower Triangular
Matrix ),

ETYE;YEZYE;Y LE; =1L

c. A—FIIEIFE LHRE Another Method to Compute the L Matrix

L.

Step 1: X1 A JEFES] U 5EFE, FRATAMLHME——4 ERO #47, R
“Replacing R; by R; — kR;” HARIEL > j

12



ii. Step2: IRAEFATE—“Replacing R; by R; — kR;” 1 [1] k {H K455 L3
8

iii. Z&f5] Example:

2 2 3
5 9 10
4 1 2
WeuseR2=R2—§R1(k=§)
2 2 3
5
2
2
Weuse R; = R; — 2R, (k = 2)
2 2 3
0 4 >
2
0 -3 =4
WeuseR3=R3+zR2(k=—z)
2 2.3
0 4 >
2 |=U
\ o 17
8

At this point, k=5/2 is used to form a, 1, k=2 is used to form as ; and k=-
3/4 is used to form as ,.

1 0 0
> 1 0
L=]|2
2 31
4

d. M4 LU S il oK i 2 14 77 F24H 1 % Solving the System of Linear Equations Based
on LU Decomposition
Ax=b LUx=0Db

LetUx =y

Ly=b
We use forward substitution to solve y.

Ux =y

We use backward substitution to solve x.
6. B> FIuE HE JCiE A PA=LU 43 f# Gaussian Elimination with Partial Pivoting and PA
= LU Factorization
a. € X Definition: 7EHEAT B HivE oy, WEREHAT TATAS g E, AT LK
KHFE I A #4068 — S B #5554 Permutation Matrix AR R ) LU 43 -

13



PA=LU
Hrr P2 B #55 fF Permutation Matrix, ‘Bid3k T AT #IEEE. LE2—1F
— ¥ Lower Triangular Matrix, HXfALTRZW N 1. UR—DLE=MA%
[% Upper Triangular Matrix .
FAt4 B Ad FHER 4> 6 Why We Using Partial Pivoting?
i. Avoid Denominators of 0. If the main diagonal element of the current
column is 0, then eliminating it directly will result in a divide by 0 error.

ii. Avoid Too Small Divisor. During Gaussian elimination, if the element on
the main diagonal is very small, using it directly for the elimination
operation may lead to unstable values or even overflow during the
calculation.

iii. Improve Numerical Accuracy. Partial Pivoting can reduce the rounding
error introduced during Gaussian elimination and thus improve the accuracy
of the solution.

iv. Prevent Matrix Ill-Conditioning. For some ill-conditioning matrices,
direct application of the Gaussian elimination may lead to highly inaccurate
solution results. Partial Pivoting can improve the situation.

DI Steps
i. Step I: FEH—%rh, FHEMRLEER KW TCRER il GEHATE
), YERNFETC Pivots H4ATAR N FHE Identity Matirx J¥ f & A
[% Permutation Matrix 1 »

ii. Step 2: &M E W Ci% Gaussian Elimination ¥ 55—4%1% 7 3¢ Pivot
ZANRTEER AL 0.

iii. Step 3: FAIFFLIRIELE —F. KIHTELRIELEXHME T RRT RN E
JG Pivet (s FHATAEH#) . #4478 Heth N H7E Identity Matirx J& Rl E
}E B4 Permutation Matrix 2.

iv. “Step 4: iz =717 7614 Gaussian Elimination ¥ 55 — %1% | % JG Pivot
ZANRTCER ALK 0o

v. Step 5: PABLZEHE, FAVER T PA W U HFE (=M% FE Upper
Triangular Matrix) .

vi. Step 6: EiRE i 7612 Gaussian Elimination i A2, FRATKIH &5 3
] Elements Matrices fll Permutation Matrices. 175 244 Elements
Matrices 1 Permutation Matrices H I FI T >R 15 L AERE .

P =P,P;
L =PCE—MHILA E/P FEFE) "1 CGE ANHBL E/P JEFE) 7T ...
. MR¥E PA-LU 7 fift SR A 26t 7 24P f# Solving the System of Linear Equations
Based on PA-LU Decomposition

14



P(Ax = b)
Let PAx =Pb=d
Now, we have
PAx =d LUx=d

LetUx =y

Ly=d
Slove y.

Ux =y
Slove x.

7. FFIHTH 73 f# Cholesky Factorization
a. & X Definition: —n X nfJHEE A & XTFRIE 2 ) Symmetric Positive Definite,
2 HACH AT LA N
A=RTR
Hr, RZE—A L=/ FE Upper Triangular Matrix, - 35 H =X} 28 e R N IE
b. XFRIEEH FE Symmetric Positive Definite (SPD) Matrix
i. XFRM: Symmetric
A=AT
ii. 1EEME Positive Definite
e Jjik—: All its eigenvalues A is positive.
o JET:
xTAx >0 Vx€R"
xTAx=0 & x=0
c. B B HK Steps of Cholesky Factorization
i. StepAd: W€ HFE A ZXTHRIEE I Symmetric Positive Definite.
ii. .Step2: #fis€ R B B =MHAFERTE X

711 T2 Ti3 1 O 0
R=|0 1y 13| RT=|r, n, O ]
L0 0 733 T3 T3 T33
iii. Step 3: 5HRTR
[ 1 11712 11713
RTR = |ry 1y, r122 + 7'222 T12Ty3 + 122723
114713 TigTis +Taolaz T 15+ 1

iv. Step4: SFEFE AR NI EE, MRREH, BN, ERTEA
AR, EHAPIR, BOER.
d. HR¥E Cholesky 7l =R it 4 14 77 FE 4L 1) fi# Solving the System of Linear Equations
Based on Cholesky Factorization
Ax=b RTRx=0»b

15



LetRx =y

RTy=b
Slove y by forward substitution.

Rx =y
Slove x by backward substitution.

8. QR 7% QR Factorization

a.

b.

C.

€ X Definition: XfJ—m x nffFEFE A, 7T LLRFE 7N PIANERE Q F1 R
A=0R

Q & — M IEAHiRE Orthogonal Matrix; R A& — =M% Upper Triangular

Matrix .

IEAZHiR% Orthogonal Matrix

Q =191 92 - qnl
1,ifi = j
T _ )
a9 = {O,ifi * ]
QTQ =1

HE QR 7 fif K i et 77 FE AL f# Solving the System of Linear Equations
Based on QR Factorization
Ax =b QRx =0b

LetRx =y
Qy=b y=Q"b
Slove y.
Rx =y
Slove x.

9. A F{E 7 f# Singular Value Decomposition

a.

€ X Definition: % T —MEEFIm x nHifE A, #FRAES# SVD K H N
=AMERE IR

A=UzVT
U &2mx mIERFEFE Orthogonal Matrix, V j&n X n1E3Z %6 [ Orthogonal
Matrix. Trem X nff%] %54 Diagonal Matrix, HHXTAZL ERICEN AW

# 718 Singular Values.
og 0 0
= ( 0 o, O )
0 0 o3

Hg, >0, = = 0, > ONFEFERN A IEE AT F1E Singular Values, r &% [F
A ] Rank.
R4 SVD Fr RS TTFEA BIf#E Solving the System of Linear Equations
Based on SVD Factorization

Ax=b A=UXVT

16



We have

LetVix =y
Slove y.

Slove x.

UsVTx = b
UT(USVTx = b)
UTUSVTx = UTh
SVTx =UTh =d

17



FE DU fZRHLE Chapter 4 Curve Fitting
Z W 3% {E Polynomial Interpolation

1. % X Definition: £ Iiz{{fifE Polynomial Interpolation [ H bRl & ks LI & AT 45
SE M R FATTAS BB — D2 IAp (x), %2 WS4 M
(e, f) AL 2P () = fio

a. Z I BRI £ Ti4di{E Order of Polynomials and Polynomial Interpolation:
I 5 2 R B (BN, nfir 2 el n + 14050, JATATEL
BRI A 22 T RS G 1t 22 0 P A ) 308 R

b. ZIi=UdG{E 5 f/N 3% Polynomial Interpolation and Least Squares: X5 —
FILE (bbb 35 A, G J5 T UL s L, (HIFATE
SEATERL PR A, 1 2 TR B A SR G sl e .

2. Z Ui E 1 ME— 14 72 2 Polynomial Interpolation Uniqueness Theorem

a. EHLWNZ Theorem Content: When the nodes {x;}) s are distinct, there is a unique
polynomial, the interpolating polynomial py (x), of degree N that interpolates to
the data {(x;, f;)}}",.

b. EELE X Theorem Implication: 7EH1 A EAHITER T, BRI H N HF—
A2 AT PUER BT B 8dE B, XORE VARESS R E . BT, 4F
N+ AN A A RO, AR —— NIR 2 T AE 8 e i E X 4L .

¥ 2 WsiE{E Power Function Polynomial Interpolation

1. & PR %2 UiUHd{E 2514 Power Function Polynomial Interpolation Conditions
a. Condition 1: BEAHEME 2 (x;, [;) LA R 27 € I 2 IUE . XEWERGES
Ty () LEREA 2, A B HB L T £
b. Condition 2: Jfi{H 2 W\ RIE AN
pu(x) = ay + a;x + -+ ayxM
E— MM RZHMARIEN, Hhag,ay, .., ay 22 WK R
2. W PREUAE{E )7 FE RSt Power Function System of Interpolated Equations: X -5/
8(Xo, fo)s oer (X, frv) > FHAE 22 TR 22005 2 LT 7
Pu(xo) = ag + ayxo + -+ ayxy' = fo
pu(x) = ag +a;x; + - +ayx! = f;

pu(xy) = ap +a;xy + -+ aMxII\‘;I = fn

KT RERIL T 2 AL EEN 40 58 [0, AL A6 GBI B [ £ o
3. WHAT AT R e A1) 2 T3 E How to Do Power Function Polynomial Interpolation

18



a. Step 1: IRAEH A AT HRAEAE Al ARG 5 80D BeH Wi 8 2 T 2 A
B (ZIAXBEO . S E 15T 2T br
b. Step 2: B E KX Mp(x) = f;, BEHIHERG T
c. Step 3: FATA LUEFE Mok in L RS0 8E, B— ANt iRA. 4
HRG T HER] LLE s R, B
Pu(xo) = ag + ayxo + -+ ayxy' = fo
pu(x) = ag +a;x; + - +ayx! = f;

pu(xy) = ap +a;xy + -+ aMxII\‘;I = fn

A LAR AL
1 xo x5 .. xMra1 [fo
L ox xi ooxf || f.1
1 x;v x;v x;’\‘,” ay L fn
o, e AT FRYRE R Y i Vandermonde Mateix, 1E/E Vo
1 xy x5 x)
y=|l % x12 x.{”
1 x.N x;v x;’\‘f_
d. Step 4: 1@ ﬁﬁéﬂéTg’?ﬁﬁéﬂﬁ’)ﬁfiﬁﬂj?ﬁao,al,. ay, HEHRERIINZ
T

4. =) Example: B =4 5(1,2),(2,3), (3,5). R EN— A2 IR IX =455
a. Step 1: Nodes are
(x0,f0) = (1,2), (x4, f1) = (2,3), (x, f2) = (3,5).
We need a quadratic polynomial to interpolate these three points.
p(x) = ag + ayx + ayx?
b. Step 2::Now, we can create the System of Interpolated Equations.
When x5 = 1,p(1) = 2
a,+a,(1) +a,(1)?2=2
ag+a,+a, =2
When x; = 2,p(2) =3
a,+a,(2) +a,(2)?=3
ap + 2a, +4a, =3
When x, = 3,p(3) =5
a,+a,(3) +a,(3)2=5
ap+3a, +9a, =5
c. Step 3: Now, we can create the SLE that contains Vandermonde Matrix.
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1 1 17[% 2
1 3 9lla: 5

d. Step 4: Via solving this SLE, we can get
1 1 1 1
Ao =2,a; = =5 p(x) =2 —§x+§x2
5. 2 Wi Ad{E ME— 14 JAIE B Proof of the Polynomial Interpolation Uniqueness: 1iFBH 22 1
I A ME— 1, TR Hxg, x4, .., xy BAFH[FRS,  Vandermonde [ 2 AT,
BPIE B AT 215X
det(V) # 0
Vandermonde % [ {147 51 2URT PLE 7R
det(V) = X; — X;
EAMTHI e S AE X, X, ..o, Xy I ZE TR
U IR e i HOE B A E B, B Ax; —x # 0K B — X i M AR SL, it
det(V) # 0. IXEWK#H Vandermonde Hif% & Non-Singular, Fff LALLM 77 F22H A ME—
fiff o

WHEZHANFEE RSP HER Newton Form and Lagrange Form of The

Interpolating Polynomial

1. 4% X Newton Form
a. P E 2 03X Newton Form of the Interpolating Polynomial py (x) 7] A5 A%
LIPS
Pn(X)= by + by (x — xo) + by (x — x0) (x — x1) + -
+ by (x — x0) (x — %) . (x — xy_1)
X B b, by, v, by RFRAT 75 EE 0 1 R
A= 2 551 7 Newton Form FIIL 52 AT DATE SRS INHT 3040 s iy, AR S8 3
— I, AT EE R EEA 2 0
b. 1#1H 2% 1F Interpolation Conditions: U1 5E R b,
i. Condition: 2 T xUAE & MFE e, B ASEEEE 508 2 ) R BB -
. x = xolf, py(xo) = bo = fo, BIRE bW ZE — A S R EUE
i, Hx = x, 1, A B RIE X
pn(x1) = by + by (x1 — %)
WIZ TR KR f# D, -
iv. DUHSEHE, SRAGFIT I SR

20



C.

FUEE A E Algorithmic Complexity: >RAFIX L RE T WITHE = (flops, Rl
TP RISERED a2 WA N RGN DIN2 K. X ERE Y
Z WA IRBECRS, TR IR 2 A NG

2. 2 TR AR 2249 Example of Finding Newton Form of the Interpolating Polynomial:
fFH(2,88), (8,81), (4,88), (5,88), (6,87)iX AR TR A2 W2

a.

b.

Step 1: #i € b,
(%0, fo) = (2,88) by =f, =88 p(x) =88
Step 2: A AR (xy, f1) = (8,81), RAEIHE S, LI AEx = 84LH)
HUH 2 81,
p(8) = by + b1 (8 —2)
tL%1b, = 88H1p(8) = 81 A 7 2

7
81=88+b;(8-2) b =—¢

Step 3: WA = R(xy, fo) = (4,88), WIBEFHERL, ZWfEx = 44400
H{E 2 88,
p(4) = by + by (4 —2) + by (4—2)(4—8)

88 = 88—%(4—2) +b,(4—2)(4—-8)
7
bz = _ﬁ
Step 4: AT ANZE YA K (s, f5) = (5,88), MRAEFE NI, ZIAAEx = SALH
HfE =2 88
p(5) =by + b, (5=2)+b,(5—-2)(5—-8)+b3(5—-2)(5-8)(5—4)
88 = 88—%(5 —-2) —%(s —2)(5—-8) + bs(5—2)(5—8)(5—4)
7
b3 = _ﬁ
Step 5l N BB LA Kl(xy, fo) = (6,87), MRAEMAEFM, ZIAlEx = 64LH
O H 2 87
p(6) =by+ b (6 —2)+by(6—2)(6—8)+b3(6—2)(6—8)(6—4)+ b,(6
—-2)(6—8)(6—4)(6—-5)
b = 23
7 144
Step 6: Al AR gl {22 Wi I A R 1A 0N

p(x) = 88—%(95—2) —%(x—Z)(x—S) —%(x—Z)(x—8)(x—4)

23
+m(x —-2)(x—8)(x—4)(x—5)

3. Hutk B H A Lagrange Form
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a. itk H i 2 0120 Lagrange Form py (x) FIZRIEA
pn(x) = foto(x) + f1f1(x) + -+ fyfn ()
HA, fo, fu oo fure fAE S BREE s £0(x), €1(), ..., €5 () 2 FUA% B H 22 2R
# Lagrange Basis Function.
b. Hik%BH H 3R %L Lagrange Basis Function

_ (x —x;)
. (x) = AL (e — xj)
i. ZH] Example: %125 5€ M) T4 23(2,88),(8,81),(4,88),(5,88),(6,87),
LAAT ALY 32 25 PR B () o
o Step 1: HITHik& B HHAE 2 UM folo (x) 146, W IRAT 2
THRBfL,(0) . Bk, AT EHFE AR, 202
€o(x),€1(x), €2 (x), £3(x), €4 (x) -
o Step 2: MNP ERFN. LR OIRIE. TR HLanxt
Too(x), SEFRA A, = 2.
2, () :x—8lx—4.x—5.x—6
2—-8 2—-42-52-6
HIRTR €0 (x), MRIEIZITVER B — R R 2
o Step 3: iRFEHEMHAEAX, FHEZIHpx).
il Pk% B H 2 pR L1 14 57 Properties of Lagrange Basis Function
o TR EHIE A Nodes x; b, Pk B H JE o8 £ 2
te=x)={s ;)
o ZMEFUIRIESEE 2 W p(x) fEx = x 4L, RIS R A,
I AN S 3 A B s RIS

PIHE RZ W Chebyshev Polynomial

1. PIE R Z 0 Form of Chebyshev Polynomial
a. ZIixUid{E B 3 General Form of Polynomial Interpolation

n

pn(x) = agpo(x) + a;py (x) + -+ apPp(x) = Z a;p;(x)
i=0
Hora, 21510 K REG ¢ ()22 A K %L Basis Function. M{EIXH,
FAVE VI S5 R 2 TG 5 o B T (o) 7E 18
b. VIS K2 Wi i3 K 3L Basis Function of Chebyshev Polynomial
Tj(x) = cos(jarccos(x)),j = 0,1,2, ...
i BT T R 2 IR i ) B AT 2
To(x) = cos(0 - arccos(x)) =1

22



T;(x) = cos(1 - arccos(x)) = x
T,(x) = cos(2 - arccos(x)) = 2x2 — 1
i, VIHLE I R E 138 )9 52 X Recursive Definition: 15 F i — > 2 Wi =01
22 KA G — 2 i
Trin(0) = 26T (1) = Ty, (),) = 12,
iii. Y ELE e 22 10 20 3 pR #1 5€ I Domain: %FF /£ & j K] Chebyshev
Polynomial Basis Function, JLE(#E xS0 F X 8] [—-1,1]. Wif
Bt r T HAh X T8], W[, b], W7 LA 48 0K ot s 21 (- 1,10
c. VILLEHE RLZ I KM X Example of Finding Chebyshev Polynomial: 1
(—1,-1),(0,-2), (1L,3)RX =Rk F R T KL 0.
i. Step I: X FABH, xo =—1,x; =0,x, = VEFEX [AI[-1,1], BEA
i E IR
ii. Step 2: f# = Chebyshev Polynomial Basis Function, K[!
To(x) = cos(0 - arccos(x)) =1
T, (x) = cos(1 - arcecos(x)) = x
T,(x) = cos(2 - arccos(x)) = 2x% — 1
iii. Step 3: Hiip(x).
p(x) =ag+ a;x + a,(2x%2 — 1)
AT ER M L g, ag,az0
iv. Step 4: FEHE £ Ap(x) -

Yx = —1K},
—1=ay+a;(-1)+a,2(-1)?-1)
ap—a; +a, =—1
Px = O,
-2 =ay+ a;(0) + a,(2(0)?2 - 1)
ay—a, = —2
Hx = 14,

3=ag+a,(1)+a,(2(1)2-1)
ap+a;+a, =3
v. Step 5: BIFE& M T EAM Hay, ar, azo
apg—a; +a, =—1
{ Ay —a, = —2
ap+a;+a, =3
2. YIS 5K AL Chebyshev Points
a. & X Definition: ¥J 5 K &1 Chebyshev Points i/ VI b 55 Kk 2 Wil 1 E &

Chebyshev Polynomial Zeros x;, ] PA#E A a1~ AXFKR
2i—1

xX; = cos( n),i =123, ..,n
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XH, nagl HERE S, (RRBINERNHRS . KT T X
[-1,1]A, JFHI I AifEcos(0) I Ff FEVE I .

b. YILLE RS HIER Application of Chebyshev Points: Polynomial interpolation
using Chebyshev points reduces the interpolation error. This is mainly due to the
fact that the distribution of Chebyshev points makes the behavior of the
interpolating polynomial more stable over the entire interval. This avoids
numerical instability that may occur during the interpolation process.

Z MAIHE IR ZE The Error in Polynomial Interpolation

1. fdifH %2 A3 Interpolation Error Formula
fx) —py(x) = %f(lv+l)(€x)
a. ENAXIR 7 2 W Ud Epy o) PR RS () 2RI R 2, HRAAERE
ARk, Al E 2 AN LS R B H R 22 R
b. Wy (x): XN 5Hi1E 55 Nodes AH I 1 BE AL
wy41(x) = (x — %) (x = 2%) ... (x — xp)
%R R IR x 546 Rixg, xq, o, 0y BRSSO AR o 0 S o 2 440 4B A e
W1 QOB SSBROR, TR 2 g B K
c. (N+ DL X2, N2HiE2ICHH 4.
d. fORDE): ERRRES OMIN + 1 S8 FH R, REBCEIHREIR, =
R
2. RZ R K MH Maximum Value of Error: SN T 15 23 E K KRz, FAVEHLL A
&, XA IHE IR %14 5 Polynomial Interpolation Error Bound.

(N+1)
Jmax [ D(2)]

(N + 1)!

max |f(x) — py(x)| £ max |wy,q(x)] -
x€la,b]

x€[a;b]
(N+1)( )
max Z
= |b— a|N*! .ze[a,bllf |
(N + 1)!

X 3R B AE R 22 1) b 552 P A DR 2R R s
a. Wy () FHE SRR (HBlx A E D
b, fN+D(2): BREE R S EI K
3. ®EFEVILES K i Choosing Chebyshev Point
a. N TRATREI/INRZE, 8 # LR Chebyshev fifE AHEIE £ Chebyshev
] DA R PR oy 1 () BIRRAB, AT 50 43 (B (1045 2
b. AE B AE 7 vk A FE AE 25 SR I #ERf 1% Different Interpolation Methods and

Accuracy of Interpolation Results
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ii.

1il.

1v.

Computation of the polynomial interpolating function and its evaluation
can produce error.

%£T Vandermonde %5 [ 1) 2 1 :U#di{E Polynomial Interpolation Based on
Vandermonde Matrix: 5 K] Vandermonde #if%¥<s ill-conditioned. Bl
A RBCE SN, Vandermonde H % () 5 f4%k Condition Number 43
A K, M52 Numerical Instability, FfHIEhN%RZE

Al 1) A5 M Tll-Conditioned Newton Approach: [ifi 5 #fi{H 25 50
[F3G 0, Newton J7 VA EUE 2% H 2 . Vandermonde R 4L 7

Uity s AL FR 48 {E Ends of the Interval of Interpolation: 43R4 17E — AN X [H] N
HEATAGEIN, 388 40 (VR ZE1E X TR) 1) o s Ab B R o 3K 72 DR A4 (B 22 T
T (o) 38 AE X 1A N FE AR AAUNE, GRZERVIN s T4 7 DX TR () P s I
Mo B FE LA I, FEORZE R

c. FHfEIRZM L3 Comparison of Interpolation Errors

L.

ii.

iil.

Vandermonde. Newton. Lagrange J7VAREEn 0, w2 Z W K,
JEHAENKT 60 I, RZE SRR, BUEA TR E TR 2

JERE L% Runge's Phenomenon:. B % Runge's Phenomenon /& $§7E

B 2 AR R, O R A S PR 4G {E A Equally Spaced
Interpolation Points I, [ % #di{E 5520 &E Number of Nodes [J3E /11, $d

18 22 T AR IX TR i b LRI 2L e 5, S BURZEIE K. ZFILR

E X [R] Py v e A B, B iR 22 E E A PR X R i Ak, T X [A] v

A R S R At

=== f(x) R (]
o equally spaced interpolation points; o Chebyshev interpolation points|
— pi) 15 — i)

-5 0 5
0.5

™ N~
-0.5
-1
-1.5

‘— f(x)-p(x) for equally spaced points‘ |— f(x)-p(x) for Chebyshev points‘
) 0 5 ) 0 5

Chebyshev sUNRILH TGt €, BIMEFEn = 1008, RZEMK
SRR
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Z e BB EL Polynomial Splines

1. A FHFE 2% pR 20348 1 R 1R The Reason of Using Polynomial Splines: Global interpolation
often leads to larger errors because it uses a single high-degree polynomial to fit all data
points, causing issues like the Runge phenomenon (oscillations at the edges) and numerical
instability due to sensitivity to small changes in data. In contrast, polynomial splines divide
the interval into smaller sections, using low-degree polynomials for each, ensuring better
stability and accuracy in fitting local data patterns.

2. ZRMEFEZIA{E Linear Splines

a.

o

e

d.

7€ X Definition: £ 125 4di{H Linear Splines #& simplest instance of continuous

piecewise polynomial interpolation, ‘&[4 {EL X [H] L8 FH )& — 2k L2k

WHGEYL, ERFW SR E AR, REEES —Jk HEOER

PR EE M IE 2P Continuity of Function Values: 1X i 5 35 fR UE T 75 46 1 55

Nodes HIME LR, (HiESHTREANES:.

LR VERE 25 )R 1A8 30 Expressions for Linear Splines: #F 5/ {8 X [7] [x;, x;1] L
fO) = fx) + mile—x;)

Hrh, ma2 BRI, XU, E8NYEEXE -, Linear Splines #t & —

S TRT LN LR

5k &5 Disadvantage: Linear splines are simple, but they are often not “smooth”

enough. The use of straight line segments between interpolation points ensures that

the function values are continuous at the interpolation points, but the derivatives

are not continuous, which makes the interpolated function visually crease or corner.

w2 b5t Error Bound of Linear Splines
2

h )
max [ () = S0 (0] < - max [F@ ()|

x€la,b
i %j(i%%xren[%”f(x) — Sin ()| XSRS () linear splines S; v (x)

Z A B R wRZE, W JA 1A AT E R 2

i, XA R 3R 2 4AE 2 (R e KR Y

h = max(x;+1 — x;)

iii. :Bﬁ@%&ﬂ@%jﬁﬁxg%ﬂf@(@|: £ @ () £ R B (o) I =B S5

iv. Error Bound of Linear Splines it Error {5 hfJ38E KmiE K, FFH.
HUGB| ZHr SRR 2w, R R BCEALRIZL, RESE .

3. = IRFEZ&H1E Cubic Spline Interpolation

a.

7€ X Definition: = {XF#£2%3di{H Cubic Spline Interpolation 23K f (x) /& C?[a, b] B
. C?[a, b] Vi P $1E B8 %L Interpolating Function f;(x) & H—Fr. M SHAE
AKX 8] [a, b] L A& S continuous. IXM# ¥R T Linear Splines [ 7] &, B[ {#
ilF T Interpolating Function 75 %A [X [8] i)k I &~ HE )
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b. FH{E %1 Interpolation Condition: X T-HEANEAE X 8] [x;, ;41 ], #7436 2 W1
kAT
i. PREUEIZEZME Continuity of Function Values: Xf T8N X [8] Y M i, J
{2 i, Interpolating Polynomial f;(x)7E fix; llx; o b 20155 T B 5K
R EAEf (e ) I (xi41) 5 BY
filx) = f(x), filxizd) = f(xi44), i=01,..,n—1
ii. —Mr SEESME Continuity of First-Order Derivatives: i 1H 2 T 20
Interpolating Polynomial f; (x) i) 5 207 BFAN B s L S0 48
fi (i) = filia(xiz1), i=01,...,n =2
iii. I SEAESEME Continuity of Second-Order Derivatives: $fi{EH 2 Tz
Interpolating Polynomial f; (x) ) ¥ T 2UAE SR 4B s _F L 4L
fi'(xiv1) = fisi (), 1=01,n—2
c. —IRFESRIE{E I Expressions for Cubic Spline Interpolation
f(x) fi(x) = a;x® + bjx%+ cix + d;
Hrhay, by, ¢, di& EZE R E & Nodes SKARFIZAZL
d. WL 244 Common Boundary Conditions
i. HR1A A 554 Natural Boundary Conditions: 15 1% —- B S 2E R 4N 0,
B fExo FHxy A0 A
1) =0,fy(xy) =0
FLOT I8 TR B R oAt i 726
ii. —PMr§:%5 Second Derivative Conditions: 7F i1 7t 538 & — B S50
BARME CZ0URNTE 3L ST R E57E Y I () — e S 88084 mT DA AD
1 (xo) = [ (x0), f' (xn) = 7 (xn)
HEIER REALT, 172 W] LLIL 20 (h*) KRS L o
iii. —MrSE 4 M First Derivative Conditions: 7E14 5% S48 € — M S 80H A
AAE LA 20 T8 L S oR ERLE 19 i (1) — o S 584 Rl LASE D
fi(xo) = f'(x0), fu(xy) = f,(xN)
HA Second Derivative Conditions —#f, @I R, wZET LA
FO () R
iv. dETT S 4 Not-A-Knot Conditions: 75 &85 /MBI — /N5 (Bl
Mxy_q) ZR = S HESE
1 () = 2" 0q), fula(en-1) = fy" (xn-1)
MR AT AN i U I SR A, T ARAE N B R TR . HmT Rhik
M2 E NP1, 1R 2 BAF BN K AE
e. RMEZEWF Example: MR =N Fixg =0,f(xo) = 1L.L,x; =1, f(x)) =
0.9;x, =2, f(x;) = 2.0, HEITIXLL LT, % Cubic Spline Interpolation.
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i. Step 1: IRAFFHHEXE], SHITA KL ()
fo(x) = agx® + byx? + cox + d, on [0,1]
fi(x) = a;x3 + b;x? + ¢;x + dy on [1,2]
ii. Step 2: i# i B BUEZE S Continuity of Function Values #4224~ T
fo(0)=11=ay-03+by-0%2+c,-0+dy,=d,
fo()=09=ay-13+by-12+co-1+dy=ay+by+cy+d,
fi)=09=a,-13+b;-12+¢;*14+dy=a,+b;+¢c; +d;
fiQ)=20=a,-23+b;-22+¢,-2+d, =8a, +4b, + 2¢; +d,

iii. Step 3: JHIL—r FHIESM: Continuity of First-Order Derivatives Fll

¥ S50 ZESEPE Continuity of Second-Order Derivatives #4) 2 P4~ 207
fi(x) = 3a;x* + 2b;x + ¢;
fi'(x) = 6a;x + 2b;
BATFEELEx, = 1, f(xr) = 0.9WRPANZE L1
3ag + 2by + ¢y = 3a, +2b; + ¢4
6ay + 2by = 6a, + 2b;

iv. Step 4: i#id Natural Boundary Conditions. Second Derivative Conditions -
First Derivative Conditions 8¢# Not-a-knot Conditions K4 % i J5 ™
T FEZEHS b, B FEAEE 3R, I HAGE R R %
H oW S8 A AME, [F kA e Natural Boundary Conditions.

f"(xo) = f"(x) =0
2by =0,12a, + 2b; =0
f. TFE RS ME—f# Unique Solution of the System of Equations
i. XTF = IRFESEHEIE Cubic Spline Interpolation, AT BEAEEEAN T X [H]
(PINMEE R D B3 D=k 2T, N 1 RIS 2 T
FHG BATHEE—ANTTER G
i ARBEEATHNADXE, BIN + 1750, AR X[ EFR 245540
(BRI B Z T 3 RHD, Bt — LR AN TR

iii. The system of 4N linear constraints has a unique solution as long as knots
are distinct.

g. RZ R Error Bound

max 1fG) = ps(0)] < Ch* - max |F ()|

i XA AR TEAE 2 A B@%jﬂ%ﬁ/\ﬁ o f(x)ANReal Function, Tfij
p3(x) /& Cubic Spline Interpolation Polynomial.

ii. CA—/ ¥4 Constant.
iil. hZ2tlE S 2 AR H KRNI ER = max |2¢; — xi—1]o

iv. fO )R RBUIGIUB FH, SN R B
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v. MIEE SRR, R ZE 2 DLh2 IR R PRI -
. IR ATIERI R € first and second derivative value B f# ] not-a-
knot cubic splines, Cubic Spline Interpolation %t AJ LA 5¢ 38 L = £ T
s BPHAEILA IS S TR =k 2 T U g 2 A iR 2 11

B/N 3% A Least Squares Fitting
1. AT g FH s — 3 dil & A 2 4 fH Why Least Squares Fitting?

a.

b.

C.

A B TR B %4 Seeking trend in data.
B A 5 vl G I AR Data may contain measurement errors.
25 2| S 40% /) Desire model function that depends on only a few parameters X;.

d. FHBEMPEWHETTFE Construction of function “straightforward and efficient”.

2. w/NT

a.

— 3k Z Uiz € X Definition of Least Squares Polynomial

FME X—MEEMAETEN 20X qy (x), H&— Polynomial of Degree
M. [R¥Ef, 2 LhnE, MARZEZE
qM(xr) - f;‘

b. FATATLLE L —MEZEFEE, BIAFJ71% M Sum of the Squares of Errors, K

C.

Vi How well gy, (x) fits data.

o(an) = {an(e) - £7

WAE, AT LAt — P pp(x), A& Polynomial of Degree M. 4
o(pm) < 0(qu) ¥ qu(x)
AR, pp () BMIR A B/ 3£ Uiz Least Squares Polynomial .

d. JCBE AT Key Points

i. /N Reyk Least Squares Fitting 53381 22 AR L0 1R 2 oy, i /M
2, RIERATE Lo(py) < o(qu) ¥ qu(x)-

ii. /R4 Least Squares Polynomial py, (x)5=4 T i/MIRZEE Eoy, XA
I i IR A E Best Fit”, HATReH IS LA 8L
RAUA Overfitting or Underfitting 1% I -

3. W] F-#R A/ — e £ izt How to Find Least Squares Polynomial?

a.

B Z2 Wi 2 Polynomial Form of Power Series
pu(x) = ay + a;x + -+ ayxM
Hrr, ag, ay, ..., ay ZFRFERIARF REL
1% 7%= BRI 2 Error Function: 1% 7% ¥ B oy /& R T IX LL R 1 R Ba, 1 IR K2
N

o = ) (o) = ¥
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c. W F#a; 150,85 /N? How to Find a; such that g,, Is Minimized?
FEA S AE Basic Ideas: X 1% % pA%X Error Function X T84~ & a; 7 7
KW, HibwSFECN 0.

doy doy doy
a—ao = ,a—al =0, ,m
1IER 7 72 Normal Equations: iX £ S8 FH A RIE K T — ety
2, AR NIER 7 FE Normal Equations. i1 fi# Normal Equations,

AT LIS R L a;, AT HRAMETRZE o

1.

=0

ii.

N N N N
J j+1 Jj+M _ i
aoz xr+alz X, +tay X; —z frx-,j=01,..,.M
r=0 r=0 r=0 r=0
Aa=0Db
N N N
M
r=0 r=0 r=0

N
25
r=0
a N
2, f
=0

N N N '

DRI WA

-r=0 r=0 r=0 - Lr=0 .
Horb N2 Hl s S H08 1.

iii. FFE A 1IIEE 14 A'ls Symmetric and Positive Definite: ffilE 75 /)N 3¢
2 IR e R 22 BN R b R R T B SRAT TS i
e HAZ EH .
d. A A A LR AE 5% /)N 3% Other Basis Functions in Least Squares Fitting
Pu(X) = agpo(x) + ay P (x) + -+ + ay Py (x)
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N

] iqﬁo(xr)Z i¢o(xr)¢1(xr) z Bo () (1)

Z () boCxy) imxm iqbl(xrm(xr) F‘

am
Z b ()0 () i uC)br(5) i b (5,
i fr¢o(xr)-
= ifrq’)l(xr)

Z i ()

i FRATAT uﬁﬁﬁﬁﬂ'ﬂiﬁui& Basis Functions RACE =44, 7 LA
T gy () AT e B ) 2k R, AT D f A B H 2R ek 2k Lagrange
Basis Function. V]G3 KE: K%L Chebyshev Basis Function B{H A .
i, i, BEEEERECECERB, RSN ill-conditioning R BE
SN, RS RAR ] R AR AR E
. Zfil— Example 1: F U5 5.(1,1),(2,2), (3,2), (4,4), il k2Tl
p(x) = ap + ayx-Fax? KA E X LEHHE 1
i. Step L& MRZ KL
N

N
Oy = Z{PM(xr) - fr}z = Z(ao + a1 x, + azxrz - fr)z
r=0 r=0
ii. Step 2: Xfoy*fag, ay, a, AR T, FHiLFE N0, H2] 3 DML

doy >
— = ZZ(ao +a;x,+ax2—f)=0
da,
y N N
4a, + z a, x, z Zfr
=0 r=0 r=0
doy

da,

r=0
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N N N N
aoz xr+alz xr2+azz x;”szrxr
r=0 r=0 r=0 r=0

aaM
—ZZx (ag + arx, + a,x? —f.) =0
aaz

iii. Step 3: ﬁ/ﬁk%ﬁﬂ%iﬂ (Eﬂﬁﬁ)

r=0 r=0 r=0
3 3 ao 3
2 3 —y
r=0 r=0 =0 a;

r=0

3 3
3 4 2
Exr Exr Efrx

4 10
[10 30 100[ ] [ ]
30 100 354

iv. Step 4: KR T FEALBI P 5% ay, aq, ay o
f. % = Example 2: A U4z 5(—1,1),(—0.5,2),(0.5,2), (1,4), iHHEHVIL
E %ﬁ@i& Chebyshev Basis Function SR 51X Le £ i 14 .
i A ERE 2 O
p(x) = agTo(x) + a;T1(x) + axT2(x)
i, IEMRER] LA BUE R A
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i Ty()? Z Ty (e, (x,) Z To (T, (x,)

i T Ge) o () Zn(xr)z Zn(xr)n(xr) Fﬁ)]

=0 a,

=
I
o

T, () To () Z Ty ()T, (x) Z T, (6)?

Z £To(x)
- Z £T06)
i £T206)

EIXE B A, AT PLFIET,,(x) =1, T;(x) = x, T,(x) = 2x% — 1,
X T4 s R BRATARATEEERIT] .
4, IR TR IE AL /7 #2 Constructing Normal Equations by Design Matrix
a. BT Design Matrix: %}~ Basis Function & Power Function HJ1&#%, A LA
B FE V 52 W P Design Matrix, HAL & 50 S T E B XE .

'MZ

3
Il
o

1T xo .. xY
1 x; .. xM
— nxm
V=I[1 x, .. x}Y|,VER
1 xy ... x¥

b. 7 X BRI HFE Generalized Design Matrix: 24 Basis Function A~ 2& 3% PR %,
1T A2 HAt B ES S, FRATTH 5T BE Design Matrix V iy
bo(x)  d1(x1) - Pplxq)
V= ¢0(.x2) ¢1(-x2) ¢n(-x2) V€ Rm

BoCin) B1Ctm) - ulom)
c. MJEIEMTFE Constructing Normal Equations: FATTE I T2 2 @) 52 X
7o (qu) = Xr-olqu () — fi:3%5 ﬁfl‘]ﬁ—f@[@ﬁﬁ:?ﬁ%ﬁ 2-Norm SR#E /R

I Va—f 13= Z (P Cxr) = £

EEHZQ{E%Z 2-Norm Eﬁ?ﬁ%ﬂ£1ﬁﬂ:m£1ﬁﬁﬁ¥ﬁﬁﬂ PRI AT TR BAAS Y
R . He/> i Least Squares Fitting H A5 /& i/ MEX R Z 71, B
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main | Va— f I3
Et s B ask T FEHON 0, 7T LIS 2| IE# U5 2 Normal Equations
MR 2-Norm (23l x ll,= VxTx, Ik
IVa—fl3=WVa-f)TWa—-f)=a"ViVa-2fTVa+ fTf
E%(aTVTVa —2f"Va+ fTf) =2VTVa - 2VTf
WTVa—2VTf =0 = VTVa=VTf
Rk, AT LK Normal Equations 5 AV Va = VT f,
d. ZH Example: A WA £1(1,1),(2,2), (3,2), (44), A k£ ik
p(x) = ag + a;x + ax* RIYEIXEHE A
i. Step 1: # & T Design Matrix A [A] & f .

2

1 Xo Xp 1 1 12 1 1 1
|t moxd(_|1 o2 22fafl 2 4
1 x, x5 1 3 .32 1 3 9
1 x;3 x2 1 4 4?2 1 4 16
fo 1
)2
AP
f:1 14
ii. Step 2: #J & IE# /72 Normal Equations.
ViVa=VTf
1-1 1 1 1 ; 41} 4 10 30
VIv=1l1 2 3 4 1 3 9=10 30 100
1 4 9 16 1 4 16 30 100 354
11 1 1 ;
Vif=11 2 3 4 5
1 4 9 16 L4
100” =
30 100 354 91

iii. Step 3: fi# I J7 72 Normal Equations.
5. QR 7 fiftfirt i/ — i A 8 QR Decomposition for Solving Least Squares Problems

a. N4 QR 4 Why QR Decomposition: U1 V 72 ill conditioned 1], 7]
RERREVTVa = VI FRIRZEFTRESIG K. XA, FATITLMEH QR 4
fift K fi# P& Least Squares Problems.

b. @A QR 4% How to Use QR Decomposition:

V = QR

Q € R™™ is orthogonal; R € R™™ is upper triangular.
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PRI, FATTAT B I g an T X7~k A2 AH A% Normal Equations

Ra =Q"f
TERME R, BT VARFME, XFH T R WIFIETT FER R,
NTHERIERE, RATRFEEZER FHKIm x mi Ry, FHRFE
ZREQT FIURT m Il I IXFE T VRIS I . BARHESERET:

[IVa - f1I5= ||1QRa — f1I5

= [|Q"(QRa — NII5

= [|IQ"QRa — Q" |5

= ||[Ra — Q" fIl5 i

of [FSLEH

= ||Rma — bl|5 + Ic|l3
TATAT LGB QR MK | |[Va — 11254 M| Rma —bZ+ |[cl)3. HHR, 2
— A m x mFFE, bQT FIFI mIi, c&FRTl. 18 BARTHE RS-t
FEH, AT LLERE || |33X — T
. & Example: A VD HE £ (1,1),(2,2),(3,2), (4,4), i 18 — & £ Wi 1
p(x) = ag + ayx + a,x? KAUG X L HHE 55

i. Step 1: # & T Design Matrix A A & f .

1x0x§ 1 1 12 1 1 1
v |t xf:1222‘:l12 4
1w, x5 1 3 32 1 3 9
1x3x3% 1 4 42 1 4 16
;0 1
1 2
=172
f3 4

ii./“Step 2: £1'%F V #47 QR 7

iii. Step 3: 1FHQTf, HHLREAT 31T. XT R, AR HI x 3/5FEM
I

iv. Step 4: R#ERa = QTf, KffEtha.

FH I M550 Chapter 5 Differentiation and Integration

4> Differentiation

1. N2 A FHEE T 7 — 4~ J7 72 Why Differentiate A Function Numerically?

. Derivatives may be complicated to determine analytically.

b. Function may not be explicitly known.
2. T4 HIkRUHERE X Formal Definition of a Derivative
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a. T4 113RIA A Expression for Differentiation
roon i ST R) — f(x)
o0 = fim

E L A, RS (x) &2 Differentiable, H.f(x) defined in interval centered
at x.
b. WfAT7E MATLAB #1i%&+h How Do We Choose h?
i BEUb R ZE B TR Z Discretization Error or Truncation Error: iX 44153
ZBEE RN TN . W R R B A et (BR300 &
B HEEs), A BhI Sk )N, Discretization Error t£3i/]N,
Rk, fEEw b, BAIGERIITRESE /N, CAB/IMRZE
ii. KAMEPEEUYE Catastrophic Cancellation: {H&, & MATLAB ', *hiEH
NI, BUE VA 252 3] Catastrophic Cancellation PRl . K1,
SEPR_E /NI h 2 51 R U IR R
iii. ANfTEEPE How to Choose: *hiE/N T /en Bl & Ni%Z Roundoff Error
TG 5 AL . DR, RSB DRATE R L FE K Discretization
Error, JZIf< AW Roundoff Etror.
B [\ 22 43V A0 J5 [0 22 4374 Forward Difference and Backward Difference
a. HI[AZ 437 Forward Difference: Forward Difference 5t /218 FH f (a + h) 1] Taylor
Series Expansion #Ef3f’(a). %7 Taylor Series Expansion, FATHRE 2| —
IS8

hZ
fla+h)=f(a+hf'(a) +—f"(¢)

R, FRATAT DAdESS
+h h
f()—f(a })l f(a)__fn(f)
Hry —f"(f)xEél%%Iﬁ, FHor#k 7 EERZE . X TR R Z 4% Forward
Difference, FATAMHf(a + WA f ()78, HIRERELZOM).
B 7] Z /3% Forward Difference it A 0N
£(a) ~ f(a+h) —f(a)

b. JG R %437k Backward Difference: Backward Difference #ft & H f(a — h)
Taylor Series Expansion #£453 f'(a). X} Taylor Series Expansion, FA']1H R
B =P S

hZ
fla=h)=f(@)—hf'(a) +=f"()
DAL, FRATTRT DAHEAS
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— —h) h
fia)=TOTETD Py
Hor, SF@ R, JEHTUR T R B M TR W25, Backward
Difference, FATAMHf(a — WA f(a)#EATiER, HiREREWZOM).
J& 1] £ 431% Backward Difference [t t1/A X
~f(a—h
= (@b

c. R HLIL % 37k One-Sided Difference (Higher Order)
i. Z A1 ZE 4} Previous One-Sided Difference: X2 Al Y One-Sided
Difference, FATHALH f(a + h) B f(a — AT 1H, Wk EEa
BB AL ()5 W 24> Backward Difference) Y 411 CHI [A] 2 47
Forward Difference) HX—"h, A T —4 5, X ADITVERRZ 2
0(h).
ii. ML 75401 One-Sided Difference (Higher Order): FoAI 148 ] T #.34
A B K RRIEALS (@) o X T B AU P AN R AT ABL, % 22 K 2 72
0(h?).
o =M HETIM Z /A3 Higher Order Forward Difference: [ 1 5

f(a),f(a+h),f(a+2h), RIfEariAi BT AR
L ZBf(@) + 4f(a+ k) — f(a+ 2h)
fila)= h
o =B )5 M %457/~ 30 Higher Order Backward Difference: i [ T &
f(a), fla=h),f(a—2h), RIfEariZZMBLT B4R

F(a) = f(a—2h) —4j;$la—h) + 3f(a)

. H[E] Z 44 Centered Difference

a. —MrSE0 b a) Z 437 Centered Difference for First Order Derivatives: Xf T —
B S 4H) Centered Difference, AT f(a + h)H Taylor Series 2 f(a —
h) 1] Taylor Series 753 2]

h? h3
f@a+h) = f@+hf' @+ f"(@) + 5 fPE)
h? h3
fla=h) = f@~hf'@+—f"(@) -5 fD&)
7t bR Taylor Series Expansion 1, FRATEOR A B = FEI0. X & B 438417
fEMIf(a+h) — fla— I, BRI B f7 (@) & AR, 4K

T (W'Jilﬂhf'(aﬁﬂz—jf(g)(a)) SRR TR, IXFhHRTE B RCR LR R ZE T T
B0 (h?)7KF, 1X{#15 Centered Difference H 5 = I FE B
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2h3
fla+h)—f(a—h)=2hf"(a) + ?f(g’)(f)
, _f(a+h)—f(a—h) h? )
f'@ = o -5 O
Horh, TFO@RRED, JEATUR T BRI, — SR I %5k
Centered Difference Method for First Order Derivatives [ {f i+ AN

, f(a+h)—f(a—h)
f'(a) = oh
b. S E i A 2437 Centered Difference for Second Order Derivatives: %} T

IS HY) Centered Difference, FATMME HEA1ME H f (a + b)) Taylor Series
% f(a — k) Taylor Series 1521,

h? h3 h*
fla+h) = f(a)+hf'(@)+ = f"(a) + gf“)(a) + Zf(‘”(fl)

h? K3 h
fla=h) = f(@) = hf'(@) + = f"(@ =g fO@ + 5 f D (&)
£ F3& Taylor Series Expansion H', FRAI 0% B BIDY B S 38000 X2 R D 24 34T
fERIf @@+ + fla— RN, U0 @RS (RIS F@(a) & AN,
BT (B 7 (@) P £ @)y SR TR, BRI 0O 12
ZIFETH 20 (h?) /K, XA#1§ Centered Difference H 5 = R FE B

h4
fla+h) + fla=h) =2f(a) + h*f"(a) + Ef(‘”(f)

2
frape D ZHOTEZD L o
$oh, D pO@RIRETL, JF AR T BRI, B SR 2 5 ik
Centered Difference Method for Second Order Derivatives 1112 20
we~  fla+h)=2f(a)+f(a—h)
f"(a) = %
c. O YR Z 43k Centered Fourth Order Difference
i. ZHTAJHA] %4> Previous Centered Difference: X2 BifJ Centered
Difference, FATHAEF f(a + W) AIf(a — h)BEAT M, Bl fEar
A & B — R, AR T R, AN TTIERZE 20 (h?).
ii. A0 PYRY 2 4375 Centered Fourth Order Difference: %A N2 fEa s i A2
FHEBH AR, HHt 2 f(a—2h), f(a—h), f(a+h),f(a+2h)N
ARG, XMITIERRZEZ0 (hY).

1
fi(@) =157 (fla—2h) —8f(a—h) +8f(a+h) - fla+2h))

5. RZEXFHE Comparison of Errors
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a. FEEEXTEE Precision Comparison: M%E A XU HH R Z 0 R, hIIBTE0E 1 4

O(R)IRIET %

Method Name Truncation Error | Precision
Forward Difference - g f"(c) 0(h)
Backward Difference % f"(c) 0(h)
Second Order Forward Difference | — g f""(c) 0(h?)
Second Order Backward Difference % f""(c) 0(h?)
Centered Difference for First Order hZ ., 2
Derivatives — /() 0(h7)
Centered Difference for Second h? (a) 2
Order Derivatives /7@ 0(h7)
Centered Fourth Order Difference h* o(5) 4
for First Order Derivatives —5/ @) 0(h™)

b. EMHI O ZE D T IE R AL Benefits of Higher-Ordet Centered Difference: FA/]
Wi —ANREBf(x)=eXatx=0(f'(x) =1), KEWILMREBXIE. T
K> 7)/& Forward Difference. Centered Difference ! Centered Fourth Order
Difference X Et

h ehT_l o 1 ehg}elfh g 1 _e2h+86h1_2%167h+672h . 1
0.1 5.17e-2 1.67e-3 3.33e-6
0.01 5.02e-3 1.67e-5 3.33e-10
0.001 5.0e-4 1.67e-7 -4.54e-14
0.0001 9.0e-5 1.67e-9 -2.60e-13
0.00001 5.0e-6 1.21e-11 -3.63e-12

i. Forward Difference [111% 7 i & hifl /N MEZE /N, FFE 0 (W) IFIE o
ii. .Centered Difference [f]1% 2 S H I Ag &, RBIBEE R/, 6
O (h*)HIE Lo
iii. PUR A0 ZE4) Centered Fourth Order Difference 1% 253zt /N TR P Fh
%, DR NREJLTBEIETE GRZEFEERYBN).
iv. BEZES AR cnlmt.ozEss) E/AR TN EEE SR E,
v. FEERIIRDN, RSB R H0 2E 53 T 1 R ZE WSSO R R

4> Integration

1. TR AR HEE LS EUER 7 3R ER7E N Definition of Integration and Quadrature Rule
a. 4 BIkaifEE X Definition of Integration

fb f(x)dx
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Xt — M EMT Definite Integral, HH1f 72— AIFRR £ Integrable Function,
[a, b]/&— A FRIX [A] Finite Interval.
. BEAR 3 SR AL Quadrature Rule

|  feodx Z wf ()

BUE A5 SR B 20 Quadrature Rule F ﬂ: TR AN ) 7 AR AT 5 pR 2
FER— X 8] _ER)5E R Definite Integral. Hod i b B X [A]_E #7757 55 Nodes x;
PL 2 AH B P AL B Weights wy, A 0 5 44 93X 615 65 4 bR 250 100 I AL AN
weighted sum of function values at nodes.

. HB{ERARVE Interpolatory Quadrature: F A1 A %) Lagrange Interpretation
Polynomial, 4% H—Mi@id O AR S Interpretation Polynomial py (x) -
AT SRR NI(f), FA1iE IS Interpretation Polynomial iz AR 43

I(f) = I(pn)
i E 2 B EA A 2
Pn(x) = folo(X) + fit1 (%) + - + fytn(x)
FEMCAL,  FRATAT LRKEXT £ () BIAR 3 -EAT e A — 0 IR B EUf (o) AR 7 0 AH 24
T-%7 Interpretation Polynomial py (x) BIF 75

f fxydx ~ f ph (¥)x = f Zf(x)L (x)dx

z f(x)f L;(x)dx

BEmE, RATRIMYT o fx) B, J?Jiﬁf% Tfa Li(x)dx, B}l Lagrange
Basis Function E’ﬁ”’ »o FRATTAT LK Lagrange Basis Function fFR 433547 Tii4G
THAE X2 34T Quadrature Rule H AU E Weights wj .
b
w; = f Li(x)dx
Rk, FATEW T, R Interpolatory Quadrature
N

1)~ 1) =10 fE&() = Z I(8(f () = Z wif (%) = R(f)

i1=0 1=0 =0
R RE T SR VLU Newton-Cotes Rule: 4 #ii-Fk 4 3 3K 72 1) Newton-
Cotes Rule #&H#44 ] Interpolatory Quadrature, FLifiid Interpretation Polynomial
ﬂéﬁUuiﬂt MR ER Sy BAfoRSE, HATHAEX A [a, b] FIEHFEN + 1
Z5IE Nodes (xg, X1, X3, ..., Xy) NIMTAIE— N2 I 1% 2 DIAAEREA Nodes
iﬂ’]@ﬁ@ SR RE S OMIFE . FATME % 2 B AR 0 N R AR 43 3 Aeh
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8 . Newton-Cotes Rule AJ PLi#E Nodes 7& 75 f4#5 Endpoints 434 Closed
Formula 1 Open Formula.
i. MA A Closed Formula: Nodes f43# Endpoints a, b .
e 2 Points Closed Newton-Cotes Rule: Trapezoidal Rule (fif /™
Nodes, ALK 2 Wy —Br 2 00
e 3 Points Closed Newton-Cotes Rule: Simpson’s Rule (ffi f§ =4
Nodes, AL 2 NPT 2 10
ii. JFA A Open Formula: Nodes A~ 454 Endpoints a, b
e 1 Point Open Newton-Cotes Rule: Midpoint Rule (fff F—~5 £,
BP X ] p f AL BRI AR 73, I AL 2 T XA Constant)
2. vk Midpoint Rule
a. W SVERIHES Derivation of Midpoint Rule: H 5572 Midpoint Rule /&% #—
Node xo NIX A AL, IR XK ED — aVEjJ Weight w .

Quadrature Rule: f f(x)dx= z w; f (x;)

a+b

2
Weight:wy = b —a

Node: x, =

a+b
Midpoint Rule: f FEO)dx ~ wy - f(xg) = (b —a) - f( )
b. HAVERIARHEZ X Standard Form of the Midpoint Method
b+a
I~ R(P) = (b - a)f ()

3. FHJEIE Trapezoidal Rule
FEFLTERI#E S Derivation of Trapezoidal Rule: £/%7% Trapezoidal Rule s& %
DX ] BRI 3 o = @, = b, I H A i a5 RO #  IXTR) G BE () — 22 o
b—a
2

Welght: WO == Wl =

b b—a b—a
f f)dx = wo - f(x0) +wy - f(x1) :T'f(a)+T'f(b)
Bk Ak, FATE ] LA R Interpolatory Quadrature -5 Trapezoidal Rule,

H.7& 2 Points Closed Newton-Cotes Rule. P4\~ Lagrange Polynomial 735l /&

—-b xX—a
ly(x) =——— l1(x)
HR## Interpolatory Quadrature Rule Welghts Formula

be()d f”x—bd b—a
Wy — x)ax = X =
o), o a—Db 2
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b bx—a b—a
wy =f Ll(x)dxzf b—adx: >
HPE Quadrature Rule, FA17] LS 3]
b b—a b—a
[ reodx = wo - fGo) +w - fO) =25 (@) + 5 £ D)
b. BEEVERIARHEZ X Standard Form of the Trapezoidal Method

b —
Iy ~ R() = ——[f(@) + fB)]
26 ?Jﬁ/\/j& Composite Quadrature Methods

a. HARBUENIEHE Logic of Composite Quadrature Method: AKX 8] [a, b7
NRZHANF XA, REESANT XA LR HEMRR AL, REkER
jjnzm\o

i. X[AI&43 Interval Dividing: #[a, b]15E 5 ArNIIXTE, REAS/NX A
)Ej\jh:b aO /\TU\%%Tjj[ l 1 1]7 /\I:F‘x _a+lh0
ii. ZhngE g Cumulatlve Result

b [ ¢ Xi
[ reowsy [ reods
a i=1 “Xi-1
b. E& A7k Composite Midpoint-Method: U1 FATE Midpoint Method & A
Composite Quadrature Method, ‘Midpoint Method 1 [\Ib&&x;, ar&x;_q -

<11+x

b T
f f(x)dx ~ hf f F)dx ~ hz fla+ (i—1/2)h)

Xi-1

c. B &M Composite Trapezoidal Method: 41 41 1¥f Trapezoidal Method £
A Composite-Quadrature Method, Trapezoidal Method H ffJbs&x;, afx;_;.

T

h h
[ reo =3 Y (G + 700) =5 G + £G)

X <
-1 i=1

5. %ZHT Error Analysis

a. 1 EVEFERTEEIRR 2 Error of Midpoint and Trapezoidal Method
f" (s; 1)

(b —a)? (DOP = 1)
f”(fz)

Midpoint Error =

(b —a)® (DOP = 1)

b. B&H miEME SHIBIEKRZE Error of Composite Midpoint and Composite
Trapezoidal Method: ||f"|| e 27 BRELf (x) B =B SEAE X [F] [a, b] b1 e KAH;
h3oR 1 XA B KK

Error of Comp Trapezoidal Method = |E(f)| <

Trapezoidal Error = —

IIf ||oo

(b — a)h? (DOP = 1)

42



Error of Comp Midpoint Method = |E(f)| < Illel‘”

c. HARFUERIRZ Total Error of Composite Quadrature Methods: i /N [X
KR, AR SR 2, BONIRZRERTIRN .

. 155 R %1% Method of Undetermined Coefficients

a. i€ RZE02 B ) Purpose of the Method of Undetermined Coefficients: A | 3K

H %% P& % Basis Function N % B8 %0 Power Function FJ1% % F, Quadrature

Methods JIT i Z ] Weight w

£ 2 RZBUE )L FE Steps for the Method of Undetermined Coefficients
i. Step 1: EFEF A EE N Basis Function, #IH1f(x) = 1,x,x2%, ..., x™.

ii. Step 2: KrEE R BARNKRIR A, AT HEE T3 R A1 SEFRAR 47
R R B R ™ TR
iii. Step 3: EL X LETTREAH, W] LAHAE Weight w; B BARME .

c. Zf Example: What choice of the weights w,, wy, and w, maximizes the DOP of
the rule R(f) = wof(—1) + w;f(0) + w,f (1) used to estimate the integral
I(f) = [, f(x) dx?

i. Step I: %EFEf(x) = 1, x,x2, «., x™E A Basis Function.
e O f_ll ldx =2
o It f_llxdx =0
o 2nd: f_ll x% dx =§
o 3 f_ll x3dx =0
2
5

o 4 f_ll x*dx =

(b — @)h? (DOP = 1)

o

ii. ~Step?2 & Step 3: BELMTTHELL, P LAHIE Weight w; I HARME . HIT
FATH T Ewy, wy, and w,, KIBEFRATEFERT 3 0794 SLE B A,

f ldx =2 =wy(1) +w; (1) + w,(1)
f xdx =0=wy(—1) + w;(0) + w,(1)

1
2
f .x2 dx == § = Wo(_l)z + Wl(O)z + Wz(l)z
-1
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(w; is the weights. )

LB

R(P) =3 /(D) + 5 £(0) +3 /(1)
d. WifrliE i £ 8 R E0EAS H IR 2 How to Derive the Degree of Precision by the
Method of Undetermined Coefficients
i. J71% Method: 75 Z4RBNLE S ) LT I IHAS B LT () A THER (F) A5
WG OO B R =1 CHP B — AT RS B A 11 1 2D mid Degree of
Precision.

ii. Z&H] Example: Xt T 2 57 )51
1 1 4 1
f_11 dx=2=3(1) +5 (D +5 (1)

WINO N

e

flxdx 0D+ T L)
» 3 3 3

[war=222cnr+iorzar
I R 3 3

fl = 0 = = (=1)° + 2 (0)° + = (1)?
A Aahia 3 3

1
f_lx”‘ dx = g * %(—1)4 + g(O)4 + %(1)4
H 2R DU B i, RSB AV THE A S, FERMESET 2/5, ffiit
fH5%T2/3. Bbh), FRAIH Degree of Precision /& 3.
7. K € B 54853 % 7 Peano’s Theorem and the Error in Integration
a. RWIFAA —1 Quadrature Methods R(f) = XL, wif (x) KRIEFR T I(f) =
f: f(o)dx, FHEHZMN K Degree of Precision Nm. ERBEHARRE S (x) I
Him + 1 REEAE X [A][a, b] FAFAE HIESE,
b. Peano #ZEREIK (x): EIXFIEIL T, A7 — NS HAERELf (x) Jo R 1) BRI 2L
K(x), KN Peano #%. XAF1GHFI4312Z Error in Integration 7] LAK IR A

Kﬂ—Mﬂ—fKume&Mx

IR Peano %K (x)TEFR X (8] [a, b] L AZEAK, TUIAT LLiE— 5 ik i 22 £ ik
A, W RZER LS E

I(f) = R(f) = kf ™D ()
Hn € [a,b], Hicft— AN SHRERE (o) It SO 15 5
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C.

XTI R AR A AR U (RS i Al Lobatto #3473
5D, AT AT LU i A oA A AT 1 B

I1(f) = R(f) = kf ™V ()
OISy, A E AR 4 SR A tH R A R, IF HLSTF Quadrature Rule 1S 214t 11
i, KB HEEME. 25, FAMEH Degree of Precision + 1 1E A4S HHY
B, RGOV, Z2JE, BATAT LK k.

%15 Example: Calculate the Peano constant k for Simpson’s rule (DOP = 3)

1 4 1
RN =5 f(-D+5fO +5 D)

X TIRIERE, FATHEIRLES (0) = x*I, KEHE S A THERZEE

\ W 2 2 4
I(x )—R(X ):g—gz—ﬁ

ZJa, BATLRMES T (), TEAREHF® (x) = 41 =24, B ULIRATA AR

1
—E:24K == K:—%

8. ikl Gauss Rules

a.

b.

=R 3R AT X, Basic Form of Gauss Rules

1= | Fede™ ) wfC): = R(P)

WRBANTALE R = RS EE, 1E DOP ek, FRATTAT LA FH A k4 2 151
Legendre Polynomials /£ 4 Quadrature Rule ] Basis Function, Jf H.il: Legendre
Polynomials )25 & (& 55 Gauss Points) {E 477 51 Quadrature Rule. IX
PhITERE RN Gauss Rules.
T AR KR U %5 14 Properties of Gauss Rules
i. FTA Weight w; > 0.
ii. A Nodes (s Gauss Points) #47 T-X[A](—1, +1)-
iii. XPFRPE Symmetry: Nodes x; 7 J5 & FEIXS RS040, FH. ] Weight wth,
SR o
iv. 17 A2 Interlacing of the Nodes: N £ Gauss Rule [1) Node x; fI(N + 1)
&, Gauss Rule ] Node x; ZZH A, AR R-1 <xp < Xo < x1 <
Xy <o <xy < +1.
v. Gauss Rules A Jfi_I* & Interpolatory Quadrature Rules, X 1jif7E Nodes
WiE J5, Weights AT LIARTEHA% B H & iR E AR 4 3K 15

1

W] = -f_l L](x)dx

B R IX MRS bR FE AT AE,  JRATTRT LA 380 5 i fii {58 A 2 4 20
Weighting Formula, HAK LT3,
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(N + 1) s S R U RS FE 2N + 1
c. #ikfEZ i Legendre Polynomials

¢]+1( x) = ¢J( x) — ¢] 1(x),j=1

i. X/ & Legendre Polynomlals RPEEE /A \:_EQ #F—> Legendre Polynomials
#RT DA I AR ) 2 T R
ii. Legendre Polynomials & — &% 2 Wiz, & XAEXE[-1,1] k.
iii. &A% Legendre Polynomials &g, (x) = 1F1¢, (x) = x.
iv. HIJL Legendre Polynomials U1~
Po(x) =1
d1(x) =x
2 (x) =2 (3x2 — 1)
3 (x) = 2 (5x° — 3x)
b4 (x) = = (35x* — 30x2 + 3)
d. =755 Gauss Points: #1E48 £ T, Legendre Polynomials )25 /5 .
i. A A E TR 4> Two-Point Gauss:Rule: Two-Point Gauss Rule 3 AR 732
KFHFAMEA 2 4~ Nodes (Gauss Points). FHFEATM ZMFH 2 B
Legendre Polynomial. (fEIXHILATE X —NMSHN, N=2-1=1,
ii. = &4 Three-Point Gauss Rule: Three-Point Gauss Rule it B #1143
AR A FATE 3 4 Nodes (Gauss Points), [l Ik 75 2248 F =
Legendre Polynomial, MZHN =3 -1 = 2,
iii. Z% N [ %5 Summary of Parameter N: 5 ZUE & B 20k 1.
e. ME A Weighting Formula: Xf T-#~15 Sx;, Gauss Points I Ew; Jy
2(1—x7)
AN TCESINEATE
f. #=Z A3 Corresponding Error
n

,j=01,..,n

1 22n+3((n + 1)[)4 _—
| reodx - Z W) = i s O

XEPPRETUEf D (&), Hp e[ mEAME, ni S, Fik
Gauss Rule E%EZ*EIZI%&%%Iﬁﬁﬂqﬁﬂ‘@%*i}#jlzﬁ%’ REAETERL/ N BT s kG
Eﬁ%ﬂ%’ﬁ%kﬁtﬁ@%lﬁﬁo HKEJE DOP /&2N + 1.
g. WA m A IR AL 73 How to Approximate Integrals by Gauss Rules
i. Step 1: #R¥EM H E R 2 JL A Gauss Rule, HIWr 75 Z A H LB Legendre
Polynomials. B 80551 Ul —. 355 H XM Legendre Polynomial
A% H Gauss Points (Legendre Polynomial FZ 5)
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ii. Step 2: WHIT AR, THEAHM Weights (H JL4> Gauss Points, #tH JL
> Weights) .
iii. Step 3: fR¥% Quadrature Rule 5 H U BIFH .
h. %] Example: fEULEXWI[—1,1] AR 1 f (o) dx, BATERE A
TR RRELS () = x2, FEHINMEA 2 Sim B di i r i, BIN = 1.
i. Step 1: X 7T 2-Point Gauss Rules, FAEHN + 1 = 2/ ) Legendre
Polynomials

$2() = 7 (3P 1) = 2x? —
FATEL P, (x) = 04KF] Nodes
3 1

AT A2 P 7 s
Xg = ——%

ii. Step 2: T AHRN ] Weights
2@ -xp)
AR TCESSNEHIE

2103 2
WO f— 4 =
V3
[2-(=3))
1
21-3) 2-
Wl = =
V3 .
[2 .?]2 4
Wy = 1, wq = 1
iii.. Step 3: #{¥& Quadrature Rule 5 H T AFR

1

[ reodx =Y wir() = wof (o) + waf e

j=0

1))+ (5 )

2

3
L R (— B Z N AU TR 2 B BUE A S W s 0) Table “Weights and Gauss

Points for Gauss Rules from One to Six Points

W =W N

=1

wirklwin
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Weighting Function Truncation
Points Factors Arguments Error
1 =2 x0=0.0 )
2 co=1 xo=—1/4/3 = @)
cr=1 x1=1/4/3
3 c=5/9 xo = —/3/5 = O
c1=8/9 x1=0.0
) = 5/Q X2 = \/3/_5
4 co =118 -+/30)/36 xo = —v/525 4 70+/30/35 = f®
1 =18 ++/30)/36 x1 = —v/525 — 70/30/35
e =118 ++/30)/36 x2 = V525 — 704/30/35
3 = (18 = /30)/36 x3 = /525 + 70~/30/35
5 co = (322 — 13+/70) /900 x0 = —v/245 + 14+/70/21 = f10 )
¢1 = (3224 134/70) /900 x1 = —v245 — 144/70/21
¢ = 128/225 x =00
3 = (322 4 134/70) /900 x3 = V245 — 14+/70/21
cs = (322 — 13+/70) /900 x4 = /245 + 14/70/21
6 co = 0.171324492379170 xo = —0.932469514203152 = 1D

c; =0.360761573048139
¢ = 0.467913934572691
c3 = 0.467913934572691
cs = 0.360761573048131
cs =0.171324492379170

x; = —0.661200386466265
x = —0.238619186083197

x3 = 0.238619186083197
x4 = 0.661209386466265
x5 = 0.932469514203152

9. J¢UL#%i% N Lobatto Rules
a. 8 UURE I DU AN 3 332 Ul ) [X 1) Difference between Lobatto and Gauss Rules
i. {E Gauss Rule #', FRATELINfER Gauss Points 4 Nodes, HAGLEE
#R45 [X 18] f*) Endpoints. 1E
ii. &7 Lobatto Rule ', Nodes tHEFEF1 7> X [H] ) Endpoints B ELFE
[—1,1]8A 5. AE 72 Gauss Rule it /& Lobatto Rule, H: Nodes #B%f
FRHb 5 A1 7E TR Y -
iii. Lobatto Rules f#] DOP 7&2N — 1.
b. W DUREN ) Z AT X Basic Form of Lobatto Rules

[(£)x= f_lf(X)dx ~wof (=1) + Z wif (x) + wyf(1):= R(f)

Hr, woflwy 72 X 8] &5 Endpoints -1 A1 1 ff] Weightso xq, X5, ..., Xy_q /& X
(B N R 5o Wy, Wy, e, wy_q 22 X TE] BT A5 1Y) Weights .

c. WEBTY A% S Selection of Internal Nodes: [4:% Endpoints #F, Lobatto Rules
[X [H] N ¥ /& Legendre Polynomial 1] § #1112 fi. Legendre Polynomial [} %%
T Lobatto Rules [ i 20 1. ELUIXTT- 5 £ Lobatto Rules, FAI17E 244 H
4 By Legendre Polynomial ‘2%t fifEN Internal Nodes. 41T &Z&HTJLA
Legendre Polynomial 1] 5%

i ¢o/(x)=0
i. ¢;'(x)=1
iii. ¢,'(x) =3x
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iv. ¢y'(x) = (15x2 - 3)
V. /() =3 (5x(72* - 3))
Rk, AT AR ZE S, M43 2] Lobatto Rules 1] Internal Nodes.

nox Xi Wi w;
30 0.00000 2 1.333333
+1 +1.00000 1 0.333333
4 x5 +0447214 ¢ 0.833333
1 +1.000000 ¢ 0.166667
5 0 0.000000 2 0.711111
+1421 +0.654654 & 0.544444
+1 +1.000000 — 0.100000

10

6 = (7-2+7) 0285232 5 (14+/7) 0554858

L(7427) 20765055 = (14 7). 0378475

1

+1 +1.000000 5 0.066667

d. AT A g 8 DURS 2 U R A EE How to Determine the Weights of Lobatto Rules
i. ME&R Overview: A1 H Method of Undetermined Coefficients >k 5-3K
Lobatto Rules [ Weights, 77 7% & 3§ A1 & B 20 1 Method of
Undetermined Coefficients R —3.
ii. Zf Example: FAME ] 3 £ Lobatto Rule VT lit5[—1,1] X /6] AR
O 1 F Qo) daey RO N —1,0,1, 1 R T AU R AL R
Wo, Wy, Wy o

o Step 1: FIHAR I AA X IR B A7 E R EL

f_l f)dx = wof (=1) + w, £(0) +w,f (1)
o Step 2: fONZEMF, H I FEA

f ldx =2 = we(1) + wy; (1) + wy (1)

[,
[

xdx =0 =wy(—1) + w1 (0) + w, (1)

x2dx = = = wy(1) + w1 (0) + wy (1)
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(w; is the weights. )

3R

1 1 4 1
3 = =—(=1)3 — 3 _ 3
f_lx dx=0=5(-1) +5(0) +5(D)

wlinNnNo N
[ e ———
f—
T I I

Wl Wl W=

1 2 1 4 1
4 — _ _(_ 4 _ 4 _ 4
f_lx dx=%# 3 (-1 +50)* +5 (D

T AESE DU M B s, FERREAUS THEASE, FESE T 2/5, it
fEEET 2/3. BEit, FRATH Degree of Precision 7& 3. X ANFAIHI2n —
T AAMTF, FNE 3D, ny2, DOPRLIZE 3.

10. F k5 #E X [8] (1% 3t Transformation to the Canonical Interval

PrHEIX [A] Canonical Interval: #7##E X [f] Canonical Interval +& U 43 #1 FIEUE A
SR —ANREER S H X R, @[ XA PR E A . 7R
e Gauss Rule. B UIRS7EN] Lobatto Rules. #il:f# 2 Iix{ Legendre
Polynomials LA & V] bk 25 2k £ Tl X "Chebyshev Polynomials 7', Canonical
Interval &[—1,1]-

b. Ui AR ) (X [R] & 4 21 A5 #E [X[F) How to Convert Integral Interval to Canonical
Interval

1.

il.

1il.

X [B] %4 Interval Conversion: 1SR FATE B HE[—1, 1] b5 4E X 8] F 15 0,
MaB2 7 MEER[a, b X8 FATATLAMEF an A X A5 1
R TR

fabf(x)dx:f_11f<b;at+b-;a)b;adt

11 MU 3 Node Conversion: F-ATTAT LUK FR#EX [A] Canonical Interval [
Nodes x; At 4 [X [8][a, b] L[] Nodes x; -
b—a , b+a

Xj = > X + >
FEYE A T Scaling Factor; b;“%?%? Translation Factor.
ﬂ%%?ﬁ% Weight Conversion: #A 17T LK A5 #E 2 WL Canonical Interval ff]
Weights w; ¥ AL NIX 8] [a, b] L] Weights w;

b—a

baE,

baE,

FEYE A ¥ Scaling Factor.

11. ¥ & Degree of Pre01510n
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a. K& L€ X Definition of Degree of Precision (DOP): — MU{E AR 73 A LW K
AR o 1 2 TR e s 8. BARTI S, R — N UERR 73 J7 15 RE SRS AR
ST BN T EEE Tl 2 00, EXHRECn + 11 2 BAS — e R 1E,
HRAXAN T H) DOP 55 Fn.

b. FEEHE LSS Summary of DOP

i, J7V% Method: 12 T f iy S B EU — T 7€ DOP.
ii. KX} L DOP Comparison

Method Name | Error Function Derivative | DOP
Midpoint L8 (p— ay? 2% Order | 1
Trapezoidal - % (b — a)? 2 Order | 1
Comp Midpoint | U= () — g)p2 29 Order | 1
Com "lloo N
Trapgzoidal ”lel (b —a)h® > Order !
5
Simpson’s Rule | — 1) (b;a) 4" Order |3
90 2
2n+3 n4
Gauss Rules (2211+3)!((((2:11)£;!)2 f@n*2) (&) | 2n+2 Order | 2n+1
Lobatto Rules | —C - (b <@)?*f®M(¢) | 2nOrder | 2n-1
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FE/NHEIT AT R Chapter 6 Root Finding

SRARIELR M 7 PR IR I EE 7772 Numerical Methods for Roots of Nonlinear Equations

1. FHIAEL M7 FEM Y FA 75 Five Ways to Find Roots of Nonlinear Equations
a. %€ 11%EAX7E Fixed-Point Iteration
b. F#iEA% Newton Iteration
c. E|Zyk Secant Iteration
d. —43Vk Bisection
e. . IRJX¥{E % Quadratic Inverse Interpolation
2. BEFPSRAR LA E S A Important Concerns for Each Rooting Method

a. WEGE

1.

ii.

b. AT

1.

il.

# Convergence Rate
5E X Definition: 58777518 2IHABEAEE Desired Aceuracy Fir s FIE X
#{ Number of Iterations.

e
lim I n+1| =K

no Jey |7

Hrp

o e, =x, — X' BIRE,

o PRSI A Convergence Rate.

o K> O0&HWH.

732K Classification

o ZEMILSK Linear Convergence p = 1: % Z= 4% & HL il
Fixed-Point Iteration. Bisection),

o HZMEULSL Superlinear Convergence p > 1 HAF®EH: R ZJl/D
WPE BB IR, N TS RIS R (1 Secant
Iteration. Quadratic Inverse Interpolation).

e RUILSL Quadratic Convergence p = 2: % Z F 7 /b (N
Newton Iteration) .

B 5% Need for Derivatives

5E X Definition: 7752 15 75 2L U1 H B R 30 F: 2L Derivative of A
Function.

E m Concerns

o WRFHEAREAMELIRS, SutHEMANm, WPt A
T ESH vk (40 Secant Iteration. Bisection) .

o WRZFHZMAE LLE BN A, WATLHEH Newton
Iteration %5 if5 2 3 1) 7 %

c. WMk +& Selection of Initial Conditions
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i. 7€ X Definition: /712X ¥ 4A1H 89145 [X 8] Initial Value or Initial Interval
PEK
ii. XyF £ Concerns
o J3VE Bisection: F EWIR X [A][a, b], FHEKfF(a)f(b) < 0.
o [f]5E fI%EAXYE Fixed-Point Iteration: 75 £Li%E+F Initial Value xo 2
% 3T [5] 52 15 Fixed Point, 75 0] BEAYCEL .
o RifliyEAIE|ZE1F: Newton Iteration and Secant Iteration: X Initial
Value 5 HUE, Initial Value 5 25 Roots Fze iy 1] gE AU Sk
3. A AR Simple Root
a. & X Definition: J# £ 41 F =/ A4 XA Simple Root
i. Condition 1: f(x*) = 0 BREEX HFMEN 0, FKonx* & T FEAIAR .
ii. Condition 2: f'(x) £ Faxc* AN IT X 18] A AEAE - AR IE BRI B f () 21X
—[X 1572 Continuous and Differentiable .
iii. Condition 3: f'(x*) # 0 & AR FEANO,
b. JUATE X Geometric Significance: PR%{f (x){E Simple Root x* b 77 ik x il

A

y
y=In(x)

_

>
X, =1 X

c. AREFEVILIIIEIE Scope of the Chapter: WL A T ¥ 777k, FRATAT BAR € Simple
Root.

[ 2 A& fR¥E Fixed-Point Iteration

1. H5HE £ 128 R Root Finding and Fixed Point
a. [AI%E & Fixed Point: ZLRffEx™ = g(x*), BIFRBBEH AR T4t AE Y x
b. A Root Finding: ZRMEf (x*) = 0, EPHREIEREUE N 0 1™
c. fRELH Algebraic Transformation: A T K [A]# Root Finding f (x*) = 0% 4t
AN 58 #5A) /8 Fixed Point x* = g(x*), A UK E € X — 1 %ig(x).
2. LRI )L AR R [ 2 5 H] 8 How to Convert the Root Finding Problem into the
Fixed Point Problem
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a. 7155 %% Methods and Examples
i. Method 1: HEBEAE, HlUf(x) =x%2—-3x+2=0, HATEHHE
FITT LA Sl = 22, SR Al (x) =

3

ii. Method 2: #idx = x — fF)MI&E, BN TF(x) =x*—-3x+2=0,
FATTAig(x) =x — (x2 —3x +2) = —x% + 4x — 2.

iii. Method 3: MBI EACH R B R, A I AT LUIE I S5 HES 1 5 2
WRIHE A, BB f )M —Ha 2550 —d. Fln
flx)=x?—=3x+2=0, RAMEHHHTLUAEg(x) =V3x — 2,

b. LA JE N Principles to Be Followed

i. 2 Equivalence: ¥4k /51 Fixed Point Problem x = g(x)f] Fixed
Point x* 251 5 5 4 Root Finding Problem ff]f(x) = OJHR —E. 8
U, WRx Zg(x) = xWff, HOOHRES(x) = 0fF, KZIR
e AR E, FATRIS () SxHlizd fi iy FR IS g() Sy = x

22 R 1 R
ii. W8k Convergence: H3:fg () WA ZHE AR 1 AT P 1 2 81 2 s AR
e sit: 2 1
lg' ()l <1
i, EE4EME Continuity: g GO)AME—, T LU ZRMIMERR, (HAFE H bz
BT A,

3. [l € SUIEIEHEE Fixed-Point Iteration Algorithm
a. H#r Objective: @itk Iteration K 2 £x = g(x) ] Fixed Point x* .
b. IR Steps
i EFE A g(x), {13 Root Finding Problem f(x) = 0%/t T Fixed
Point Problem g(x) = x.
ii. A& W] — ™ Initial Value xg o
iii. i %648 A 20 Iteration Formula
Xes1 = g(x), k=01, ...
c. 1F1RIEAHIZEAH Conditions for Stopping Iteration
i WERA BT 1% 22 25 B Error Tolerance, 15 1E15AK,
41 — x| <€
i, WRGE B HAERRAL, 7 1EEA.
d. Zf Example: AH— N FEf(x) =x —e™* =0, {fif] Fixed-Point Iteration
FHRHAR
i. Step 1: ¥ Root Finding Problem ¥41¢, >y Fixed Point Problem

xr=gx)=e*
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ii. Step 2: FIWrg (x) &7 £ Convergence
g'(x") =|-e™*|
HAER AN CRlxefo1] 2| /AF 1, i B 3 2
Convergence .
iii. Step 3: E#HF—) Initial Value x, = 0.5,
iv. Step 4: fi ] Iteration Formula
k=0,x =g(x,) =e %5000 ~ 0.6065
k=1,x,=g(x;) = e %60 ~ (0.5452
k=2x3=g(x) =e %2 ~ 05797
k=3x,=g(x3) =e %797 = 0.5606
IEARAR ST, HARWE T B E mxt, Wi f (o) IR .
4. [ 52 SIEARHI S E 414 Convergence Conditions for Fixed-Point Iterations
a. WS 2544 Convergence Conditions
i. [f € &4 Fixed Point Condition: x* = g(x*), Hlx*/Zg(x)f Fixed
Point.
i, RZF I HEJ8/> Monotonic Reduction of the Error Series: FA15%E X
wZENe, = |x, — x|, EPYSENENIES Fixed Point 7. WATEK
|e, | A& B P 7]N Monotonic Reduction ), HFEHE1%En - ot 84F 0.
b. 1% ZEEH#E A3 Error Propagation Formula
eny1 = Xng1 — X = g0) —g(x") = g' () (5 — x7) = g’ (M)en
Horpm e T, Mo ZAANR e — i WU, N —B iR Ee, & H 24T
R e, Mg’ () FERATE ). X B TR
l9g' ()l <1
RZERIBEBWN, BB
c. MR A R FE A N [ 8 A TR R U SO B ) Convergence Principle for the
Transformation of Root Finding Problems into Fixed Point Problems
i. WS Convergence: M) 1) g (o) o ZILAE MR o * PR AR 4 P 38 12 8] 58 i aE AR
RIS S 2% A
l9g' ()l <1
i, 4] Wk S How to Determine Convergence
e Method 1: Hlny Ayx, M HIME, SRANBr HAE . DAIRATZ A
(1451 9
g'(n) = —e M =~ —e70696% ~ —(.5452
lg'(n1)] = 0.5452 < 1
e Method 2: i FH i P iH 528, mHXN|g' ()| BME, BHES
FEMR X AR S/ T 1.
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e Method 3: {ii 1 {E € F¥ Mean Value Theorem it % g'(n,) -
MVT #tBi, *FT Continuous and Differentiable Functions g(x),
FE X8 [, X TN AFE— D, € (2, x7), 115
0G| = ‘g(xn) —g*(x*) _ |9Gn) —*x*
X, — X Xy, — X
PAERAIT 2 /1 B9 7 i, & ~ 0.5671 %2 B & /i, x, =
0.6065 (R 1 YUEARHIMED, FATR LIS 2
g(x,) —x* 05452 - 0.5671
g'(m) = =

x, —x*  0.6065—0.5671
PR AT PAAS 3]

<1

lg' ()l <1

5. [ A HAAAEHEAIME— 4 Existence and Uniqueness of Fixed Point
112 Existence: R g(x) & E L), I HAEX A [a,b] i 2 g(a) >
a,g(b) < b, WIAFLERE fHix*s

b. ME—

1.

il.

€ FRUERA Proof of Theorem: & X B %p(x) = g(x) —x. H¢p(a) > 0H.
¢(b) < OF, HHELMERSMME £ Intermediate Value Theorem, W 3E
F1Ex* € (a,b), H15P(x*)=gx*) —x* =0. XWHg(x) = xH i,
BI#77E Fixed Point x*.

2E18 Conclusion: /MEE B Intermediate Value Theorem £RiF T #E[a, b]
I g(x)EH — Fixed Point.

P Uniqueness: fi ¥ g(x) 7 [a, b] N 7] fil Differentiable, Jf H. il &

lg' ()] <G <1,Vx€ [a,b].

1.

il.

5E PHAIE B Proof of Theorem: WA P> Fixed Points x*, y*, Elg(x*) =
x*Hg(y*) = y*, "TLMEHH{EE B Mean Value Theorem il B HANA]
RERI AFE . ARHE MVT, FATRT A3

Ix* =y =1g(x) =g = 1g"Ollx" —y*|,§ € (x", ¥7)
HT1g'@I<6 <1, Wx* -y | <Glx* —y*| <|x* —y*|. EXHfE
JRALTE|x* —y*| =0, Blx* =y*,
251 Conclusion: W& |g'(x)| < 1, N Fixed Point x*7E[a, b] P /& M —
i

6. [ sIEAR I EGE Z Convergence Rate of the Fixed-Point Iterations

a.

i JJI

K5 g'(x*)I12k & Convergence Rate Versus g'(x*)

iR g )N, BSR .

. WRg' (x*) =0, WHATEEZX ] Superlinear 8¢ # Quadratic Convergence.
Ry )BT 1, WEUREAEEE .
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iv. WRIgG) =1, EAAR KB CA WS U S 2% 4 Convergence

Conditions) .
b. ARSI S One-Sided and Two-Sided Convergence
L Mg’ (x*) >0, REARES, FNHEMILE One-Sided Convergence.
Llg(x) = §+ 1461, Hg'(x) = % >0, fEEY, JRANATLLESR], K
HAEFEMEL Yy = o B — MW Sl (B — KIEARER EY = x I —1), Bt
%A One-Sided Convergence.

Fixed-Point Iteration: g(x) = x/2 + 1

5

0

ii. Mg’ (x*) <0, RESAERIERFTLZEEZS, FRABMES Two-
Sided Convergence. Phg(x) =2 — g%ﬂﬁﬂ, Hg'(x) = —% <0, £
i, RATETLLVE 2], HAEREHELZy = Mk s (B —xIERTE
y = xAEF—M)D, FFRA Two-Sided Convergence.

Fixed-Point Iteration: g(x) = 2 - x/2

3.0 1 -

2.5 L

2.01

- — g(x) =2-x/2
> 1.5 - g
——y=x
1.0 A >
’/
-
-
,/
0.5 4 P
-
-
,/
-

0.0

0.0 0.5 1.0 15 2.0 2.5 3.0
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c. ?E IR L ME 528 1% Fixed-Point Iteration’s Linearity and Superlinearity
WG (") = 0H]g (x*)| < 1 (itgh: %1 Convergence Conditions)
i, Rz E SN I, WSGHE N Superlinear .
. WRg'(x*) #0, REFFIRLMD, WSCHEE N Linear. — %1
K, Fixed-Point Iterations &2k EULSN Linear Convergence. FFik1H
LR Al RE AR R R IS8l Superlinear Convergence, H[J g (x) &4/ T4
TR

A& fR¥E The Newton Iteration

1. AFBEAE PR 325 F Conditions for the Newton Iteration
a. Condition 1: f € C?[a, b], BIf(x)M—rFl —ph SEAEAEIFESE.
b. Condition 2: f'(x) # 0, 5/ EEA 0 1IHEH.

2. ZWHwe 5 kAR L Taylor’s Theorem and Newton Iteration Algorithm
a. Z=8)5E H Taylor’s Theorem: 181 X o L £ (o) 75 iy B I BEAT 25 88 JB T

f(x) =~ f(xk) + fl(xk)(x . xk) + f (f)(; - xk)

b. ik Rk H VL Newton Iteration Algorithm: 1 FH U2k e (ZRiEifl) By
AAEB R R E, RIS x AR

f )

Xk+1 = X _f,(xk)

0.5F

-05F

-1 L L L L L
-1 -08 -06 -04 -02 0 02 04 0.6 08 1

i EPRER AR B ES (x), BATTE R Z S (x) =0,
ii. Initial Value x, /& Newton Iteration TS5 &5 .
i, ZREZR BER IR fixo A f () )2k Tangent Line, 1% Tangent Line %2
oy N —BIER SR
iv. BREEEE, K1 Tangent Line 2 s R Nx,, ZLEIITR.
d. & Example: K fi#fd | Newton Iteration 2| f (x) = x2 — 2 = OFIHR.
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i. Step 1: %EFF— Initial Value x5 = 1.
ii. Step 2: KM#f'(x), 5 HAHK Newton Iteration 22 .

f'(x) =2x
Xk+1 = Xk _x,i —2
2xy
iii. Step 3: &5,

o A

12 -2

x,=1- % 1 =15

o HUEA

1.52 -2

Xy = 15— —o——— = 14167
o H=UGEA
1.4167%2 <2
X3 = 14167 — ————morr = 1.4142

IEARIR ST, HIBWE T f () AR
3. RENEARTE IS 5484 Convergence and Properties of the Newton Iteration
a. W8 ZkAH Convergence Conditions
i. 4R R Selection of Initial Value: Newton Iteration [1] Initial Value
X i e R PR AR
ii. Ji BB B PE R Properties of the Original Function: f' (o) 755 bR EUHR x *
1) P X T8) b S i sk 1) o

b. URSGEE Convergence Rate: 4 Error ey &5 /NS %, Newton Iteration ]

Error 2 PR fidNe & —IGEAC, I RUR X, 1 IR B A 0807 40 H R 2 81
( Bli% 31| Quadratic Convergence ).

c. ek One-Sided Convergence: 4 Error ey & 85 /N B %, 1B 2 M ELNIE
TR, I H. Error Function £ ERATHR R Z 11T N .

e. =i E T2 Need for Derivatives: f#17% Newton Iteration 75 £ 115 F 4.
X —Ee AR, TR R () TTRE AR RAERY), B T BRSNS
WA . N T RUGZIA R, FRATAS FHEIZk% Secant Iteration SRITAL S EALE 4
1175 Newton Iteration H#3E HE S %5

B[ LR ¥E Secant Iteration

1. FZRVE MR X A Conditions for the Secant Iteration
a. Condition 1: #|2kyJ Secant Iteration B3R H bR #f (x) 78 58 I N IESE, DU
PR BUEf o) Ff (e ) B = XS
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b. Condition 2: X FRE—0ER, FRATERS (x) — f(xk—r) = 0, LR 0,
TeiEHEATIEAR
c. Condition 3: BIRE|Z7% Secant Iteration /75 BB ST S8 (%), 1HFZ
TR ) ERx iz BH R U002 il Good Linear
Approximability, HJf’(x) # 0 HAEM L~ .
2. FyLH L Secant Iteration Algorithm
a. FILRIEIIEA A Secant Iteration Formula
Xppy = Xy — fCa) Cae — xp-1)
* fCa) — f(xee-1)
T8 3 5 R AN s Py B BRI BUE RIE VS B (), SR EL BT H S5
Secant Iteration 75 & %™ Initial Values 7 BE % T 4H1%E4K
b. ZA] Example: 3K f# 1 F] Secant Iteration K2 f (x) = x2'= 2 = OHIAR.
i. Step 1: EFEPA™ Initial Values x, = 1,x; = 2
ii. Step 2: EACIT &
o F—IREM: X,
f (1) (xq = %) — 9 2(2-1)

TN T ) f) Lz
o YA T xg
f )y — x1) —0.2222(1.3333 — 2)
= T Ee Y~ f) B T T o222 -2
=14
o HE=IRIEMA: THE X,
f(x3) (x5 — x3) —0.04(1.4 — 1.3333)
BTG — i) | —0.04 - (—0.2222)
~ 1.4142

IEARAR LT, HBRHET f () R .
3. BILRIEISH: 5484 Convergence and Properties of the Secant Iteration
a. WSZAMF Convergence Condition: U5 Initial Values xo fllx; /&0 FEITHRx*,
Secant Iteration PRUEICSL R x* .
b. WEEE Convergence Rate: Secant Iteration [ Convergence Rate & Superlinear
], H & T Linear Convergence, {H{k T Newton Iteration [¥J Quadratic

Convergence. HAKMF, p = 1+\/— ~ 1.618, R4 L] Golden Ratios

c. Secant Iteration /& Newton Iteratlon A —NASH, JEESe T B S AR R A,
[FIIT it 7R RIS Slcs B, H2 % Newton Iteration WSAUH 5 HTKE 5

.
5 o

411 Bisection Method
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. A TERECR 26 Conditions for the Bisection Method: 41ME 7€ # Intermediate Value
Theorem j& 4377 Bisection Method FH i 3 filfi
a. Condition 1: f (x) L ZRLE X 8] [x,, x,, ] L7252 (%) Continuous.
b. Condition 2: [X [8] % 55 1 B& EE £ (o) R () T 5 L AAH f2
fla)f () <0
X B X [A] N A77E 22 /0 — Real Root.
. i8S Bisection Method Algorithm
a. IMEEIE N Bisection Method Algorithm Content
i. Step 1: X4 [X1d].
o 5% — Initial Interval [x;, x,], FHF(x)f(x,) < 0.
o KXEXIHSy, THEH X, = m%
ii. Step 2: 5 AW AWM, FATTSIZ VAl A U BEEE S (x) -
o WRf(xp) =0, Wx, £, ERLER.
o WHRSf () f(x) <0, MARSL T [y, x,], KZEHZ I X [AIE N
B Z [X [8] Search Intervale
o B, ARLLT [xm, x4
b. Zfj| Example

y
N
=y = f(x)
@ T ® »X
) 1
[—] Search area 5
H Search area 4
H Search area 3
r Search area 2 -1
| - -
r Search area 1 -
| . -

i. EXE01]2 18], Hth1/2, RIP SRR EEENIE. FidX
[E42F[0,1/2], XA2&#H4E 2 [X [A] Search Interval,

ii. A XA[0,1/2]2 08, BUds1/4, KRBT SRR EE A . it
X AT [1/4,1/2], XA2&HM48 % X [A] Search Interval.

iii. AwXIA[1/4,1/2], B A3/8, K AR EHMERNIE. FidX
[T [1/4,3/8], XZ&H %X [H Search Interval.
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iv. 45X IAI[1/4,3/8], B Ri5/16, RIS N R EUE A . g
X [a1f7 T-[5/16,3/8], iXs&HT % Z X [H] Search Interval.
v. DABBSEHE, ESHEAN1/n.
. A7 BB 25 4F Conditions for Stopping Iteration
a. HLRZ True Error
& = |xapprox - xtrue|
1. Xapprox: S ATLAMR .

. Xppge: ESEHR o

il FLSRZEAESERR N Ol R EE R, B X e R AT
b. Tl Z Approximated Error

new old
Xy - Ar

new
‘xT'

X 100%

Ea =

LW BOR i RUE
i, a2l BRI R E
fii. JCURZ AT, ALK SERRMK AR -

c. IEANRZENEANESZIRZ LA Approximation Error As an Upper Bound on the
True Error: 7E Bisection Method H',  True Error & &/N 14T Approximated
Error. [K[t, Approximated Error®] LA/EN— Safe Upper Bound, F T HIHr
ISR T HEHE.

d. MRAYEFE {11 Estimated Range of Roots

i. ALK Approximate Root: 4 i 482 [X [A] [+ i
xtxy,
X = —

ii. ESZARAGAIE Location of the True Root: True Root x* i /& f(x*) = 0,
HWIRAL T [x, x, ]« F£ H, True Root 541 fix, C(RIITUAR
Approximate Root) F{IEE B AN eI X [AHC FEAx I — .

Error of the true root < Az_x
B RATE B nOERF, XEKE A = x, —x; = 0.1, NFLH
54T SR ZE R KA NAx /2 = 0.05.
e. & 1LZM Termination Condition: &,8e, /N T ik B % Z 25X PR Error Tolerance,
5 1EEAR
£ VAR KR ZE Overall Error in Bisection Method
b—a
ok
kAEARKEL . %A AT DL B — 3L 77 B AL 2 D 0 B AT R Z 5 R

Error Tolerance.

<e€
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4. MR RURE M 5954 Convergence and Properties of the Bisection Method
a. WEZk M Convergence Condition: 415 X [H] P vy bR BB 5 AH S FLSEAR AT
TAHIEX AN . %A LR E kR (%A A stak R B 20 W ERiE sk
b. WSHE E Convergence Rate: Bisection [{'] Convergence Rate #& Linear [,

IR RHEETE Quadratic Inverse Interpolation

1. eFE5 R A @ Inverse Function and Root Finding Problem
a. REREUHFIMES Concept of Inverse Function: 415 f [ p&% Inverse Function
f7h Wf) =y e x=f"y). WREMNFELBf(x) = 0BIMRx", Hul
AR N
=f71(0)
b. TIRIEEIEFE S Quadratic Inverse Interpolation Philosophy: 7E1% J7iA7, &
f17my A 22 =00 L S R 0 Inverse Function, «FRATA] PAAE ) — ¥k £ Wi
P2 (W) KIERLf (). RGP Z AR, Blf#Fp,(0) = 0, BB AK)
SR AEY = ORLIMR,  TTTAF EHR xR BN
2. “IRIRAEE LIRS Conditions for the Quadratic Inverse Interpolation
a. Condition 1: f () W Z0AEAR I /2 1% %L ¥ Continuous
b. Condition 2: 75 B % = Initial Values (X,,—2, Vn-2)» (Xn-1, Yn-1)» (Xn, ¥)» EH.
Yn-2, Yn-1, Yo NHEMZS o
c. Condition 3: HI4G HY =A™ KURF L Y & HUE AL ) X 1) b 7 Ay = OFIAR,
XEWRAE RBUE = ;U IRV AE TR 5284 .
d. Condition 4: BRELf () FERT AR ) = A U6 N R 8K ERCE i A4 35 1) [X ) 9 Bl 1Y =2
FLE 1) Monotonic, B¢ I LRI Approximately Monotonic.
3. IR IEE S Quadratic Inverse Interpolation Algorithm
a. HiEMZE Algorithm Content
i. Step 1: FIANEHE, B4 € =" Initial Values x,_,, Xp_1, Xp» PAK
Xt R TR BUEf (Xn-2) = Yn-2s f (Xne1) = Y1, f(Xn) = Yo
ii. Step2: T REL.
X2 = One2) Xne1 = 7 Wno1) % = 71 (0)
iii. Step 3: #4ifi S 4fi{H B #L Inverse Interpolation. FAI1FH ks B H 6 (H
1% Lagrange Interpolation, F43& — Ml 11X £ £ 4 (E 2 i

P0)= ) LW

k=n-2

Y=Y
Ly(y) = — ]_
i Yk y]

Xjﬂ: /\[H(yn 20 Xn— 2) (yn 1, Xn— 1) (yn' n) ﬁﬁﬁg éﬁpz(y)ﬁ%ﬂ:jj
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b.

V=YD= Vn-2) .,
(yn - yn—l)(yn - yn—Z) f (yn)
O =)~ Yn2)
(yngl - yn%Eyn—l - ySL—Z)
Y= Y)Y = Yn-1 B
(J’n—z - J’n)(Yn—z - yn—l) f (yn_Z)
iv. Step 4: M. Ky = 0N L, REMEZ TR, [REM
(K1 f (x) = OFFIfi -

p2(y) =

f n-1)

x — p (0) — }’n—1J’n—2 x
mee On = Yn-) O = Yn-2) "
YnYn—z x
(Yn—l - yn)(yn—l - )’n—z) nt
ynyn—l

(Yn—z - )’n)()’n—z VW yn—l) -2
v. Step 5: 4RZEEA. A FHNINISR H o, 4 o FIHT B2, 20, AR EEIEAR
%] Example: {# | Quadratic Inverse Interpolation 3K fi#f (x) = x3 —x—2 =0,
i. Step 1: =" Initial Values 1% Nxgs="1,x; = 2,x, = 1.5, HXINH=
N ERAUE Dy
fxo) =f(1) = =2,f(x1) =f(2) =4, f(x2) = f(1.5) = =0.125
ii. Step2: FHXREL.
xo=f"1(yo) = 1=f(-2)
x,=fty)=>2=f4)
x, = f1(y,) = 1.5 = f(—0.125)
iii. Step 3: #Jif R 4di1H & % Inverse Interpolation.
(y —4)(y +0.125) (y +2)(y +0.125)
P20 = (20125 L TGr @01z
O+2)y -4

(0.125 +2)(0.125 — 4) L5
iv. Step 4: TR,
(0 — 4)(0 + 0.125) (0 +2)(0 + 0.125)
% =0 =5 rois) L TGy @ —0125)
(0 +2)(0 — 4)
1.5 ~ 1.5273

(0.125 + 2)(0.125 — 4)
v. Step 5: I LLZEFRAR ST FH xy, xp, 23 SR ELIEAC Hixey o

5. ZURRIEEERIWECHE B Convergence Rate: Quadratic Inverse Interpolation U SIGH
¥ #& Superlinear [, Hp = 1.44.

FIRIEL T ERE T IEX . Comparison of Methods for Root Finding Problem of
Nonlinear Equations
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1. TR J7vkEI% B Comparison of Five Methods

Method De.:rlv Convergence Rate Condition Imtla.l Values
ative Requirement
Equivalence
Fixed-Point . between f(x) and | Single point,
. No Linearp = 1 g(x), convergence | needs to be near
Iteration ;
lg'(x)] < 1and the root.
continuity for g(x)
Single point

' 2 H
Newtpns Yes Quadratic p = 2 f(x) ,E (’; [, ] needs to be near
Iteration and f'(x*) # 0

the root.
Secant Superlinear p = f(x) is continuous Two points,
No and the initial point | need to be near
Method 1.618 .
is near the root. the root.
Two points form
f (x) continuous an interval. The
Bisection . _ with opposite signs | function in the
Method No Linearp =1 at the.ends of the interval must
interval. pass through the
Zero.
Three points,
f (x) is continuous, need to be close
. to the root.
the three-point .

) . The function
Quadratic function values do must pass
Inverse No Superlinear p = 1.44 | not coincide and P

. through the zero
Interpolation are close to the oS
. point in the
root, and the sign .
changes large interval
' formed by the
three points.

2. W% 7512 Howsto Choose A Methodology

a. PREUESEHFECATTH:
i SRR T e H S e 16 4% Bisection Method.
i, WUR TR E RSSO A 1B Secant Method.
iii. AR ER U S R £ S LBk 1% 4#% Quadratic Inverse Interpolation.

b. EREOELE H F200T A {FH Newton's Iteration.
c. BREAT NEIREWIUE iz E AR : 1EFF Bisection Method.
d. JAEZ M7 FEME UL 5 Bl 7R SR AR SE I 16 4% Fixed-Point Iteration.
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#E-HH e HAAEMAL Chapter 7 Univariate Minimization
itk Optimization

1. JEHE A B AR A AR B Ie T8 [ A 8 Typical Optimization Objectives and Problems
Discussed in this Chapter
a. Ak H#x Typical Optimization Objectives: fitift. Optimization HJIE % H bR /& H
KAk Maximize 8035 /MY Minimize J:—#i (LWinflE), FEFAE (o
MR A RS E) B sE. H2, ki@ Optimization Problem A i
AFEL R A Constraint (AT AS U IE{E) .
b. AHITITR A Problems Discussed in this Chapter
i. PR PR Single Variable Function ) JG 2 3R iz /ML 7] 8 Minimization
Without Constraints
i, WA X B T & i T e K AL 7] @ Maximization Problems ?
c. ERMMES R HE Global Extrema vs. Local Extrema

f) j{;l((\\)): 8 ~ Maximum

J) =

Root Root

)=
Minimum f'x) >0

Global Local
maximum Kmaxnmum
Global \o(

minimum Local

minimum

S 4

i. 2JEMME Global Extrema: 354 55 K1E Global Maximum F14 &) %
/ME Global Minimum. /& bR BUE RS 8 S 1 e R A8 B /ME
ii. JAHMAE Local Extrema: £0.4% 7 ¥ i K E Local Maximum HJ&) B/
fH Local Minimum. H: & bR 07— 55 350 X 18] b 1 B KA Bl /ME
iti. W 50 5 Focus: M HTAN OCvE T8 ik R BB f (0) R FH — 1 Local
Minimum.

d. Bk A+ Assumption
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i FEARTE, FRAMBBEELS (x) )y U-Shaped, B H: 7 2 2
o TEIXIA[a,xy,) b4 Strictly Decreasing, £ X [A](x,,, b] I
FERE 3 Strictly Increasing.
o YRBEAELNFE Continuous Derivative I, WRf'(x)7E
[, X,n) LA, TE(xp, b] ENIE. MF(x) N U-Shaped.
o UpREEAESN 541 Continuous Second-Order Derivative
i, 40 3 f (x) 72 X [8] [a, b] W JT H ) E Concave Up, Jf H.
f'(xm) =0, MIf(x)~ U-Shaped.
i, (2, fEESER T, AT R 50 7 B IE A U-Shaped.
2. AL PUFF 75 Four Ways to Find Roots of Nonlinear Equations
a. 4 #|# 27 Golden Section Search
b. T IEMEE 2% Quadratic Interpolation Search
c. P }57% Newton’s Method
d. = IR¥{E % Z1% Cubic Interpolation Search

H &4 83K Golden Section Search

1. 40 E48 RIEH L Golden Section Search Algorithm
a. VIUHEE Initial Setting
i. TEX[E[a, b]H e 45 AN ] S, Al
i PPAL R EBUE £ () FLF () LA 2 87 1148 X [X [8] Search Interval.
b. FEHTHN Updated Rules
L AR S () < f(xq)
e Local Minimum 7 F[a, x; | -
o BT Search Interval 17T [a, x, ]V -
i RS (x2) = f(x1)
e Local Minimum 7 F[x,, b] 4 -
e 7 Search Interval 17T [x,, b] N o
c. WIMANERHILE W E 1x, Mlx, How do I Select the Initial Settings x; and x,?
i. #EFIIHE Derivation Process: &HENIX AL Ry, 70 BOEE 71 AL, ,
Widly =1 + 1. B4 el Lo sk
L
L L
TR IR
V5—1
2

r*ord=

(xu - xl)

ii. x;fllx, 243 Formula of x; and x,
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{x1 =x;+r"
Xy =X, — 1"
d. KE/Rf#RE Graphical Interpretation
i. Step 1: fEIX[A][a, b] e £ P 8] mixe, Moy o AR 98 0 G LA 4 ik
TR FRTHE A b R RORE S BRI RS (), f (x1) o

GR

= —
= \/_2 ~ 0.618

d=GR-(b—a)

f(x,)

f(x,)

O -+ X

—_— Q) e
x
N
x
e

ii. Step 2: X EEF (xp), fFO)BI RN W f (xy) = f(xy), FA eliminate
all x < x5, XAIHEx, MO Fa, TMx BOAFT X, bAE.

_V5-1
2

GR

~ 0.618

d=GR-(b—a)

f(x,) 7

- Y -
o
O,

3<

o 4 4

new a

WRF(x,) < f(xy), AT eliminate all x > x;, XX, BN H
b, Tix, B AHPx, ahiE.
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f(x,) -
f(x,)

e. ZW| Example: F4Lf(x) = x? — 6x + 157FEx = 47 [8]ff] Minimum.

i Step 1: 76X ][, b] v W A o ] ey i, o AR B 4 HLA) A 2
FFFSE a‘#ﬁﬁwﬁ/.\q:rm,wm@z?@ﬁf(xz),f(xl)o

60

'\C V5-1
50 $ GR=-——~0618
a0 d=GR-(b—a)

f(x,) > f(x,) QA

d=0.618-(10-0) = 6.2
X;=a+d=0+6.2=6.2

o é '4 6' 8 10 % =b-d=10-62=38
t t

,=3 x1=6.2 b=10

@ ﬁﬂ%f(xz) < f(x,), Al eliminate all x > x;, IXANEHEx, B
Hritib, Tfﬁxzﬁiﬁ%ﬁ Fxy, a8, H7H Search Interval 4[0, 6.2].

f(x,) > f(x,)
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iii. Step 3: AN H AT Search Interval [0, 6.2]. FHHIH A SoNx, = 2.4,x, =
3.8, I, f(xy) < f(xy), AT eliminate all x > x;, X/MHEx, 5%
NHETIb, Tx, ONET X, aA2E. #HrHT Search Interval A[0, 3.8].

30

v5-1
2 GR =——~ 0618
2 d=GR-(b—a)
_ f(x;) > f(x,)
g d=0618-(62—0) =38
10
. Xx,=a+d=0+38=38
0 1 : x,=b-d=62-3.8=2.4
0 1 2 3 4 5 6
1 P = 3 1
a=0 %220 b=6.2

new b

iv. Step 4: #EAHH Search Interval [0,3.8]. FifTHIE S Nx, = 1.4,x, =
24, BB, f(xy) = f(xy), AT eliminate all x < x5, IXAHEx,
FHETa, Tx A Ix,, bAAEs Hif) Search Interval N[1.4,3.8].

20

V5 -1
= GR = ~ 0.618
16
1 fixy) < f(x,) d=GR-(b—-a)
12
Z10 d=0618-(3.8—10) =24

‘\w: x,=a+d=0+24=24

x,=b-d=38-24=14

0 X, = 2.4 b=38
! new a
v. Step 5: LAEHE, AWniEir.
2. W& B RIEN E R Efficiency of the Golden Section Search
a. TERRUGEAT, LRFEFVHEITA AR EE, RF AR R,
b. FIRIEMJG, Search Interval 46/ AR X [E]#161.8% (354 HLfi) .

T IRIE{E I8 R E Quadratic Interpolation Search

1. ALl 5 ) % $1 Parabolic Models and Approximating Functions
a. PLEIA! Parabolic Models: XK Z Wi (PIHZE) 7T LR 1 b i AL bR 25
OO T TR . R I A&, w7 LLdE I B 1 SUfl o HY ek 8
(R AE o
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b. PR J5FE Parabolic Model Equation: i ] ¥k £ Tzl P, (x) SR L bR %L
f(x)
P,(x)=A(x—¢)*+B(x—c)+C
XH, A B, CERUEMNSE, cRIMILIINFRE T —N5% b,
Ja=f) b—c)—(fp —f) (a—0)
(a=c¢):-(b—c)-(a—Db)
(fa—fo) (b= = (fy = f) - (@—c)?
(a-¢c)-(b—c)-(b—a)
C=f()
c. MEAIE 15 Calculation of Extreme Value

A=

B =

d=c——
Y

. B R VLB Quadratic Interpolation Search Algorithm
a. Step 1: 43 € ZK X [A] Search Interval [a, b], EFFEH[E fic € (a,b), H18
f(c) < min{f(a), f(b)}

— M IE LR
c=%(a+b)
b. Step 2: JEIL XA Lk 4 (a, f(a))~ FIEI A (e, f(c)) VLR A b RS (b, £(b))
A H I .

c. Step 3: THEX X IMWE IR & (Rl MEBUR KED A1 Ed.
d. Step 4: B HT Search Interval Ff 4k 42154
L WRf() < fle), WEHXIENa,cd].
ii. WRf(d)y=f(c), WEHIXIE A, d,b].
e. Step 5: 71L&, WHEH —.
i. %f(e) = f(@Hf(c) = f(b)I, FikfEIL.
SO R ME SRR R, |d' —d] <e, FIRFLE.
. IRIEH A R LR Example of Quadratic Interpolation Search: i i B8 % f(x) =
(x —2)2+1, 7E[0,4]X (AN H 52 $0 21% pR £ 1) d5e/ME -
a. Step l: #fixEa, b, c LA S H R EH .
a=0b=4c=2
f@=f0)=0-2)*+1=5
fy=fA)=(4-2*+1=5
fOo=fQ=2-2*+1=1
b. Step 2: AWML

C=f()=1
5-1D@E-2)-(5-1)(0-2)

0-D@E-D0-4
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(5—1)(4—2)%—(5—1)(0 — 2)?
- (0 —2)(4—-2)(4—0) -
IRl e 46 e 4 3RI8 KR
P(x)=(x—-2)?%+1

c. Step 3: TFHAR/IME R

d. Step 4 HTf(d) =12 f(c), FHXIAN[a=2b=2c=4]. HEZE, A
KIf(c) = f(a), HHFFEIL,

1y Newton's Method

1. Ziiiyk &% Newton’s Method Algorithm
a. PERIEA A 3 Tterative Formula for Newton's Method
i Atk Al A 7 Optimization Formula
Xk+1 = Xk = { )
£ (x)
ii. AZUHES Derivation of Formula: 15§ H Fx B f () 7Ex, M FH Ik 225
=52 iV

1
f) = fOg)+ ) — xp) + Ef”(xk)(x - xk)z
KRS, 193]

fr(x) = f'(x) + f () (x — x)
X BIR IR ECR FIME R, RIS EOVE
froa) + f" () (x —x) =0
R
)

b. 4fiiykH % Newton’s Method Algorithm
i. Step 1: ¥ & Initial Value x -
ii. Step 2: WS (), f/ (i)
iii. Step 3: T ANXIATHE, HEIT— A
Xk+1 = Xk — [ )
f' (x)
iv. Step 4: fu A AT: a0 56 2 LLR k2 —, ZabRiEAR
o |f'Casn)l < e BEEILT 0
o Xpr1 — x| < € EFTBKAR/N
o A BHREAIKE

p—
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v. Step 5: WR KIS, B Ex, = X341, FHE Step 2-4.
c. ZW) Example: FHHEEf (x) = x%2 —4x + 5, F-#IH Local Minimum.

i. Step 1: ¥ & Initial Value x, = 0.

ii. Step 2: TFHEf (), £ (xx)

f'(x) =2x—4
f'(x) =2
iii. Step 3: Z4FMyEIE.
o k=0:x=0,f"(x0) =2(0)—4=—-4,f"(x) =2

X1:0—7:2

o k=1:x,=2,f(x;) =2(2) —4=0FEN0, {FILIEA.
iv. Result: x* =2,f(x*) =22-4(2)+5=1

ZWRFE(EH EYE Cubic Interpolation Search

1. RIROKF 2 T 5 U 4Ll R 2 Hermite Polynomials and Approximating Functions
a. —IRIEE TR 5 Background of Cubic Interpolation Search
i B R AL ()L XA [@, b] P4 72 U-Shaped 9.
ii. f'(a)f'(b) < 0% K%L U-Shaped (1% ZL 5 A1F.
b. i = 3dE 2 Uiz Constructing Cubic Interpolation Polynomials
i. N TIEIES (x)H Local Minimum, 75 %244 | = /X Hermite Polynomial.
ii. Hermite Polynomial 18 i $di {3 & UL K 2% 44
P3(a) =f(a),P;(b) = f(b),P3(a) = f'(a), P3(b) = f'(D)
2. = IRIE(EIE KL 5L Cubie Interpolation Search Algorithm
a. RIKOKFEZ Iia Hermite Polynomials
Ps(x)=A(x—c)®*+B(x—c)*+C(x—c)+D
IX A& = AMBRE) =X Hermite Polynomial, ] f(a), f(b), f'(a), f'(b)TEH1EH
it o Hoesd AT X IE [a, b1 A dg XTI —2F .
a+b b—a

= ’d:
€= 2

=X Z TN RHA, B, C, DIEH R BUEAN S HE 5
d(f'(b) + f'(@) — (f(b) — f(a))

A= 443
') - (@)
B 4d
= 3(f(b) — f(a)) —d(f'(b) + f'(a))
4d
_f(a)+f(b)_df’(b)—f’(a)
B 2 4
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. UG EAE RIEFEIENE Algorithm Content
i. Step 1: #24f& Hermite Polynomials FJ A3, 152 H 546 X [8][a, b] %R ]
Hermite Polynomial P;(x)o
ii. Step 2: X P;(x)K'F, FFRMBP;(x) = OMIMR (HZ 2 MR,
a+b —-B++VB%Z-3AC
2 + 3A
PA DR INIAR cAE RFRATTH Local Minimum ) 55— X550 .
iii. Step 3: fFILFMAE. WRF () <e, Hif'(c) =~ OB, FiEfFIL,
Xf MicfE A Local Minimume.
iv. Step 3: WIERA EIF 1L, WIFFZEH Search Interval, #E#ZE
UOEMR . RIEHE — I, HHHEf(c)-
e WRF'(c) <0, HHr Search Interval Alc, bls
e WRF'(c) >0, HH Search Interval Hla, c].
v. Step 4: gkZEAR, THE TN —AIEN
. &AW Example: T8 f(x) = (x — 2)% + 17£[1,3}X [8] N ) Local Minimum
i. Step 1: #24f Hermite Polynomials fJA 3, £33 =X 2 Wi N
ps@) =(x—-2)*+1
ii. Step 2: X P;(x)3KF, FRAEP;(x) = OFIIR (5% 2 MR,
p3(x)=2(x—-2)=0=>x=2
e = 225 —IR35 .
iii. Step 3: FHFIX [A].

X =

flO=f2)=1
iv. Step 4: HIf'(c) =0, &EMfF1E. Local Minimum 4 2.
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